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A STUDY OF INTERFACE FRICTION IN PLASTIC 
COMPRESSION 


G. T. VAN ROOYEN * AND W. A. BACKOFEN F 
(Received 25 February 1959) 


Summary—-An experimental study was made of friction over the interface between 
a cylindrical specimen and loading platen during plastic compression. The variations 
of normal pressure, shear stress, and friction coefficient were determined using a pair 
of pressure-sensitive pins installed in a platen so that at least one was oblique to the 
interface. Experiments were made on aluminum, primarily, with some carried out on 
copper and iron. Lubricant coverage included an absence of lubrication, solid films 
(lead foil, mo!ybdenum disulphide, soap, teflon), and liquids (mineral oil with and 
without fatty-acid additions). 

A simple calculation of the friction hill assuming constant friction coefficient, or 
a lubricant film of constant shear strength, and homogeneous compression, was valid 
only for the restricted conditions of low coefficient (or low shear strength) and small 
reduction. With increasing reduction, deformation became non-homogeneous and 
ubricant-film breakdown began at the periphery of the specimen. It was concluded that 
failure started as a consequence of increasing interface area and abrasion from displace- 
ment over the platen face. 

For different conditions of lubrication, friction coefficient was found to vary, below 
a maximum of approximately 0°5, with both reduction and location in the interface. 
The results could be rationalized in terms of relative changes in interface shear stress 


and material flow pressure. 


INTRODUCTION 
BotH the theory and practice of plastic-working operations can benefit 
from improved understanding of conditions in the tool-metal interface. 
In the study of this problem, however, it is important that information 
be obtained in a direct experimental manner without reliance upon 


a previous theoretical analysis of the mechanics of a particular operation. 


In previous work the normal pressure and its variation over a tool-metal 
interface have been determined experimentally using the pressure-sen- 
sitive pin technique.!-* Recent work has also led to mean values of 
friction coefficient directly from measurement of forces on the tools.7~® 

An earlier paper described a study of cold rolling in which the dis- 
tribution of normal pressure, interface shear stress, and friction coefficient 
over the contact arc were determined for limited conditions of testing 
with a procedure using a pair of pressure-sensitive pins mounted in a roll, 
one normal and the other inclined to the interface.’° The method has 


* National Mechanical Engineering Research Institute, South African Council for 
Scientific and Industrial Research, Pretoria. 
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now been refined, simplified, and made more precise. Results of further 
and more extensive study under experimentally less complex conditions 


are reported in this paper. 
EXPERIMENTAL PROCEDURES 


Basis of Measurement 

A eylindrical specimen is positioned on a platen fitted with normal 
and oblique pins so that both pins make contact at the same radius. 
During compression, therefore, the normal pressure and the tangential, 
or friction-induced, shear stress are the same on each pin. Fig. 1 shows 
schematically the forces acting on the pins, and Table 1 contains de- 
finitions of important symbols. As noted below, the pins are elastically 
less stiff than the platen. Accordingly, since each is generally pressed 


against the wall of its recess, a friction force, directed as shown in Fig. 1, 


acts along the pin axis. 


oA 


Forces acting on pins. 


A consideration of equilibrium along each pin axis indicates how 
the determination of p, and p, is translated into a friction coefficient. 
For the normal pin 


(1) 


For the oblique pin, with wu 


p 


tang (u— Uo) + Mol. 


tang (u— Uo) + Mol 


L— Uopu 
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TABLE 1. DEFINITION TERMS 


normal pressure between specimen and platen at any point in the interface; 


also, the hydrostatic pressure in calibration tests. 

friction-induced shear stress in the interface at any point where the normal 

pressure = oa. 

friction coefficient, t/o; definition used regardless of whether sticking or sliding 

occurs over the interface. 

cross-sectional area of @ pin. 

stress in the normal pin. 

stress in the oblique pin inclined at angle g to platen normal towards center of 

compression specimen, as shown in Fig. 1. 

stress in the oblique pin inclined at angle y to platen normal in the direction 

opposite to that shown in Fig. 1. 

mean pressure over specimen-platen interface; (total load)/(area of interface). 

friction coefficient between pin and platen. 

yield stress in homogeneous compression. 

yield stress in shear. 

hydrostatic stress at any point in the interface, representing the friction hill. 

thickness 

diameter 

- radius 

reduction in thickness, (h,—h)/h, 
Subscript 0 indicates initial dimensions. 


which forms the basis of a measurement of uw. Equations (1) and (2) are 
represented graphically in Fig. 2 for various values of uw and uw, with gm = 45°. 


J 
03 04 


Fig. 2. Graphical solutions of equations (1) and (2) for different 
values of uy, with ¢ 45°. 


An alternative pin arrangement, with certain advantages to be de- 
scribed later, consists of two oblique pins contacting the specimen at 
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the same radius. One is inclined at angle m towards the center of a speci- 
men (Fig. 1), while the other is also inclined at angle m but in the opposite 
direction. A derivation similar to the above requires equation (2) and, for 
u l ‘tang, 

tang (“+ Mo) — Mol 
which gives 

tang (u— Mo) + Mok 


tang(u+ Mo) -- Uo 


Apparatus 
Pin design. The design finally evolved for an oblique-normal pair is 


shown in Fig. 3. Both pin diameters were 1/8 in., p= 45°, and centers in the 


2in 


p 


Reference holes 


La 


Fig. 3. Location of pins in platen with a cross-sectional view of an 


oblique pin. 


platen surface lay on a circle of 3/4-in. radius around the mid-point of 
the platen. Four reference holes in the platen permitted accurate position- 
ing of a specimen relative to the location of the pins. The alternative 


pair of oblique pins had diameters of 3/32 in. with g = 30°; the planes 
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of the platen normal and pin axes were parallel, with pin centers in the 
platen surface spaced 3/16 in. apart. 

Platens and pins alike were made from a machinable grade of hardened 
and tempered steel of Rockwell hardness C 30. All pins were lapped into 
position to obtain a precision fit with maximum diametral clearance 
of 00001 to 00002 in.; larger clearance was avoided to prevent the 
possibility of specimen material extruding into the annular space between 
pin and platen. After fitting, the pins were loaded to the highest anti- 
cipated level, and then the pin-platen assembly was ground flush over 
the pressing surface. 

Axial force on the pin was measured with a wire-resistance strain 
gage. A conventional SR-4 type gage was disassembled by immersing 
in acetone, and enamelled copper-lead wire was soldered to the ends 
of the resistance element. The wire was then wrapped and glued on a thin 
paper base around the reduced section of the pin. A 3/32 in. diameter 
oblique pin (g = 30°) is shown in Fig. 4 with the gage glued in place. 


Fig. 4. Oblique pin showing strain gage in position; » 12. 


Instrumentation. A commercial Speedomax unit was used for the graph- 
ical recording of all electrical signals. The gage on each pin of a pair was 
connected with three others of conventional type mounted on a cantilever 
to form a Wheatstone bridge which could be balanced initially by deflect- 
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ing the cantilever. The end of a third cantilever, fitted with two active 
gages joined with two dummy gages to form another bridge, was brought 
into contact with the moving platen to measure distance between platens. 
During an experiment, the three signals were placed on the same record 
with a circuit in which all bridges were connected in parallel with a com- 
mon power supply, while three small relays were used to deliver, in turn, 
the output of each bridge to the recorder. The three relays were operated 
at such speed that each bridge was connected to the recorder for about 
2 sec. With an average pressing speed of approximately 0°02 in./min, 
there was ample time for a clear indication of bridge output. Accordingly, 
all signals passed through the same d.c. amplifier (chopper stabilized) 
to the same recorder. During hydrostatic calibration of the pins, described 
in the following section, a load cell for measurement of the hydrostatic 
pressure was substituted for the cantilever measuring platen displacement; 
otherwise, an identical procedure was followed in using the recording 
equipment. 

Calibration of pins. The calibration served two purposes. It provided 
the value of uw, for an oblique pin, and it correlated the chart record 
with pin pressure: P,, Po, P>- 

Initially, both normal and oblique pins were calibrated in the platen 
by loading in a direction normal to the platen surface through a strain- 
gage dynamometer fitted with a small projection placed on the pins. 
-recedure was essentially the same as that previously described.'® Because 
of the frictional force along the oblique-pin axis, a given signal or strain 
in the pin was associated with load p, upon direct loading and load 


Po < p, during unloading. Therefore 


Py Pe ; (6) 
(Py + Pz) tang 


The value of uv, so determined applied rigorously only to the oblique 
pin, for which precision in ys, is especially important as made clear by 
consideration of equation (2) or its graphical representation in Fig. 2. The- 
refore, in experiments with pairs of oblique and normal pins, the same 
value of uw, had to be taken for both pins. Because of the great similarity 
between the pin installations, such an assumption was considered reason- 
able over a broad range of experimental conditions. 

Only when yu was large was the assumption of identical ~) no longer 
so tenable. To handle such conditions, the pin-platen assembly incorporat- 
ing two oblique pins was constructed with which yv, could be measured 
for each pin. However, the very close agreement between u« values obtained 
with the two pieces of apparatus will be seen to give much support to 
the assumption of a common yz, for normal and oblique pins. 

A potentially serious disadvantage to calibration by direct pin loading 
arose from the circumstance that both pin and platen faces were under 
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load during an experiment. The possibility existed, therefore, of a force 
system different from that shown in Fig. 1 if there was any binding 
interaction caused by elastic strain simultaneously in pin and platen. 
To insure that any complications of this kind were not overlooked, the 
pins were further calibrated extensively under hydrostatic pressure applied 
over an area on the platen comparable to that covered by a specimen. 

A sectional view of the pressure chamber is shown in Fig. 5. Water 
containing a corrosion inhibitor filled the cavity, and was prevented 


A-tHydrostatic pressure gage 
8- Mild steel washer 

C- Copper washer 

D- Teflon and rubber washers 


Fig. 5. Hydrostatic pressure cylinder. 


from entering between pin and platen by covering the platen with a sheet 
of thin aluminum foil and another of plastic cloth. The gasket assembly 
tightly sealed the top of the chamber, since it transmitted all load between 
the two parts of the piston and was subjected to pressure higher than 
the hydrostatic level in the chamber. In similar fashion, the bottom 


was sealed to the platen by a design providing a contact pressure higher 


than the water pressure. Maximum pressure in calibration was approx- 
imately 60,000 p.s.i. A thick-walled tube, secured to the lower part of 
the piston assembly and fitted with two circumferentially mounted SR-4 
strain gages served as a pressure indicator. 

The procedure for evaluating uw, in hydrostatic calibration was basically 
that underlying the development of equation (6); for any given oblique-pin 
output, while loading and unloading along linear paths, substitution of 
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the outputs from either normal pin or hydrostatic pressure gage yielded 
the value of w,. Typical results of hydrostatic calibration testing with 
a normal and oblique (¢ 15°) pin, for widely different values of jy, 
are shown in Fig. 6. These plots illustrate that the pins were elastically 
less stiff than the platen, being depressed relative to the platen under 


60,000-40,000 
60,000 +40,000 
> 


)-2¢ 


———f (4p 70-05) 
— 20 
2, \He 0-20) 


2, @xl0 *psi 


6. Hydrostatic calibration results for normal and oblique pins 


$5), showing method for evaluating »,. 


load, and that there was no binding interaction between normal pin and 


platen when both were under load. The absence of binding between pins 


and platen was further confirmed by the compression of a specimen 
in which holes were drilled at the pin locations so that only the platen 
was under load; no pin response was detected, in contrast to the findings 
in previous work with such pins.2*!° Thus experimental support is given 
the analysis based on the force systems represented in Fig. 1. 

The curves for the oblique pin in Fig. 6, with ww» = 020, are repre- 
sentative of those obtained in the absence of any lubricant in the interface 
between pin and platen. After preliminary testing with liquid lubricants 
however, “, decreased and became somewhat erratic due to the presence 
of test lubricant at the pin-platen interface. It was found that an applica- 
tion of MoS, in a resin carrier over the cylindrical surface of the pin 
resulted in a wy value of approximately 0°05 which reinained remarkably 
constant throughout all experiments. Removal of pins after a large 
number of experiments showed that the MoS, film was still intact. 
\ccordingly, this practice of pin lubrication was generally followed; then 


experimental calibration points for plots such as those in Fig. 6 did not 
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deviate from a straight line by more than 1/4 per cent and the resulting 
value of uw, could be used with much confidence. 

To estimate the accuracy with which w was measured, uncertainty 
in « can be taken as nearly the same as that in wy so that error in w will 
vary inversely with its magnitude. For a conservative estimate, un- 
certainty in mw, was 0003. Consistent with this figure, for well-defined 


lubrication from solid films, ~ was easily reproduced within 5 per cent 
at an average level of about 0°1. For an average of 0°01 (teflon film), 
the estimated error is 30 per cent, and, in experiment, «~ could readily 
be reproduced within this figure. With fluid lubricants, values under 
nominally identical conditions could differ by greater amounts than 
estimated. For an average uw of 0:1, the variation now could rise to 
15 per cent. But it is felt that the larger variation was not as much 


a consequence of experimental method as it was of local variations in 
friction over the interface. In compression with liquid and boundary- 
lubricant films, irregular and local departures from a cylindrical shape 
were occasionally observed which could only be explained by small-scale 


changes in friction. 
Test Materials 


The principal experimental material was Al of commercial purity, 
designation 1100F, obtained as rolled bar of 2 in. dia. Macro-etching revealed 
uniform, fine grain size, and the hardness across the section was essentially 
uniform at a level of Rockwell H 67. Any texture in the rod was highly 
symmetrical about the rod axis, so that upon compression parallel to 
the axis there was little deviation from round; after 30 per cent reduction, 
the deviation was not more than 0°010 to 0°015 in. in an initially 2-in.-dia. 
specimen. A true yield stress vs. reduction curve was obtained by axial 
compression of a 3-in. length of rod. The specimen was frequently re- 
lubricated, and after a reduction of 30 per cent was turned to a diameter 
of 1-3/8 in. before compressing further. 

Most test specimens were prepared as dises of 0°500-in. thickness 
and 2-in. dia. by cutting directly from the rod. For reference purposes, 
such specimens are hereafter designated as of d)/hy = 4. Other experiments 
were performed on discs of 0:10 in. thickness and 2°5-in. diameter, 
hereafter indicated with d,/h, = 25. The latter were obtained by section- 
ing and turning after some of the 2-in.-dia. rod was compressed until 
a diameter slightly greater than 2°5 in. was produced. 

Final surface preparation consisted of turning followed by polishing 
on 240 grit emery cloth, etching for approximately 5 min in Keller’s 
reagent, then rinsing in hot water and drying in a clean hot-air blast. 
The ends of the finished specimens were parallel to within 0°0005 in., 
while thickness was maintained to +-0°0005 in. 

Some experiments were also made with annealed copper and Armco 
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iron specimens of dy = 2 in. and hy = 0500 in. (do/ho 1). Details of 
preparation are noted in connection with the presentation of results. 
The various lubricants examined are listed in Table 2. 


Testing Details 


To insure reproducible experimental conditions, the platen surfaces 
were abraded before each experiment with a fresh piece of emery cloth 
folded around a flat block and applied by hand with a circular motion. 
A random pattern of scratch marks was produced with a surface finish 
of 12 to 13 r.m.s. microinches. After abrading, the platen surface was 
wiped with a clean, dry cloth if no lubricant or solid lubricant was to 
be used, or wiped with a cloth dampened in the liquid lubricant to 


be tested. 
TABLE 2. LUBRICATION 


Lubricant Remarks 


Lead Used as foil of 0°002 in. thickness overlap- 
ping the specimen. 

Mos, Carried in resin base; sprayed onto specimen 
and air dried. 

Soap Specimen chemically treated to produce 
a chromate-phosphate base; then dipped 
into hot molten soap and air dried. 

Teflon Carried in resin base; brushed onto speci- 
men and air dried. 

Mineral oil medicinal grade; poured on in excess. 

5°, oleic acid in’ Poured on in excess. 

mineral oil 

1°, laurie acid 


Poured on in excess. 
in mineral oil 


Chart records of pin response to reduction were obtained only for the 


particular radius at which the pins were positioned. An additional test 


was required for information about any other location on the interface. 
Under all conditions, measurements at the 3 /4-in.-radius position were made; 
for many, testing was also done at the 1/4-in., 1/2-in., and 9/10-in. posi- 
tions.* Two or more tests were frequently carried out at the same location. 


Rigorously, equation (3) applies only when the pins contact a specimen at the 
3/4-in. radius. With location at any other radius, the value of « from equation (3) is in 
some error. The error will be found to increase with decreasing or increasing radius and 
increasing difference between mu and yp,. Taking some extreme conditions for the present 
work, « from equation (3) will be low by 3°5 per cent at the 1/4-in. position with ~ —0-°2 
and #9 — 01. No corrections were actually made, however, because of the negligible 
size of the error. Equation (5) holds at all radii if 4, is the same for both pins. The 
actual values of 4) proved to be approximately 0°05 and 0°07, sufficiently alike that 


correction Was again avoided 
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All experiments were conducted in a hydraulic testing machine of 200,000 Ib 
capacity. When average platen pressure, p, was compared with a value 
derived by integrating the normal pressure distribution records, agreement 
was within 5 per cent. Due to the small size of the pins in relation to 
the interface, no pressure correction was necessary for the finite size 
of the pins. Hydrostatic calibration was carried out at least after every 
third test and frequently after every second, so that any effect of lubricant 
on pin behavior would not be overlooked. 


EXPERIMENTAL RESULTS 


Effect of Pins on Metal Flow at the Interface 

Only if pins and platen were equally stiff under all loads would the 
pins remain flush with the platen surface, and thus would be eliminated 
much of any possible interference with metal flow. From an experimental 
viewpoint, such a design appeared difficult, and the pins in the present 
work were depressed under load relative to the platen surface; by meas- 
urement with a microscope on a heavily compressed specimen, a de- 
pression (elevation on the specimen surface) of 0°0001 to 0°0002 in. or 
approximately 0°01 per cent of the pin diameter was found. No systematic 
study was made of the effects of various amounts of pin depression, for 
the aim was rather to minimize it. 

Slight depression is least objectionable with no relative displacement, 
or sticking, between specimen and platen, or with a solid lubricant 
providing a continuous film over the interface. In the case of a M,S, 
film, for example, the location of the pins on a specimen could not be 
detected after compression and removal of the film. With fluid lubricants, 
however, pin location could be found from a marking on the surface. 

To observe any effect on deformation in the vicinity of a pin, specimens 
were compressed with oleic acid in mineral oil after a spiral V-groove 
had been machined across the specimen surface. Figure 7(a) is a photo- 
graph of the surface around an oblique pin following a reduction of 
35 per cent. Although some trace of the pin can be seen, the lines are 
continuous with no distortion in the area of the pin. To show the effect 
of local variations in friction, a small spot of teflon to provide low friction 
was applied on a grooved surface which was then coated with mineral oil. 
The result, after only 15 per cent reduction, is pictured in Fig. 7(b); 
the distortion is clear, with greater surface displacement over the light 
area representing the teflon spot. Figure 7(c) shows the result of a small, 


high-friction spot, obtained by covering a specimen with lead sheet in 
which a hole had been cut; after the 15 per cent reduction, much dis- 
tortion is observed with essentially no displacement having occurred over 
the light area representing the hole in the sheet. 

The absence of distortion in experiments of the type producing 
Fig. 7(a) is considered reasonable evidence that pin depression, even 
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in the presence of liquid lubricants, does not seriously influence local 
frictional conditions and deformation patterns. As further support, 
specimens compressed in pin tests with liquid lubricants increased 
uniformly in diameter with no movement of the original center point 
on the surface; if frictional variations were intentionally introduced, 
a change in position of the original center point could be observed. 


Analytical Considerations of the Friction Hill 


An analysis by Siebel," incorporating assumptions of constant friction 
coefficient and homogeneous compression, is available for the prediction 
of pressure requirements during the reduction of a circular disc. Such 
calculations have been made, and values of w for various lubricants 
have also been computed on this basis from measurements of mean tool 
pressure.” Although highly convenient, application is limited, and the 
restricted conditions of small reduction and low uw under which the 
analysis is valid are well illustrated with present data. Excellent agreement 
with experiment is found in Fig. 8 where normal pressure, o, and mw are 


plotted as a function of radius for a 2 per cent reduction on specimens 


025 050 075 +00 


£ in. 


Fig. 8. Distribution of normal pressure and friction coefficient 
for 2 per cent reduction using soap on aluminum prepared with 
a chromate-phosphate base; d,/h, = 25. Plotted points are from 
experiment while curve is drawn according to Siebel analysis for 


rT 0-022. 


of dy/hy = 25 using the soap lubrication. The predicted normal pressure 


distribution is given by 


which yields the curve drawn in the figure for w= 0022. The fit to 
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experimental points, using a measured value of uw, gives further support 
to the reliability of the experimental method. 

Another simple prediction for a lubricant film of low constant shear 
strength, rt, follows from the same analysis by substituting +t for the 
friction-induced interface shear stress, uo. The equation is 


The data of Fig. 9 were obtained under conditions for which such an 
analysis could be expected to hold: lubrication with lead foil sticking 
to both platen and specimen surface for a 4 per cent reduction and 
d, hy = 25. Measured pressure is seen to increase linearly from the edge 


Distribution of normal pressure, interface shear stress and 
coefficient for 4 per cent reduction with lead foil on alu- 


25. 


minum; d,/h» 2 


as predicted, while the slope of this friction hill gives a value for 


T (da/dr)(h/2) or 2100 p.s.i., both generally reasonable and in good 
agreement with the measured shear stress over a substantial distance 
from the edge. The increase with radius of the measured t may be rational- 
ized through some strain hardening, shear strain in the lead increasing 
with radius, and possibly a strain-rate effect, as the rate of straining 
would also increase along the radius. 

If the analysis of Siebel were generally valid, all curves relating mean 
tool pressure to reduction for the different lubricants on specimens of 
given geometry would be expected to form an homologous family; two 
members of the family are shown as the dashed curves in Fig. 10, 
calculated using the yield stress curve for the aluminum with constant uz 
of 0'1 and 02. After small reductions, however, test results also presented 
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in Fig. 10 exhibit marked departures from such a prediction. Curve 
intersections do occur and friction coefficients deduced by matching 
experimental and calculated curves are in substantial variance with 
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Fig. 10. Dependence of average platen pressure on reduction for 
various lubricants on Al; d,/hg = 4. Curves drawn with dashed lines, 
are calculated from Siebel analysis. Curve BB relates to a test in 
which the specimen surface was abraded on emery cloth immedia- 
tely before lubrication. 
MO = mineral oil; OA = oleic acid in mineral oil. 


local measurements. Discrepancies to be found are reasonably attributed 
to such analytical simplifications as invariant yu, unbroken lubricant 
film, and homogeneous compression. 


Local Measurements 


A finding of broad application for the type of loading under con- 
sideration is a variation in uw with both location in the interface and 
reduction. In presenting data which give the details of this finding, the 
conditions of lubrication are considered in terms of three general classes. 


(i). Solid films 

Lead foil. A relatively low and constant shear-strength film was estab- 
lished between specimen and platen due to the surface preparation 
resulting in foil sticking to each throughout the compression. Normal 
pressure and shear stress distributions are plotted for specimens of 
d,/hy = 4 at several reductions in Fig. 11. Vertical lines are drawn on the 
abscissa in all plots of this general type, and, in each case, a line indicates 
the radius to the edge after a particular reduction while the height represents 
the corresponding yield stress under homogeneous compression. 
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Following compression, an annular region devoid of lead foil was 
found at the periphery of all surfaces. Its origin was associated with 
the initially overlapping foil having been cut off by the specimen under 
load at an early stage. During continued deformation, barreling occurred 


| 29 —— _] 
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Fig. 11. Distribution of normal pressure and interface shear stress 
with lead foil as lubricant on Al for the different reductions noted; 
d,/ho 4. 


with the barreled surface becoming part of the plane surface and the 
annular region of direct contact between Al and platen growing in extent. 
The effect of this film breakdown on normal pressure is illustrated in 
Fig. 12 with the distribution for a 41°5 per cent reduction and for an 
additional 1 per cent after recovering the surface with foil.* 

Three zones could be distinguished on the surface subsequent to the 
continuous reduction. Throughout zone | the foil was intact and adhering 
tightly to the specimen. Zones II and III were indistinguishable to the 


eve, both blending as a region bare of foil. Abutting the visible foil, 


however, in zone II, Al was present only as a thin film, being folded 
over a sub-surface layer of lead easily revealed by peeling away the 
covering of Al. In zone III, lead was entirely absent. 

Direct contact between Al and platen led to high friction coefficient 
and rapidly increasing normal pressure, not only confined to this region 


(zones IL and III), however, but extending far in over the interface 


* The slope of the friction hill over the relubricated specimen of Fig. 11, treated 
like that of Fig. 9, also yields a value of tr, for lead of approximately 2100 p.s.i. 
Conditions here are similarly reasonable for assuming an essentially constant shear 


strength film over the interface. 
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covered by lead (zone I). The friction coefficient in zones II and III 
must have been high; from reference to other experiments with no lubri- 
cation, it would have been approximately 0°5. A consequence was highly 
non-homogeneous deformation which must also have contributed to this 
form of normal pressure distribution. To reveal the nature of the de- 
formation, specimens were prepared with fine spiral grooves making 


p* 25,900 as: 
+ 


6 Lubncont falure after 4)5% reduction 


Addrhonal I% reduction after reiubrication 


04 


Fig. 12. Normal pressure distribution with lead foil on Al (d,/hy 1) 

for continuous reduction of 41°5 per cent and after recovering with 

foil for an additional reduction of 1 per cent. Numerals I, IT and ITI 
refer to surface zones discussed in text. 


equally spaced reference marks, as those described in connection with 
Fig. 7, covered with lead foil, and then compressed. Measurements of 
groove spacing after different reductions are summarized in Fig. 15. 
They show clearly that there was very little surface displacement, or 
essentially a condition of sticking prevailed, at the boundary of the area 
where the lead foil terminated (zone III) and friction was high. With 
increasing reduction, the spacing in this vicinity actually decreased after 
an initial increase. In effect, the surface was compressed against a high- 
friction barrier. Upon crossing into zone I, the spacing reached a maximum. 
Material from this location was required to move over the more or less 
rigid barrier, consistent with the observed fold formation on the surface 
(zone II). Then constant spacing was found, which increased with reduc- 


tion about as rapidly as required for homogeneous compression. Finally, 


a marked drop was observed which could also be associated with non- 


homogeneous deformation in the form of a relatively non-plastic cen- 
tral zone. 
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Groove spacing, 


Fig. 13. Radial variation of spacing between spiral-cut grooves, 
initially equidistant, on specimens compressed, different amounts 
after lubrication, with lead foil. Vertical lines on abscissa represent 


the radius after each reduction 


Molybdenum disulphide. Variation in uw with both reduction and loca- 
tion is demonstrated in Fig. 14, with an explanation for some of 
the trends found in Fig. 15. For the range of reductions in Fig. 15, the 
shear stress in the film was, on the whole, measured to be even slightly 
higher than the strength in shear of the lead foil (Fig. 11). Peripheral 


4 
| 
| 


Fig. 14. Distribution of normal pressure and friction coefficient ¢ 
different reductions on Al with Mos, as lubricant; d,/h, = 10. 
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breakdown with fold formation was again observed. Well removed from 
this region, however, at radii of 1/4 in. and 1/2 in., the stress in the film 
decreases approximately 30 per cent to the maximum reduction. Due 
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15. Variation with reduction of interface shear stress and 


Fig 


friction coefficient at different radii with MoS, as lubricant on Al; 
dy/ho LQ. 


to film failure, the decrease occurred only to about 15 per cent reduction 
at 3/4 in., and was almost negligible at the 9/10-in. radius. Such a film- 
strength characteristic is attributed to the hexagonal structure of the Mos,. 
With film movement over the platen, the particles are thought to have 
become oriented with the easy-shearing basal planes parallel to the inter- 
face. Then, as the extent of alignment increased with the displacement ac- 
companying increased reduction, the shear stress supported by the film 
could be expected to decrease in the observed manner. 
(ii). Unlubricated conditions 

Unlubricated specimens and platens provided a set of complex, but 
at least moderately well-defined, test conditions. From surface-marker 
studies, essentially no displacement of the specimen surface relative to 
the platens was found to occur, or, a condition of sticking prevailed. 
Variations in normal pressure and yw across the interface under such 
conditions are shown in Fig. 16. These data were obtained in experiments 
using an oblique pair of pins for reason of the generally high friction. 
However, other tests with an oblique-normal pair at the 3/4-in.-radius po- 
sition produced essentially the same findings. Dependence of t in Fig. 17 on 
both reduction and position indicates plastic shearing over the interface, 
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although at a stress higher than t,, taken to be one-half the homogeneous 
compression yield stress. 

Solutions for normal pressure distribution when complete sticking 
exists are available only for the condition of plane strain. The prediction 
by Prandtl of a linear increase with distance inward from the free edge 


16. Distribution of normal pressure and friction coefficient for 


various reductions on unlubricated aluminum; d,/h, 4. 


is a considerable departure from the distributions in Fig. 16. The observed 
plateau near the edge for the 2 per cent reduction, however, is 
a characteristic of the solution by Hill, Lee and Tupper." According 
to the latter, the plateau pressure level is given by 1,(1+- 2/2). Application 
of this solution is admittedly tenuous for reasons of the small d,/h, and 


absence of plane strain. Yet, if t, is taken to be 0°50,, the calculated 


pressure at the edge for 2 per cent reduction is 19,000 p.s.i., compared 
with the measured value of 19,400 p. 8. 1. 

The generally large differences in Fig. 17 between measured interface 
shear stress and 1, from homogeneous compression may be rationalized 
to a considerable extent at least by the marked departure from homo- 
geneous compression. Microhardness-traverses along normals to the sur- 
face at different radii and for a reduction of 20 per cent (Fig. 18) showed 
the surface layers at the larger radii to have been strain-hardened to 
a greater extent than the bulk of the specimen. At the low radius of 
0°23 in., hardness increased with distance below the surface, suggesting 


the existence in this region of a relatively non-plastic zone. Over this 
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zone, as Fig. 17 shows, measured interface shear stress is below 


the lower reductions. 


_. a mee oe 
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Distance from surface, 
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shear stress with reduction at 


d,|ho 4. 


Fig. 17. Variations of interface 
different radii in the compression of unlubricated Al; 
T O'5oy for homogeneous compression. 
’ 
Fig. 18. Microhardness variation along a 
aluminum specimen compressed 


4. 


direction normal to the 


interface at different radii in an 
20 per cent without lubricant; d/h, 


(iii). Liguid lubricants 

Detailed tests were made with oleic acid in mineral oil on Al which 
gave results summarized in Figs. 19 and 20. A number of experiments 
were also made with Al in which data were obtained only at the 3/4-in.- 
!. Such was the practice for straight 


radius position on specimens of d,/h, 


Fig. 19. Distribution of normal pressure and friction coefficient at 
different reductions on Al lubricated with oleic acid in mineral oil; 
d/h 1. Due to the close proximity of curves no experimental 


points for uw are shown. 
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mineral oil, laurie acid in mineral oil, and oleic acid in mineral oil used 
with specimens abraded on emery cloth (in contrast to the usual final 
etch) before lubricating. The reduction dependence of rt and uw from these 
experiments is plotted in Fig. 21 along with results for the 3/4-in.-radius 
position from various other tests. 

All data in Figs. 19, 20 and 21 for liquid lubricants on Al were obtained 
with an oblique-normal pair of pins. Experiments were also made at a 3/4- 
in. radius using the oblique pair, with no significant difference in results. 


15 30 
R, 
20. Friction coefficient vs. reduction at different radius 


positions with oleic acid in mineral oil on Al; dy/hy 4. 


Fig. 22 contains the results of limited testing on Armco iron and 
copper (d,/hy=4), similarly at the 3/4-in.-radius position. All specimen sur- 
faces were abraded with 240-grit emery cloth in preparation. Those to be 
tested with oleic acid in mineral oil were also oxidized by heating in air: 
copper for 15 min at 300°C, and iron for 15 min at 450°C. In all ex- 
periments, use was made of an oblique pair of pins. 

By far the most marked dependence of uw on both reduction and 
position was encountered under conditions of boundary lubrication with 
fatty acids in mineral oil. From the combined data in Figs. 19-22, the 
variation with reduction seems logically regarded as involving three stages. 

Stage I. The value of yu, effectively uniform over the interface initially, 
dropped as reduction began. Tests with both oleic acid and laurie acid 
on an etched Al surface (Figs. 19, 20 and 21) provided the strongest 
ndication of such behavior; the lowering of uw was sufficiently abrupt 
to result in a noticeable drop in platen load at the onset of deformation. 
Although less marked, a similar decrease in uw occurred with laurie acid 
and oleic acid on abraded surfaces of copper and iron (Fig. 22). 

This first stage appeared much influenced by surface preparation; it 
was absent at the 3/4-in. radius with oleic acid on abraded Al (Fig. 21), 


while it was more extensive for oleic acid on iron that had been thermally 
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oxidized prior to testing, yet was absent again in the case of copper 
lubricated with oleic acid after a thermal treatment (Fig. 22). A reasonable 
basis for explanation would seem to be the importance, established by 
rider-and-plate studies, of oxide films in the reaction of fatty acids 
with metal surfaces to produce effective boundary lubrication. The 
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Fig. 21 
Fig. 21. Variation with reduction of interface shear stress and 
friction coefficient at 3/4-in.-radius position for various lubricants 
on Al; d,/ho 4. 

MO mineral oil 

OA oleic acid in mineral oil 

LA lauric acid in mineral oil 
Fig. 22. Friction coefficient at 3/4-in.-radius position vs. reduction 
for iron and copper; d,/hy = 4. Boiled sample immersed in boiling 

water for 5 min before test. 
MO mineral oil 
OA oleic acid in mineral oil 


LA laurie acid in mineral oil. 


observations may correlate with some removal of oxide from the AI, 


a thickening of the oxide on iron, and the production of a weakly adherent 
oxide on the copper. 

Stage I appeared further to result from the presence of fatty acid, 
being absent when the acid was omitted under conditions otherwise 
associated with its occurrence (Figs. 21 and 22). The origin may well 
be found in the beginning of deformation, enlarging surface area and 
thus facilitating penetration of lubricant and its reaction with the surface. 


G. T. vaAN Rooyen and W. A. BACKOFEN 


Stage Il. Depending upon position at the interface, u either remained 
essentially constant with further reduction, giving a stage II range (1/4- 
and 1/2-in. radius, Fig. 20), or passed through a more or less flat minimum 
to give a narrower and less well-defined range (3/4- and 9/10-in.-radius 
position, Figs. 20 and 22), a characteristic in rather sharp contrast to the 
insensitivity of stage I to location. By machining fine spiral grooves over 
the surface before lubrication, the total reduction dictated by testing- 
machine capacity, and the reduction range for stage II behaviour, could 
be substantially increased. Although an experiment on a gross scale, 
it did indicate the importance of surface condition in a mechanical sense. 
The experiment with oxidized, as opposed to abraded, iron surfaces 
showed an increase in stage IT (Fig. 22); the nature of the oxide con- 
tribution is not clear, but if it functioned to any extent as a mechanical 
carrier of lubricant, then the fine grooving may have represented an 
appropriate model of a thick and tenacious oxide coating. 

Effective boundary lubrication would appear to be the principal 
reason for stage LI. 

The values of w for boundary lubrication on copper, in particular, 
might be considered high but not in any important disagreement with 
what has been reported from rider-and-plate studies, where surfaces of 
copper required abrasion under water or a treatment in boiling water 
before effective lubrication resulted.“ In some degree consistent with 
that work, copper specimens treated in boiling water for 5 min in the 
present experiments showed lowest friction coefficient (curve LE, Fig. 21). 

Stage 111. Only tests at 3/4-in. radius and larger illustrate this stage 
in which friction coefficient rose rapidly with increasing reduction, finally 
passing through a maximum. Reference to Fig. 21 shows that the inter- 
face shear stress accompanying the maximum had exceeded 1, with the 
result of sticking and the plastic shearing of surface layers. Film breakdown 
was associated with stage III, and, as noted earlier for solid lubricants, 
failure began over the periphery of the specimen with findings being 


made of fold vormation. 


DISCUSSION AND CONCLUSIONS 


\ deiinition of friction coefficient as yu To t/(dy-- op) Sets an 
upper limit on possible values of w, in the presence of bulk plastic de- 
formation, of approximately 0°5. A maximum in yw would be realized 
with a; 0, which occurs at the periphery of a test specimen, and highest 
possible zt; the latter could hardly exceed the bulk shear strength of the 
experimental material so that Tmax t, ~ 0'50,, depending upon yielding 
theory and with regard for the circumstance that co, would correspond 
to the particular condition of strain at the place of measurement. Con- 
sistent with such an argument, values of uw of about 0°5—-0°6 were found 


near the periphery of unlubricated dises (Fig. 16). 
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The definition also suggests that strong departures from Amontons’ 
law could be observed, as in fact they were. Terms in the denominator 
are variable with both reduction and interface position, but, for given 
test material, o, would be reasonably reproducible and predictable, while 
for fixed geometry as well, o, would vary only as a consequence of changes 
in lubricating action. Therefore, departures from that law would logically 
be sought in variations in film characteristics, influencing the value of rt. 

The data have demonstrated dependence of uw on both reduction and 
position of measurement. Three trends with increasing reduction may 
be singled out. 

l. « decreasing (Figs. 11, 14, 15, 16 and 21). It is necessary only 
that t become larger at a lesser rate than (o,-+ o,). This condition was 
realized in the case of lead foil of low shear strength, increasing only 
slightly with reduction (Fig. 11), and has also been discussed by Bowden 
and Tabor ' in terms of data from rider-and-plate-type experiments with 
increasing loads in which soft metal films were interposed between the 
rubbing parts. It was found also for Mos, films, which experiment has 
shown may even result in decreasing t (Fig. 15). In absence of lubrication, 
or with no relative displacement between specimen and platen (sticking), 
u must again decrease, for t = 1, will increase only in proportion to o, 
(as approximately 0°50,) and at a lesser rate than (o,-+ o,) (Fig. 16). 

2. uw increasing. Examples are given only by measurements with 
mineral oil and mineral oil with fatty acid at the 3/4-in.- (or greater) 
radius position. Now, the rate of increase of t must be greater than that of 
(o,-+-o,) and, further, must be attributed to film deterioration producing 
a growing amount of metal-to-metal contact. Finally t= 1, ~ 0°500, 
when t continues to rise, but less rapidly, and w passes through a maximum 
value; Umax ~0'5 only when o, = 0 at the periphery. Of the several 
observations at positions within the interface, uwmax < 0°5 because o,> 0. 
Thus the liquid lubricants at sufficiently high reductions also give examples 
of the previously noted trend in uw. 

3. uw constant. Amontons’ law is satisfied with t/o remaining constant 
and independent of reduction and position only in a limited number 
of measurements with soap and teflon films, which gave extremely low 
values of uw. For reasons not physically clear, t increased in proportion 
to o and so constant ~ was preserved. More detailed experiments, including 
variations in test geometry, will be useful in developing an explanation. 

Kxcept for the few data on soap films, there is a clear influence on 


of position of measurement. For a constant reduction, ~ decreased with 


movement from the periphery towards the center (Figs. 9, 11, 14, 16 
and 19). Much of this trend, particularly at low reduction, may be at- 
tributed to the increase in o, along the same direction. It is also clear, 
however, that high w near the periphery can result from film breakdown 


beginning at this location. Thus, for conditions of the present experiments, 
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normal pressure on the lubricant film is not a criterion for failure, which 
actually started where the pressure was lowest. The most striking example 
is given by oleic acid in mineral oil with which marked stage-II behavior 
occurred at the 1/4- and 1/2-in.-radius locations but spanned a negligible 
range of reduction at positions nearer the periphery. 

Two other considerations in a film-failure criterion are: 

1. Enlargement of interface area, effecting a film “dilution”? and 
final rupturing. 

2. Displacement of points in the original interface over the rigid 
platen serving to abrade and so disrupt the film. 

If compression is regarded as homogeneous, then the first is not 
a sufficient reason for failure since the onset of stage III in Fig. 20 is 
dependent upon location, yet all elements in the interface should undergo 


the same area change for a given reduction. As regards the second, 
displacement of any point, 4, at initial radius r,, for reduction F is 


given by 


and thus increases with radial position, being a maximum at the periphery, 
But again, on the basis of homogeneous compression, this cannot be 
a sole cause of breakdown even though it involves the peripheral region 
in a unique way; examination of Fig. 20 shows that points at interior 
locations (1/4- and 1,2-in. radius) may undergo displacement greater than 
near the periphery yet without the breakdown. 

Further study of conditions for failure is in order, and should include 
measurements of surface distortion using inert markers not functioning 
as lubricant reservoirs like the grooves. Borrowing from Fig. 13, however, 
the important detail to be understood is that of a departure from homo- 
geneous deformation. The data show clearly that enlargement of surface 
area may in fact change with position, being much greater in the peripheral 
egion, and that displacement as well may be in variance with homo- 
geneous compression. Accordingly, both increase in surface area and 
displacement will likely be found essential to a failure criterion when 
ilowance is made for non-homogeneity of deformation. 

The results of such experiments make clear the importance, in plastic- 
working lubrication, of strong film adherence to preserve continuity and 
resist disruption. The difficulties, in a practical evaluation of lubricants 
through behavior in more or less simple tests and in various operations, 
are generally acknowledged. An important reason would seem to lie in 
the nature of the deformation whether continuous or non-steady state; 
the extent and type of non-homogeneity and its bearing on film failure. 
The non-steady-state compression of a disc between overlapping platens, 


involving a broad range of displacement with non-homogeneous de- 
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formation, appears to represent a particularly searching test of the 
resistance of a film to failure. 

Finally, the work has demonstrated that a technique of measurement 
with inclined and normal pins, although complex, can provide rather 
clear insight into lubrication and friction in plastic-working operations. 
It should make possible some new and direct approaches to the study 
of problems in this field. 
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TEMPERATURE DISTRIBUTIONS IN SOME FAST METAL- 
WORKING OPERATIONS 
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Summary \ short discussion of the basic equations concerned with heat generation 
und flow in a plastically deforming body is given and criteria are established for neg- 

body forees and a ‘lerations. A “thermal Mach number” is evidenced, being 
the ratio of heat diffusion to a typical velocity in the system. It is next shown that the 
space rate of heat diffusion upstream of a tangential velocity discontinuity in plane 


plastic flow egligible for practical purposes when the speed normal to the discon 


} 


ty 1s more than about 2 


; 
iT 


In/sec 
Examples are given of the determination of the approximate temperature distri 
in some fast plane-strain extrusion processes, using graphical techniques; 
requiring dead metal zones are seen to require melting of the extruded metal. 


»blems are referred to 


NOTATION 
DIMENSIONLESS or normalized variables are denoted by a bar, deviatoric 


quantities bv an 


\ dot denotes tot lerivat , &.g. ) ) in Cartesian 


co-ordinates. 

\ comma, followed by an index denotes covariant differentiation. (In 
Cartesian co-ordinates this is simply the partial derivative with respect 
to the ith co-ordinate.) Ali quantities have been expressed in consistent 
mechanical units, hence the sealing factors J and g, do not appear in 


the equatiol 8. 


acceleration vector component 
the rate of deformation tensor 


Young’s modulus 
component of body force per u iit mass 

tensor 

modulus and Ik modulus respectively 
flux vector component 

time 
temperature 
velocity vector component 
normal velocity AaCTOSS a shoek AB 


co-ordinates 


Temperature distributions in some fast metal-working operations 


a numerical factor 1 >a>0 

coefficient of linear thermal expansion 
a scalar quantity 

Poisson’s ratio 

mass per unit volume at temperature 7’ 
stress tensor 

characteristic body force 

mechanical equivalent of heat 


time rate of change of internal energy of system 


INTRODUCTION 


The work dissipation due to the plastic deformation of a metal results 
in a temperature rise which, under certain conditions, may be of con- 
siderable importance. For instance, it is well known that in order to avoid 
hot shortness in extrusion operations, restrictions must be placed on 
the speed and temperature of the operation because the phenomenon 
depends on temperatures attained; also, recent interest in the temperature 
developed in an extruded calot has been stimulated by the necessity 
to hot-form radioactive materials which undergo deleterious phase changes 
at too high temperatures. Problems involving the calculation of tem- 
peratures generated in plasticity problems do not appear to have been 
the subject of intensive investigation; in fact from the point of view 
of theoretical applied mechanics, the paper by Bishop! would seem to 
be unique. Interest in the measurement of bulk temperature due to 
imposed plastic deformation first appeared in a paper by Farren and 
Taylor,? when investigating the temperatures achieved in a simple tensile 
test. There has been a certain amount of interest in temperature dis- 
tribution in dies during wire-drawing,’ and in machining.’ Of late a major 


Ann, € 


experimental investigation has been made by Watkins, Ashcroft and 
McKenzie® to determine the temperature attained at various points 
inside an extruded cylindrical slug of material. 

Bishop’s original paper gives the isotherms associated with the plane- 
strain extrusion of a perfectly plastic-rigid material through a square 
die of fractional reduction two-thirds, the die face and container wall being 
perfectly smooth. The slip-line field solution for this case is shown in 
Fig. 1 and consists of a circular quadrant and an isosceles triangle; it is 
a simple solution amenable to analytical treatment. Bishop shows how, 
by employing relaxation methods, isotherms may be determined for 
a slug initially at the temperature of its environment from a calculation 
of the amount of plastic work put into each element of it, regard being 


paid to heat exchanges by conduction, due to the temperature variation 


throughout the mass of the slug. This single solution is, unfortunately, 
of limited value for engineers. It treats of only a simple slip-line field 
which is analytically tractable and use is made of mathematical techniques 
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beyond the knowledge of most engineers. For these two reasons, and 
because of the aforesaid increasing practical interest in temperature rises, 
the authors were stimulated towards investigating the prediction of 
temperature distribution in plane-strain problems, particularly those re- 
quiring slip-line field solutions of the more complicated kind. 


« — — —— 


\ 
\ 


Fig. 1. Half slip-line field for plane-strain extrusion through a square 


die when the die face and container wall are both perfectly smooth. 


It will be shown that in metal-working operations which proceed at 
speeds of in/sec, where the die, the tools and the container are non- 
conducting, conduction within the slug itself has little effect in tending 
to equalize temperatures throughout the bulk of material. Since for most 


metal-working operations the theoretical assumptions are only approx- 


imately valid, for a good first approximation, neglect of the conduction 
factor is justifiable. This leaves the way open to employ a well-known 
graphical technique for finding the temperature distribution which is 
highly suitable for engineers.® 


GENERAL EQUATIONS AND DISCUSSION 
OF TEMPERATURE DISTRIBUTION 
Basic equations 
The motion of any continuum satisfies the following equations.’ 


(a) Equation of continuity of matter 


Co 


ct 


(ov'),,; 


(b) Equations of equilibrium 
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(c) The conservation of energy equation 
E = od;;— q',;. 


It will be assumed that such temperature alterations as occur do not 
affect the physical properties of the material. 

Equation (1) assumes that there are no voids in the material, e.g. in 
the case of plastic flow it is supposed that no “defects” are developed.® 
The equations (2) are true (except perhaps at isolated points or lines) 
in all practical cases, though it is possible to imagine materials in which 
it is not so.° 

So far eight equations containing seventeen unknowns have been 
proposed. The remaining nine are given by assuming specific material 
properties. For plastic flow in the absence of appreciable vorticity!®™ the 
Prandtl-Reuss equations are applicable 


* “* 6 
dj; = o4;4+ 0;;/2G4 


dj = (1—2v)o4/E. (5) 


The equations (4) and (5) relate to an isotropic material. The scalar 
quantity 4 may be eliminated by use of the yield criterion 


oti gti — 2Y?/3 (6) 


Y, the yield stress in simple tension, is principally a function of the 
plastic work done on the specimen, the rate of straining, and the 
temperature. 

So far six more equations have been found. The remaining three 
relate to the internal energy and indirectly the heat flux vector q‘. 

The heat flux vector is in many cases related to the temperature 
by Fourier’s Law 

di BET; (7a) 


Only isotropic materials will be considered and hence 


di kd; T,, kT; (7b) 


k being the familiar coefficient of thermal conductivity and 46; the 
Kronecker delta symbol. 

Fig. 2 represents schematically an extrusion process conceived as 
a thermodynamic system in which the punch does work on a mass 
of metal, causing it to pass through rigid dies. The system is the mass 
of metal within the indicated boundary. This being a steady-state open 
system, the General Energy Equation is, for unit mass throughout,” 


(poV.— pV) 
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SY the heat transfer across the boundary is zero: the boundaries are 
supposed non-conducting. Sw the work done by the system is zero: the 
dies and container are rigid and immovable. (v;—v;)/2, where v, and 2, 
are the speeds of the metal at exit and entrance to the system, is neglected, 
being thought to be small in comparison with other terms; this also 
applies to the g(2,—2,) term, the alteration in the “potential energy”’ 


Container 


Boundary 


> 


2. An extrusion schematically represented. 


of the metal. (£,— £/,) denotes the alteration in the total internal energy 


of the system. The terms pV, and p,V,, where p, and p, are the pressures 


and V, and V, the volumes per unit mass at entry and exit to the system, 
are the usual fiow-work terms of thermodynamics. For simplicity it will 
be assumed that V, V,, thus neglecting any changes in the volume 
of the metal due to pressures p, and p,. p, is here to be taken as zero, 
so that p, is the extrusion pressure. Equation (8a) thus reduces to 


B.— EB, = 9,V,. (8b) 


Now (2,— #,) may be considered to be made up of two portions which 
manifest themselves as (i) a temperature rise and (ii) an alteration in 
the erystal lattice structure; in effect (ii) is a form of energy storage. 
The former will now be denoted by Utnerma: and the latter by Uhattice. 
[It appears from the experimental work of Farren and Taylor? that Uthermai 
and Uvjsttice are of nearly different magnitudes, indeed they found that 
a variable percentage (usually about 90 per cent) of the mechanical work 
done in plastic flow reappeared as heat. An input of work clearly had 
a different effect from that of an input of an equivalent quantity of heat, 
the lattice of the material being left in a work-hardened or strained state. 
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It would seem that if the metal is worked above its recrystallization 
temperature, then provided the process is slow enough one would pre- 
sumably recover all the work as heat since the metal lattice would be 
left in its initial state due to self-annealing. 

The above indicates that the thermodynamics of a plastically working 
solid is not simple. For a discussion of temperatures reached in processes 
involving plastic flow, however, it will be assumed that the fraction 
(1—a) is absorbed or stored in the lattice alteration and the remainder 
produces heat and so an increase in temperature, thus 

op E, U jattice T U thermal - (9) 

Hence 

Uiattice = (1— a) otfdi; (10) 


U tnermat : aold;; T (kg? T, i)yt . ( 1 ) 


The expression (10) also includes, in general, some of the work done 
elastically. (11) is the form assumed by Bishop! who expressed it as 


U thermal : oc T (12) 


where c is the specific heat at constant volume. If the lattice is unchanged 
by the deformation then equation (12) is strictly true, and this will be 
assumed to be the case henceforth. Equation (11) may then be written 


d(ocT)/dt = aotd;;+ (kg"T,;),;. (lla) 


If k and ¢ are both constant, then (lla) may be written out in Cartesian 
co-ordinates, 


OT /et+ ueT /0x + veT /ey + weT /6z — T (6u/dx + Ov /ey + éw/ez) 
(a/oc) {dj; 07} + (k/oe)(@T /ex? + eT joy? 4-0? T /ez*) . (11b) 
For an incompressible material this reduces to Bishop’s! expression. 
The equation of state is, approximately, 


0/09 = (1+ p/K)/(14- 38% (13) 


0, is the density when 7 = 0 and p the hydrostatic stress about the point. 
Thus, in general, the temperature field will react with the strains 
and hence the velocities, via the stress-strain relations (4) and (5) and 
the continuity equation (1). However, these disturbances will only be 
of the order of the elastic strains. Neglecting these thermal expansion 
effects is compatible with assuming a plastic-rigid material. In any case 
equation (13) shows that the effects of pressure and temperature tend 
to cancel out. 
If the assumptions of rigidity and incompressibility are made, equa- 
tions (1) and (2) reduce to 
(la) 


(2a) 
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For steady slow flow and in the absence of body forces equation (2a) 
becomes 


o'!. 0. (2c) 


} 


If vy is taken as a characteristic speed, L as a characteristic length, and g 
as a characteristic body force magnitude, then (2a) may be written 


Yo", /L+ oogf' = oov?a'/L. (2d) 


Hence equation (2c) is appropriate if 
: oggL Y 
Oot Y 


A short calculation shows that (a) will be satisfied unless gl has 
a magnitude of at least 10° ft?/sec?. Body forces and acceleration forces 
are generally quite weak and (short of near impact operations) few 
industrial processes are likely to require the consideration of body forces 
in plastic problems. But if the theory was to be applied to geophysical 
problems such as glacier flow or earth stability problems with char- 
acteristic dimensions of tens of feet, then body forces would clearly 
require to be taken into account. 

Consider two typical industrial instances, (i) the cold extrusion of (a) 
aluminium and (b) pure lead at speeds of 15 in/sece, (ii) the (a) cold and (b) 
hot rolling or drawing of mild steel sheet at 3000 and 6000 ft/min. For 
case (i), (a) o, ~ 01 lb/in’, Y ~ 16 tons/in®? and thus o,v?/Y ~ 10°; 
(b) 0, = 04 Ib/in’, Y ~ 1°5 tons/in? and o,v?/Y ~ 10-*. For case (ii), 
9» ~ 0°28 Ib/in’, v = 600 in/see; thus if for cold rolling, Y ~ 16 tons/in? 
then at the lower speed o,)v?/¥Y ~ 0°01, whilst for hot rolling with 
Y ~ 4 tons/in® at the higher speed o,v?/Y ~ 0:1. It is evident that from 
the point of view developed above, the application of the ordinary 
quasi-static stress analyses to extremely fast hot metal-working operations 


“) 


must lead to sizeable errors. 

In the following the simple form of equation (2c) is used as is customary 
in plasticity theory. For an incompressible, plastic-rigid material with 
constant specific heat and thermal conductivity, the energy equation in 


steady flow may be written 
(k/oec)(g?T,;),; wT, + (a/oe)d;;o7 = 0. (11e) 


The factor a should be unity for a perfectly plastic material, but since 
the temperature everywhere is directly proportional to a, (llc) being 


a linear equation, no assumptions as to its value need be made until 


the end of the calculation. 
The equation (llc) is not easy to solve even supposing that the 
stresses and velocities are given. Assuming continuity of the velocity 
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field (discontinuous solutions will be considered later), normalize equa- 
tion (lle) to give 

(k oc L?) (gi T ,:),; (v/L)a'T,;+ (aYv/LocT,)d;;6;; = 0. (11d) 


It appears permissible to neglect the first term in equation (11d) in 


comparison with the second if 

vocL B21. 
This may be thought of as a thermal Mach number, expressing the ratio 
of the rate of diffusion of heat to a typical velocity in the system. 

Typical values of k/oc are given in Table 1, together with values of 
a for common metals. 

Typical values of Lv for extrusion and drawing are 30-100 ft?/hr. Thus 
it seems that neglecting the first term in equation (11d) is fairly well 
justified for steel and lead, except in regions where the heat flux vector 
is nearly perpendicular to the velocity vector. This condition will occur 
mainly around the edges of the material where it is in contact with the 
dies or tools. In most cases errors of the order of 1 per cent for steel and 
of 5 per cent for copper may be expected. In view of other gross assump- 
tions made in plasticity theory, these errors are tolerable. 

Bishop’s work! gives support to the view that the assumptions of 
steady flow and zero conductivity enable an accurate estimate of the 
temperature distribution to be made in many cases. 


TABLE | 
Material k/oe (ft®/hr) 


Silver 6°6 
Copper 4°4 
Aluminium 3°7 
Mild Steel 

Lead 


The temperature distribution in steady flow will give the maximum 
deviation from the original temperature profile. Thus there seems to be 
ample justification for neglecting the higher order terms or considering 
a steady state in a preliminary investigation. 
So far continuous fields of the variables have been considered. At 
a line of velocity discontinuity the temperature undergoes a sudden 
increase (if the conductivity is zero) of amount 
[diya =. 2 | er) (14) 
V3 oC \ U 


Avr being the discontinuity in the tangential velocity, and v, the velocity 
of flow across the discontinuity. The actual solution, taking into account 


3* 
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conductivity, can be found by considering the problem shown in Fig. 3. 
A discontinuity of value Avr occurs at «= 0. Using equation (11c) 


(k/oc)d*T /dx? —v,dT /dx = 0 
with 
leo 1-« Ya(Avrz)/ ) 30cv, = (AT). 


The solution of equation (15) is 


0>2 T — T_wo = (AT), xp (Up o¢/k)) 
x>0 T —T_w.= (4T)< 


? 


This solution is represented in Fig. 3 for various materials. 
For mild steel and lead, the temperature rise 0°05 in. upstream of 
the shock will be less than 2 per cent of the total rise if the normal 


ho 


Copper. 


Aluminium ~ 


-20 
a ft®/hr 
Fig. 3. Temperature distribution upstream of a _ velocity 
discontinuity. 


velocity across the shock is greater than 2°8 in/sec. Since a velocity 
discontinuity will not in fact be perfectly sharp in a real material, it is 
clear that neglect of conduction in a shock leads to inappreciable error. 

So far we have only considered cases where the yield stress in constant. 
In many industrial processes a heated billet is used and consequently 
the yield stress of the material varies from point to point due to differential 
cooling effects. 

For these problems an upper-bound solution for pressures may be 
found by assuming the same velocity field as in the corresponding solution 
for constant yield stress and assuming the local stresses to be reduced 
in the proportion of the local yield strength to the yield strength when 
cold. This will give correct boundary conditions for problems in which 
the velocity is prescribed over parts of the boundary and zero stresses 
over the remainder, and is therefore applicable to extrusion, drawing, 
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rolling and also to punch indentation and wedge problems. It is thus 


permissible to write 


a = ¥(T)(o%)/Yo. (17) 


This will satisfy the yield condition equation (6) and the stress-strain 
relations equation (4) for a plastic-rigid material. However, the equi- 
librium equations (2b) are not satisfied. Hence the pressures calculated 
will constitute an upper bound and the rate of working will be every- 
where greater than the true solution. It may be noted that an extremum 
principle has been taken and used for a non-homogeneous material. 
This is permissible because each element of (approximately) constant 
yield value may be considered as a separate plastic problem. Therefore, 
the local rate of working in the assumed state is greater everywhere than 
that in the real solution, and thus the external rate of working and the 
pressures are also an upper bound. This process could also be applied 
to find the correction to the temperatures obtained using equation (11c), 
due to softening of the material by self-heating. However, it hardly seems 
worthwhile, since, in most cases it is not likely to be the largest source 
of error. 

When conductivity is neglected the temperature field may be found 
relatively easily by graphical methods for steady flow processes, and 
if the slip-line field is approximated to by a series of shock lines, a good 
approximation to the temperature distribution in the emerging slug is 
usually obtained. 

For problems involving the “unit diagram’’™ one would have to 
consider that the material had reached a steady state before the actual 
configuration was reached, and while temperatures may be found as for 
steady-flow problems, it is doubtful if the calculated temperatures will 
represent reality. 

A better solution taking the conductivity into account may be found 


by assuming a solution 
T,+(k oc) T,+(k oc)*T,+-... (18) 


and substituting in equation (11c). 7, is the solution for zero conductivity, 


and 7’, satisfies the equation 
ue T /Ox + ve T' ey | wo T /ez V2T,. (19) 


The right-hand side is a known function. However, the fundamental 
error inherent in ignoring higher-order terms in a differential equation 
is not removed by this method, as equation (19) only requires boundary 
conditions like the reduced equation with zero conductivity. 

The reduced equation and equation (19) only need the initial tem- 
perature conditions on a curve, whereas the full equation (11c) requires 


the temperature to be given round a closed boundary. Solutions of 
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equation (19) seem to be harder to obtain than was the first solution 
for 7, and the practical value of the method is open to doubt. 

Lastly, it may be noted that, if the temperature profile in the emerg- 
ing slug is given, it is easy to calculate the induced stresses in cooling if 
the slug at exit is assumed stress-free. In many extrusions, and short 
of estimating the residual stresses (created because the largest temperature 
rise occurs in the outside of the product), there will also be a tendency 
for fracture to occur on the outside. 


TEMPERATURE DISTRIBUTION IN SWITFLY 
WORKED METALS 

In the previous section a criterion was established whereby the 
temperature equalization tendency, brought about by conduction, could 
be estimated; it was shown that it may be safely neglected for most 
metals when the speed of extrusion is measured in in/sec. On this 
assumption a simple procedure may be built up for predicting the 
temperature distribution in a slip-line field region. 

For simplicity, the method will be exemplified by reference to the 
simple case depicted in Fig. 1. First, the slip-line field is approximated 
using chords in place of circular ares or triangles replacing sectors. The 
degree of coarseness acceptable in a replacement of the slip-line field 


by a system of chords is a matter of the degree of inaccuracy tolerable. 
[In this instance, three 30° isosceles triangles replace a circular quadrant, 
see Fig. 4. This procedure gives a “kinematically admissable velocity 
field’? for this particular problem, which can be used for estimating the 


Fig. 4. A kinematically admissable velocity field obtained 


coarsely approximating the slip-line field of Fig. 1. 


ram pressure necessary to effect extrusion, by using an extremum 
principle due to Hill® or one of the Limit Theorems due to Drucker, 
Greenberg and Prager™. It can easily be proved that in the limit the 
velocity field described can be so finely constructed as to yield an estimate 
of the extrusion load differing as little as we please from that given by 
the slip-line field and the employment of the Hencky equations. Second, 
construct the hodograph to Fig. 4; this is shown in Fig. 5. This latter 
diagram enables the velocity of any particle, which is part of the extrusion, 
to be stated. Define a number of stream tubes — four in this case — by 
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the “horizontal” lines meeting the bounding entry line at its points of 
discontinuity, A, B, C and D in Fig. 6. The stream lines of particles 
passing through these points are easily obtained using the hodograph. 
All the material moving within a given tube undergoes a similar history 
of deformation; the progress of each of the four tubes through the de- 
formation zone is now as indicated by the dotted lines. If there is concern 
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Fig. 5. Hodograph to Fig. 4. 


with the pattern of temperature distribution only, all material constants, 
e.g. the actual value of the yield stress of the material, may be omitted 
from the calculations. Consider stream tube Il. If material approaches AB 
at unit speed, the work done per unit time is proportional to the tangential 
velocity discontinuity across AB x length AB; but this work is expended 
on volume ¢ and hence the temperature rise on crossing AB is proportional 
to V4,. ABIt V.e/Vn:ap Where Vy.4p is the speed normal to AB. 
This quotient is easily obtained by use of the hodograph. The material 
in AA,B is rigid and remains at constant temperature until it crosses 
A,B where, for a second time, it undergoes a sudden change in direction. 
The temperature of the material moving into BA,A,B, jumps by an 
amount V4.2/Vy:i.e8- Vn:ap is the speed normal to A,. Again this 
quotient is obtainable from the hodograph. Further temperature jumps 
occur on crossing A,B, and A,B,. The final temperature of the material 
is the sum of the separate jumps to some factor of proportionality. 
Similar calculations are made for each of the three remaining stream 
tubes. The largest value of the temperature has been converted to 100 
and the value in each section of the diagram increased in proportion. 
The approximate temperature distribution is now clear and is depicted 
in Fig. 6. Its accuracy can be increased by using a finer net of lines, but 
even at this level of coarseness, comparison with the isotherms given 
by Bishop! is very reasonable. 

This method may be used for complicated slip-line fields of the form 
indicated in Fig. 7(a) and (b) and for which cases temperature dis- 
tributions are shown. The calculations were made on small-scale diagrams 
and whilst they are not thought to be correct to more than about 4 per 
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cent, they are more than adequate for indicating qualitative distributions 
of temperature. 

Of special] interest are extrusions involving the deposition of zones 
of dead metal, see Fig. 8(a) and (b). The energy dissipation due to 
shearing which takes place along the boundary of the dead zones, OA 
and OBC, is not accounted for in the magnitudes quoted; indeed, this 
work causes virtually no temperature rise in the body of the flowing 


Temperature distribution as caleulated using the field in 
Fig. 4 


material, since there is no material flow across the boundary. This implies 
that the infinitely thin boundary layer assumes an infinitely high tem- 
perature, or, more realistically, that melting takes place. Obviously, in 
a slug of considerable length, even though the extrusion be fast, a fraction 
of the heat must be conducted into the dead metal zone and part involved 
in phase changes. This simple physical consideration leads to the perhaps 
naive conclusion that once a dead metal zone is established in a fast extru- 
sion, the condition of shearing along the dead metal zone soon ceases to 
operate and is superceded by a “lubrication” along the zone with molten 
material, theb oundary friction it provides being determined by its viscosity 
at some high temperature. 

Fig. 9(a) shows one half of a diagram in which a punch indents 
a wide block of material constrained to deform in plane strain. The 
methods described above can be adapted to this instance. The tem- 


peratures caleulated and presented in the figure only occur along the 


line to which they are assigned; they do not apply to a whole region as 
in the preceding steady-state cases and the distribution is not continuous 
throughout the slip-line field. This is because the given slip-line field 
applies only at the instant of deformation and changes from moment 
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Calculated temperature distribution for extruding or 
drawing through smooth wedge-shaped dies when 
(a) r< 2sina/(1l+-2sina); a 15°, r= 0°24 


(b) r > 2sina/(l-+-2sina); a | 0°64 


to moment with finite indentation. Fig. 9(b) and (c) are also unsteady 
motion problems and are to be interpreted similarly.%"* In these two 


instances, the predicted distributions are only likely to be substantially 


true where there are strong velocity discontinuities. 


CONCLUSIONS 

It has been shown that within the limitations of the assumptions 
made for fast metal-working processes in which the temperature of the 
material to be worked is about the same as that of its surroundings, 
i.e. in a quasi-cold operation, the calculation of temperature distributions 
due to plastic work dissipated in deforming a body, is well approximated 
by neglecting the effects of conduction. Realization of this fact means 
that calculations of this kind for operations whose speeds are industrially 
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Fig. 8. Caleulated temperature distribution for extruding through 
square dies when zones of dead metal are deposited 
(a) 7 0°50 and container wall smooth; 


(b) 7 0-5 and container wall rough. 


realistic, are easy and straightforward. Especially is this the case tor 
all plane-strain problems when use is made of the extremum principle 
which provides an upper bound to the load in conjunction with the 
substitution of a system of tangential velocity discontinuities for the 
appropriate slip-line field. 

The method described is applicable to all plane-strain problems to 
which slip-line field solutions are normally applied, e.g. to steady-state 


"DS 


problems such as sheet-drawing through wedge-shaped dies and rolling, 


using Alexander’s solution.” In principle the method is also applicable 
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Fig. 9. Half diagram showing an “approximated slip-line field” 
and the instantaneous temperature rises across the discontinuities 
for plane strain 

(a) flat punch indentation of a semi-infinite medium 

(b) compression between perfectly smooth platens 

(c) forging of a block of material with three equal-size, symmetri- 
cally inclined punches: only one third of whole diagram is shown. 


to unsteady-state problems though they would be extremely laborious 
to calculate, and to non-steady-motion problems such as involve the 


unit diagram. 
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Two particular classes of three-dimensional problems amenable to 
the approach described above are those of indenting and piercing, the 
solutions being similar to that given by Drucker and Shields'® and the 
extrusion of round rods or tubes due to Kudo’. The solutions for some of 
these latter instances are of industrial value and it is intended to produce 


them in subsequent papers. 
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Summary—--The in-plane inextensional vibrations of an incomplete circular ring of 
small cross section are studied by means of the classical equations of motion. Natural 
frequencies and modes are found for rings with clamped ends and subtended angles 
between 180° and 360°. A solution is given for the problem of an incomplete ring clamped 
at one end and given a prescribed, time-dependent displacement at the other end. 


INTRODUCTION 
IN THIS paper a mathematical study of the in-plane inextensional vibra- 
tions of an incomplete circular ring of small cross section is carried out 
starting with the basic equations of motion as given in Love with the 
addition of terms to represent damping effects.! 

With a view to an application of this analysis to a problem connected 
with a gyroscopic instrument, the problem of an incomplete circular ring 
clamped at one end and given a prescribed (time-dependent) displacement 
at the other end is considered in detail.? In particular, equations are 
developed for determining the transient response of a semi-circular ring 
caused by a small “step motion’’ of one support relative to the other. 
This solution is given in terms of the natural frequencies and modes of 
motion of the ring. In the Appendix a considerable amount of information 
about these modes and frequencies is obtained with the help of machine 
computation through the integration of the differential equation for the 
problem, together with the appropriate boundary conditions. In particular 
the first four natural frequencies for the clamped incomplete ring are 
determined which serves to improve and extend the earlier approximate 
solution found by den Hartog using energy techniques.’ 


BASIC EQUATION OF MOTION 


This analysis is carried out for the case of a plane circular ring of 


constant symmetrical cross section whose dimensions are small compared 
with the radius of the center-line of the ring. Body forces are neglected 


and only in-plane forces are considered. 


* This paper was part of a report prepared for the Instrumentation Laboratory 
of the Massachusetts Institute of Technology under the auspices of DSR Project 52— 
140, sponsored by the Weapons Guidance Laboratory of the Wright Air Development 
Center, through USAF contract AF 33(616)—3892, Air .Foree Task Number 50518. 
The author is grateful for permission granted by the Instrumentation Laboratory to 
publish these results. 
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For an element of the ring as shown in Fig. 1, let V, 7 and M be 
the internal shear force, normal force and bending moment, respectively. 

With these forces the equation of motion in the radial direction 
takes the form 


on - OU 
cA : é + Kr (1) 


where m is the mass per unit length, r the radius of the center-line, A the 
viscous damping coefficient, and wv the inward radial displacement for 


the ring. 


1. Element of ring showing force and moment resultants. 


tangential direction the equation of motion takes the form 


eT . Cw », Oe 
J —— + Kr (2) 
oo ot 
where w is the displacement in the sense of increasing 6. 
If rotatory inertia * is neglected, the moment equation takes the form 
oM 


Nr 0. (3) 
cb 


We have neglected terms involving shear deformation but Timoshenko 
has shown that the effect is unimportant for rings where the wavelength 
of the vibration is at least 10 times the depth of the cross section.‘ 

Following Love we simplify the analysis by restricting attention to 
problems where there is no extension of the center-line, this condition 
requires that w and w are related by 


(4) 


See (1) for a more detailed derivation. 
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Finally, to complete the set of equations we have the bending moment 
related to the change in curvature in the form 


El | cu - 
M 2 (oe } u).. (5) 


The substitution of (4) into (5), (5) into (3), and (1) and (3) into (2) 
leads to a single sixth order partial differential equation for w in the form 


EI (®w ,w nt e cin K&| ans 6) 
| 2 { m w lw ; ) 
yr sa ali oF ct oF ot \ oF \ 


PRODUCT SOLUTION 

We seek solutions of (6) in the form 
w(6,t) = W(6) T(t) 

which leads to a separation of (6) into 
EI 
mrt 


(Ww 429Ww 4 WwW") = o(W"—W) 


T +-K/mT+ wT = 0 


where 


If we now restrict attention to rings with clamped edges at 6 = 0 
and 6a then the boundary conditions take the form 


Ow 


= 
06 


=@, fs 1 ayy . (10) 


W(0) = W’(0) = W’'(0) = W(a) = W'(a) = W"(a) = 0. (11) 


Let {y,(@)} represent a set of eigenfunctions and {w,} a set of eigen- 
values with the property that 
(vi) 9,, (iv) " 42 ” 
Pn T <—Pn Ty Pn An n ¢ n) 
where 
42 2 mrt 
An On EI 


and the {y,}’s satisfy the boundary conditions 
Py(O) ¢ (0) - & n(O) = Py( a) - Ppa) Pn (a) 


We have solutions of (6) in the form 


w(6,t) = >’ gn(8) Pn(t) 


nr 


* See the Appendix for solutions of this problem. 
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Ww here 


Ky | K _K 4 
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On > K /2m 


. ' a , 
an‘ xp . | K | 
4 Dean \2 
| b,exp - anus =n) )\4 


K /2m 


VIBRATIONS PRODUCED BY A PRESCRIBED MOTION 
OF SOME CROSS SECTION OF THE RING * 
As an example of the motion resulting from the prescribed motion 
of a cross section of the ring let the tangential motion of the end #0 = 0 
be prescribed in the form 
w(0,t) = F(0)f(t). (18) 


We write the solution of (6) in the form 
w(6,t) = f(t) F (6) - ‘ An(t) Pn( 9) (19) 


where F(@) is the statical deflection curve obtained by neglecting all 

the time-dependent terms in (6). Thus f(t)/ (6) would be the solution 

for a quasi-static prescribed motion of the end of the ring. 
Substitution of (19) into (6) leads to the equation 


A n+ K/m An lw, An e,(f 4 K mf) 


where ¢, is defined by 


F'(6) 2 CnPn(9) . 


n 


j ; —_— P Cw 
Now for a given f(t) and initial values of w and , (19) gives the 
c 


resu'ting motion. 


SOLUTION FOR A PARTICULAR END MOTION 
Consider the problem of a semi-circular ring clamped at each end 
and at rest in a damping medium. Suppose one end (#= 0) initially, 


is displaced tangentially by a small amount Re and the slope at this 


* The procedure used here was used by Mindlin and Goodman for beam vibra- 
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end makes an angle « with the slope in the undeformed state. Now let 
the end return to its natural position according to the motion 


w(0,t)= Ree-@® (t>0). (22) 
The statical deflection curve is taken as the solution of the equation 
wri) 1. Dap liv) 4 ap’’ — 0 (23) 
subject to the conditions 
w(0) Re w'(0) = 0 w’'(0)+ w(0) = re 
w (2) = w'(2)=0 w'(xz)+w(xz)=0 
The solution of (23) which also satisfies (24) and (25) is 
-9@+-\k r| . | cos 8 
re) *—d 
Dy 


-4\) , 27 : ] 
- -} sin §— ———. @sin 6+ (r— R)Ocos ole. 
=< u—Sd 1 


The coefficients ¢c, are computed from the equation 


os 4 


I [@n(9)—@n( 0) F (0) d0 


_ 


J [@n(O)—pn( 9) ]en( 8) dé 


( 
For this example equation (20) takes the form 


o ; , , ; oa 
A, + K/mA,,+ 0; An = ¢,a(K/m—a)e~* 
and the initial conditions 
. CW 
F (9) = w(8,9), (6,0)=0 
At 
lead to the conditions 
A,(0)=0, <A,(0)=ae,. 

As indicated in equations (16) and (17), the form of the solutions 
of (28) depends on a comparison of K/2m and o,. We will write out the 
solution for the case when the A,’s of interest are related to w,’s having 
the property w, < K/2m. For this case we can solve (28) for A,(t) and 
then write the complete solution in the form 


w(, t) N Cn¥ nl 6) Ki exp K | sey | ] 


_ K 
+K, exp|— a (1 
ain 


-@, exp| at} +F(b)e-“ (31) 
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where 


Ky = | : oma! | ' (Pm) 0, (32) 


Ky) (=>) 


2M», 


Ky =~ -|14 ! remy VQn| (33) 


: (34) 
On 
All quantities of physical interest can be found from equations (1) 
through (5) using (31) through (34). 
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APPENDIX 
Computation of the natural frequencies and modes of motion for 
a clamped incomplete ring. 
1. Statement of the problem 
Given the differential equation 
y) + 2y¥ + y” = My" —y) 


together with the boundary conditions 


er 


y(0) = y'(0) = y"(0) = y(a) = y' (a) = y' (a) = 9,7 
we seek solutions of equation (A-1) which also satisfy the conditions (A-2). 
General solution 
Take 
y (6) yf A;,cos o; 8 + B, sin ox 6 


then substitution into (A-1) 


as the equation for the o, which makes (A-3) a solution of (A-1). 
For 
0< #< 0113401 


it turns out that there are solutions to the boundary value problem 


only for a> 22. 
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For 


0°113401 < 2? < 17°6366 
(A-3) takes the form 


y (9) = A,coso,60+ A,cos v6 coshv6é + A,cos v6sinhvé + B, sino, 6 
+ BsinuwOsinhv6+ B,sinuOcoshy@ (A-5) 


where o; is the real root and o: and o; are the conjugate complex roots 
of (A-4) with 


and 
Vos 
For 
176366 - 
(A-3) becomes 
y(9) = A, cosa, 6+ A,cosho, 4+ A,cosho, 6 
B,sino,6+ B,sinho,6+ B,sinho,4 (A-6) 


where o;, —o> and —o; are the real roots of (A-4). 
The satisfaction of (A-2) for 


0°113401 < 72 < 17'6366 


requires that the determinant D, given by equation (A-7) (p. 55) be equal 
to zero. While for 
176366 - 


the satisfaction of (A-2) requires that D, given by equation (A-8) (p. 55) 
be equal to zero. 

The values 4, which satisfy (A-7) and (A-8) for particular values 
of a are given in Table A-1, and in Fig. A-1 for a between a and 22. 

For a= a2 the characteristic functions g,, g, and gy, corresponding 
to the characteristic values 7,, 4, and A, are given along with their first 
three derivatives in Figs. A-2, A-3 and A-4. The deflection modes for 
the ‘natural’? vibrations of the clamped semi-circular ring are sketched 
in Figs. A-5, A-6 and A-7. 

It is seen that the deflection modes for any particular value of a can 
be obtained by taking the value of o, (or uw, v) from Table A-1, and 
substituting into (A-7) or (A-8). The resulting degenerate system of 


equations permits a solution for certain of the constants A, and 5, in 


terms of one remaining constant (or several of them). Substituting into 
(A-5) or (A-6) gives the characteristic modes g, for that particular 
value of a. 

The numerical results given in table A-1 were calculated using the 
IBM 650 at the Massachusetts Institute of Technology Instrumentation 
Laboratory. For n= 1 and 2 the fourth decimal place is probably not 
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Natural frequencies for the incomplete ring. 


FOR PARTICULAR VALUES OF a. 
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Graph of (a) 93, (b) gj, (ce) m4’, (d) y’’. 
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Sketch of first (fundamental) mode of vibration. 
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Sketch of second mode of vibration. 
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Sketch of third mode of vibration. 
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reliable while for n= 3 and 4 the third decimal place is probably not 


reliable. 

It may be noted here that the results of den Hartog for the lowest 
natural frequency of clamped incomplete rings with included angles 
between $= a and 22 are in agreement to the number of decimal places 


which were retained in his caleulations.® 
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Summary — To calculate the load required to perform certain kinds of plastic work- 
ing operations and to account approximately for the modes of flow encountered, 
a description of a new upper-bound approach is first presented. To facilitate the 
calculation of good upper bounds, the concept of a unit region is introduced. After 
finding that the type of velocity field which consists of several rigid triangular parts 
is the most suitable for the present study, the lowest rate of energy dissipation and 
the related form of rigid-triangle velocity field are determined for each of the unit 
rectangular deforming regions having various height-width ratios and frictional boundary 
conditions. On analysing a particular working problem, the work-piece is supposed to 
be composed of several unit regions and the lowest upper bound for the working pressure, 
as well as the most suitable velocity field inside the material, is obtainable directly 
from those determined for unit regions. 

There follows from this method applied to several forging problems with open-dies— 
(a) Results on the compression of a plate between two flat parallel dies and on the inden- 
tation of a flat punch into a semi-infinite or a finite body and these are in close agreement 
with slip-linesolutions by other investigators. (b) The working pressures and the modes 
of deformation in open-die extrusion-forging are obtained and they explain some empir- 
ically known facts. (ce) The working pressure and the mode of deformation in heading 
are estimated. Some of these results are compared with slip-line solutions and found 
to be in good agreement. (d) The indentation of a flat punch into a work-piece held 
in a container is analysed and the upper bound for punch pressure, mode of deformation 
and distortion of material are related to the dimensions of the working tool and the 
work-piece, as well as to the conditions of lubrication. 

From these results, the upper-bound approach method proposed here seems to 
offer a fairly accurate and simple means in analysing plane-strain forging problems. 


NOTATION 
surface area of cross-section 
height-width ratio of unit rectangular deforming region 
width of work billet 
internal rate of energy dissipation 
coefficient of internal energy dissipation 


slip-resistance ratio on the surface of tangential velocity discontinuity 


depth of plastically deforming region in work-piece 
depth of die impression 
yield stress of material in shear 
upper bound for mean working pressure 
fractional reduction 
total fractional reduction in area 
sign representing “rough’’ surface (f = 4) 
* Now on leave of absence and at Manchester University. 
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sign representing “smooth” surface (f 

height of work-piece 

flow speed of material through orifice 

die working speed 

width of working tool 

width of container, extrusion die orifice and piercing punch 


INTRODUCTION 
INSTEAD of the laborious analyses of forging and extrusion processes 
by means of slip-line field theory, several attempts have already been 
made to analyse these problems by obtaining upper-and lower-bound 
solutions. 

In many forging and extrusion processes most of the work-piece 
surface is rigidly constrained by the tools during the deformation. In such 
cases, good upper bounds or sufficiently low upper bounds could easily 
be obtained from considerations of geometrical configuration only. The 
upper-bound approach is of special value in the analysis of complicated 
problems. In the present paper, therefore, only upper-bound solutions 
are treated. This upper-bound approach method has recently been adopted 
also by Johnson et ali.’-* and used in treating several extrusion and 
forging problems independently of the author. 

In order to obtain a best solution, i.e. the lowest upper bound, 


several types of admissible velocity fields have been first examined. 
It is generally found that the best type of velocity field is composed 
of rigid triangular parts, their interfaces being surfaces of velocity dis- 
continuity. With such a velocity field sufficiently low upper bounds are 
obtained with little labour. 

To obtain upper-bound solutions for complicated problems easily, 


the concept of “‘unit rectangular deforming region”’ is introduced. Prepar- 
ing diagrams of the coefficient of energy dissipation for various unit 
regions of different height-width ratios and boundary frictional conditions 
and dividing the deforming material into several unit regions, good uppe1 
bounds for working pressure in many working problems have been 
calculated. The problems treated below are those of compression, open- 
die extrusion-forging, heading, indentation, extrusion, piercing, extrusion- 
forging, several special types of extrusion and extrusion-forging and 
closed-die coining. Comparison of the wpper bounds for working pressure 
obtained in this way and the slip-line field solutions already reported 
by other investigators for several particular problems have been made 
and it has been found that the method developed in the present work 
results in a close approximation to that given by the exact solutions. 

Rigid-triangle velocity fields which yield minimum upper bounds are 
also found to be in good agreement with velocity fields derived from 
slip-line field theory and with flow patterns obtained experimentally 


using lead specimens. 
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ANALYTICAL BACKGROUND 

For the sake of analytical simplicity, the material is assumed non- 
work-hardening and rigid-plastic, and to follow the Mises yield criterion 
and the Lévy-Mises stress-strain-rate relations or the Tresca yield criterion 
and related stress-strain-rate relations. 

According to one of the Limit Theorems, the true rate at which the 
work is done by applied tractions is not larger than the internal rate 
of energy dissipation derived from an admissible velocity field in the 
material. The internal rate of energy dissipation in plane-strain 
problems B is? 


B= y2k{V2+2 +4 452,aV 42k | fads (1) 


I Ss 


for the Lévy—Mises material, or 


E = 2k | |é|\maxdV + 2k | feds 

V S 
for the Tresca material.’ k is the yield shear stress of the material in plane 
strain: the other symbols have their usual meanings in plasticity theory. 
The first integration of each equation is carried out throughout the entire 
volume of the material which deforms continuously, and the second over 
the whole surface over which a tangential velocity discontinuity occurs 
both inside the material and on the boundary between the material and 
the tool. In the above equations, f denotes the shear or frictional resistance 
on the discontinuity surface, divided by the plane-strain compressive 
yield stress 2k of the material, and s denotes the rate of relative slip 
of the surface. 

For the types of velocity field examined below, the above two equations 
become one, the only difference existing in the relation of k to the uniaxial 
yield stress of the material. 

When a work-piece is deformed by a rigid tool advancing at a speed 
of V, the upper bound p, for the mean pressure in the direction of tool 
travel over the projected area A of the working surface on to the plane 
perpendicular to the direction of working, is derived from 


2k 2kAV 


In the following discussion, the expression on the left-hand side of (3) 
will be termed the “upper bound for the mean working-pressure ratio”’. 
In this paper only problems with tools having working surfaces per- 
pendicular to the direction of tool travel are treated. 

To facilitate the analysis of complicated problems, the concept of 
a “unit rectangular deforming region’ is introduced. The region 1234, 
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Fig. 1, has a height-width ratio a and is surrounded by rigid bodies each of 
which may be considered to be either a rigid tool or a rigid part of the 
material. The region is assumed to deform in such a manner that its top 
surface 13 descends vertically due to an external force which causes the 
right-hand side surface, 34, to move outwards as a straight line. 


4 
Za 


(11) 


Fig. 1. Unit rectangular deforming regions. 


i 


Three different conditions on the surface 34 will be examined. In the 
first there is nothing outside the surface and it is entirely free from 
constraint. In the second case, the outside rigid body moves in the 
horizontal direction without any external resistance and keeps overall 
contact with the deforming material. In the third, a vertical movement 
of the outside body, whose speed is the same as that of the top surface, 
is superposed on the second case by an external force. Henceforth the 
latter two cases will be called boundary conditions (i) and (ii) respectively. 


ADMISSIBLE VELOCITY FIELDS AND THEIR 
INTERNAL RATE OF ENERGY DISSIPATION 

Inside the unit rectangular region various types of admissible velocity 
fields can be considered to accommodate the velocity boundary conditions 
described above. However, after comparing several types of velocity 
field such as “a homogeneous velocity field’’, ‘‘a centred-fan’’, “‘a rigid- 
triangle velocity field’? and others, it was found that the third was best 
for the present purpose because it usually yielded a lower rate of energy 
dissipation than the others and the calculation of that rate was relatively 
simple to make. In the following, therefore, velocity fields embodying 
rigid triangles will be used exclusively. 

In this work the value of slip-resistance ratio f was assumed to be 
constant over each constraining surface and to be either zero or one half. 
For convenience, a non-dimensional magnitude e will be introduced. 
This is the internal rate of energy dissipation divided by the product 
of yield stress of the material, top surface area and its speed of downwards 
movement. The magnitude e will be called “the coefficient of internal 
energy dissipation’? in subsequent discussion. 

The types of rigid-triangle field which were examined are shown 
in Figs. 2, 3, 4, 5 and 6. The internal rate of energy dissipation for such 


ae 


fields are obtained from equations (1) or (2) for which the first integration 
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vanishes. Every coefficient of internal rate of energy dissipation thus 
derived has, except for Fig. 4(b), a form 


(4) 


where g and ¢ are algebraic functions of given boundary conditions f;; 


and of position and inclination of discontinuity surface, a, 8 or 6. In most 
cases the inclination, which makes e a minimum and accordingly e also, 
is easily calculated. 
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(a) (b) 


Rigid-triangle velocity fields for the unit region. 
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Fig. 3. Simpler rigid-triangle velocity fields for the unit region. 
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(b) 
Fig. 4. Some modified types of rigid-triangle velocity fields for 
unit regions. 
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(b) 
Fig. 6 
5. Rigid-triangle velocity field for a slender unit region. 


Simpler rigid-triangle velocity fields for a slender unit region. 
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When the height-width ratio a is very small compared with unity, 
it is found that the types of velocity fields which are composed of a series 
of unit cells, Figs. 7 and 8, yield a lower rate of internal energy dissipation. 
It can be proved that e is a minimum when the lines of velocity discon- 
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@) 
7. Combined rigid-triangle velocity fields (from Fig. 3) for 
a flat rectangular deforming region. 


tinuity belonging to each particular group run parallel, as is seen in 
Figs. 7 and 8. The selection of the most suitable velocity field, i.e. that 
which yields the lowest energy dissipation, depends on the boundary 
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Fig. 8. Combined rigid-triangle velocity fields (from Fig. 2) 


a flat rectangular deforming region. 
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conditions imposed and can be done analytically. It is to be noted that 
a velocity field, in which the line of discontinuity comes to an end on 
the free side surface 34, does not give the least energy dissipation except 
when both top and bottom boundary surfaces are smooth. 

When a> 1 and the surface 34 is free, the velocity fields of the types 
shown in Figs. 5 and 6 give the lowest value of e. These fields result in 
an uneven surface on one or both sides of the rectangular region. 

The most suitable types of velocity field and their related expressions 
for the coefficient of internal rate of energy dissipation for each set of 
boundary conditions and for various magnitudes of height-width ratios a 
are summarised in Table 1. The derivation of these results is described 
in detail elsewhere.’ In the Table, the notation on the left-hand side 
represents the set of boundary conditions. Thus, ‘‘s’’ denotes the smooth 
surface, while ‘“‘y’? the rough, and the signs are arranged in order of 
surface 12, 13, 24 and 34. The number in the parentheses following the 
surface-roughness notation distinguishes the two conditions possible on 
the right-hand boundary surface of the rectangular region following 
Fig. 1. The value of the roman number in parenthesis in the expression 
for e may be identified thus 


7 
[nH a) 


ee ee 
VI =" y 16 


The most suitable types of velocity field and the positions and inclinations 
of the lines of velocity discontinuity will be understood from the figures 
in Table 1. 

By preparing graphs of e against a, the numerical calculations 
associated with particular metal-working problems are greatly facilitated. 
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[TABLE 1. Most SUITABLE RIGID-TRIANGLE VELOCITY FIELDS AND THE MINIMUM COEF- 

FICIENTS OF ENERGY DISSIPATION E FOR UNIT RECTANGULAR DEFORMING REGIONS 

HAVING VARIOUS SETS OIF BOUNDARY FRICTIONAL CONDITIONS AND VARIOUS HEIGHT- 
WIDTH RATIOS. * 


cals 


3:1 
e2(W) ( H=a) 


mye 
ee C2 (Y) 
e=(IVMH=5) (H=a) 


y: willey 


las? 


e=(1XH= a) 


n- 


COMPRESSION 

The process of plane-strain compression between two parallel flat 
dies has already been analysed extensively. It will, however, be of interest 
to apply the rigid-triangle velocity field to this problem in order to 
examine the effectiveness of the present upper-bound-approach method 
as well as the suitability of the rigid-triangle velocity field. 

When the width of the perfectly smooth die 2W is wider than that 
of 2B (Fig. 9(a)) from sss, Table 1, the upper bound p/2k for the mean 
compression pressure is 1, since in this case p/2k = e. An identical result 
is also obtained from considerations of the homogeneous velocity field 
in this case. The value of the upper bound obtained here agrees of course 


* 


Under ¢ (1) (ff a) should be inserted: n is odd. 
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with the exact solution. The rigid-triangle velocity field, however, is 
quite different (see Fig. 9(b) and (c)). 


WY 
(9) (b) (c) 

Fig. 9. Compression of a rectangular work-piece between flat dies, 
having a width wider than the work-piece. 


For rough tools, since the right-hand half of the work-piece corresponds 
to srr from symmetry, Table 1, or since the boundary condition of the 
the right read n >2 for n > 3. (Twice). In fifth group on 


* In third group on 
(III) (H =a). 


right read rrrr (ii) and e 
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first quarter of the work-piece is represented by srs, the wpper-bound 


ratio 1s 


p 2 B (5) 
2h 2}B 4n—1 T’ dog tea 
and » is chosen so as to minimise p 2k. Its calculated value is represented 
in Fig. 10. It is seen that the upper bound exceeds the slip-line solution 
of Prandtl" and Ross" by not more than 5 per cent. The most suitable 
rigid-triangle velocity fields are illustrated in Fig. 11 and are evidently 
in agreement in character with that of Prandtl. 


Upper bound 


Slip line solution 


| 
| 
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+4 


3 
iq 


G/T, W/T 
Fig. 10. Comparison of upper-bound and slip-line field solutions for 


the mean compression pressure with flat rough dies. 


suitable velocity fields for compression between flat 


rough dies. 


When the width of the die is narrower than that of the work-piece, 
Fig. 12, the boundary condition of the first quarter 1234 of the parts 


of material lving between the dies can be regarded as sssr (i) or srsr (i), 


ow 
—28-——— 
Fig. 12. Compression of a flat work-piece between flat dies having 


widths narrower than the work piece. 
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(Table 1), according to the surface, smooth or rough, of the die. This 
follows from the assumption that the part of the material which does 
not lie between dies is rigid. For smooth dies, the resulting upper bound 
is Hill’s upper bound introduced by Green”. 

In the case of rough dies, the least upper bound for W/7'>1 is also 
given by equation (5), and the corresponding velocity field is as shown 
in Fig. 11. The slip-line field solutions given by Hill and Alexander 
are also represented in Fig. 10 and again it is seen that the present upper 
bound lies well within the vicinity of the exact solution. 

The most suitable rigid-triangle velocity field obtained here is similar 
to that obtained by slip-line analysis as well as that indicated by the 
experiments of Hodge” and Nye’. The maximum ratio of W/7 at which 
a single rigid wedge adheres to the whole surface of the die, however, 
is 26 by the present analysis, whilst it is 3°64 using slip-line analysis. 

The upper bounds obtained above are also applicable after a finite 
deformation by substituting for 7 the instantaneous distance between 
the dies, the boundary conditions for the deforming region remaining 
unchanged. 


OPEN-DIE EXTRUSION -FORGING 
Consider a rectangular work-piece forged between two parallel wide 
dies, one being flat, the other being provided with an orifice at its centre, 
Fig. 13. This process is similar to that of an extrusion-forging which will 
be discussed later, except that in the present case there is no constraint 
on the side surfaces of the work-piece. 


| 


wt 
2 


Fig. 13. Open-die extrusion and the division of the work-piece 
into two unit deforming regions (smooth dies) for analysis. 


For smooth tools, it is convenient to assume that the left half of the 
work-piece is composed of two unit rectangular deforming regions [1] and 
2), the former being pressed down by the top die and the latter being squeez- 
ed by the moving boundary plane 34. The plane 34 is assumed to remain 
flat during deformation. From a geometrical consideration for height- 
width ratios a, and a,, pressing speeds V, and V, and pressing areas A, 
and A, for both regions, there being unit thickness perpendicular to the 
plane of flow, Table 2 can be prepared. Denote the speed of the top die 


and the bulging-out speed of the left-hand side surface 12 by V and vl 
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respectively. The total internal rate of energy dissipation is generally 


given by 


n 
. ’ . 
k= 2k Se, A.V; (6) 
Ce 
i=] 
TABLE 2. HEIGHT WIDTH RATIO, PRESSING AREA AND SPEED FOR INDIVIDUAL UNIT 
RECTANGULAR DEFORMING REGIONS IN OPEN-DIE EXTRUSION WITH SMOOTH TOOLS. 


Height-width Pressing Pressing 
Region 
ratio a, area A 


speed V, 
i 


where e; represents the coefficient of energy dissipation for region [1]. 
The upper bound for the mean working-pressure ratio over the surface 


of the work-piece is then 


P : ex(1 ) (7) 
2k = 2kBV \ 

If a very thin rigid layer of material is supposed to exist between 
the two unit regions and if it is supposed to move only in the horizontal 
direction, then in Table 1, regions [1] and [2] correspond to rss and srs 
respectively. When a certain amount of material has been extruded 
through the top die orifice, region [2] may be considered to correspond 
to srsr (i), since the extruded part will again become rigid. 

It is easily shown that p/2k as given by equation (7) takes the 


least value 


when 


Thus, for smooth dies, region [2], which lies beneath the orifice, does 
not deform at all, the only deformation being the compression of region [1]. 
Fig. 14, illustrates the most suitable velocity fields. 


_ 


} 
a. 


(cd) 


‘ig. 14. Most suitable velocity fields in open-die extrusion with 


smooth dies. 
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For a rough top die and a smooth bottom die, a ‘“‘neutral plane’’ on 
which the horizontal velocity component is zero, will be considered, 
Fig. 15(a). Its position for the axes of symmetry is denoted by 0B. 
Three unit regions [1], [2] and [3] are considered, their height-width 


Uy yy, wu Le 
lead s 
Pe=W 8-0 
(c) (d)} 

Fig. 15. Division of the work piece for analysis and the most suitable 


velocity fields in an open-die extrusion with a rough top die and 
a smooth bottom die. 


‘atios, pressing areas and pressing speeds being listed in Table 3. The 
upper bound for the mean working pressure is, from equation (6) and 


Table 3, 


p 
. ote ‘ 0 
2k ne = ‘ ig (1 ) 


TABLE 3. HEIGHT-WIDTH RATIO, PRESSING AREA AND SPEED FOR INDIVIDUAL UNIT 
RECTANGULAR DEFORMING REGIONS IN OPEN-DIE EXTRUSION WITH A ROUGH TOP DIE 
AND A SMOOTH BOTTOM DIE. 


Height-width Pressing Pressing 


Region bs 
, ratio a; area A; speed V, 


(1 o)B 


If a velocity field is adopted so that no relative slip between regions [1] 
and [2] occurs, the boundary conditions for the three regions are ex- 
pressed by srs, srsr (i) and srs (or srsr (i) at an intermediate stage), 
Table 1. An example of the velocity field is shown in Fig. 15(a). Taking 
the values for e,, e, and e, from the diagrams described already and 
minimizing equation (10) with respect to 0, the upper-bound ratios are 
obtained numerically. 

For comparatively large ratios of 7/B, the velocity fields of the type 
shown in Fig. 15(b), (c) and (d) yield lower values than does the type (a). 
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In types (b) and (c), the part of the material immediately below the orifice 
does not deform, while in type (d) the work-piece is compressed as a whole. 

The least upper bound obtained in this way is plotted in Fig. 16 
against 7 6B with W B as a parameter. For values of 7/B up to those 


2:5 
ig. (5 (a) 


04 05 O06 O7F7 O8 OY +O 
YB 
Fig. 16. Upper bounds for the mean working-pressure over ratios the 
work-piece in open-die extrusion with a rough top die and a smooth 


hottom die. 


indicated by the hollow-cirele point on the solid-line curve, the velocity 
field Fig. 15 (a) gives the least upper bound; for larger values of 7B, 
the fields (b) and (c) give the smaller values. For values of 7/B large 
than those indicated by the crosses, the field (d) gives the least upper 
bound, shown by the broken-line curve. The dash-dot-line curve in Fig. 16 


represents the upper bound when part of the bottom surface is allowed 


to separate from the bottom die. This lifting-up results in the formation 
of a cavity on the bottom surface of the work-piece; it will be treated 
later in greater detail with regard to the extrusion-forging problem. 
The location of the neutral plane in the most suitable velocity field 
is determined by o, values for which are shown in Fig. 17. The relative 
rate of flow of material through the orifice to the top die is given by 


(11) 


The above 1esults provide an explanation of the experimental results 
of Pomp, Muenker and Lueg " for axi-symmetrical forging with smooth 
and rough dies. The working pressure required to produce a part having 
a “7° section using equation (8) and Fig. 16, is found to be much lower 
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Fig. 17. Most suitable position of the neutral plane 78 during open- 
die extrusion with a rough top die and a smooth bottom die. 


in the open-die forging method than that in the extrusion-forging method 
with closed dies, discussed below. However, other factors such as buckling, 
cracking of the work-piece and irregularity of product would cause 
difficulties in open-die forging. 


HEADING 

Products having a ‘**7”’-shaped section are also frequently produced 
by heading operations. A projected and unsupported part of the work- 
piece, which is fitted into a die cavity, is compressed or upset between 
a top and bottom die, Fig. 18. This problem has already been treated by 
Ross " using slip-line theory for a smooth top die and a rough bottom die. 

The simplest way of treating the problem by the methods of this 
paper is to regard the part of the material below the face of the bottom 
die 2356 as rigid, Fig. 18(a). The resulting solution is then equivalent 
to that of the normal compression of a rectangular work-piece between 
two parallel dies, the bottom die 25 being rough. In fact, it was found 
that this mode of deformation was best for a small width-to-clearance 
ratio B H. The slip-line analysis following Ross, indicated the occurrence 
of plastic deformation in part of the material below the line 25. 

An attempt is made to obtain an upper bound by dividing the whole 
work-piece into three unit rectangular deforming regions in Fig. 18(b). 
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The boundary planes 456 and 25 are assumed to remain straight during 
deformation, the distance of the former from the orifice of the die being 
denoted by &B. The height-width ratio, pressing area and speed for each 


gs a a A 
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Fig. 18. Three ways of dividing a work-piece into unit rectangular 
deforming regions and rigid regions for the upper-bound analysis 


of a heading process. 


unit region are given in Table 4. The two different pressing speeds given 
for region [3] correspond to the upward movement of boundary 25 and 
the downward movement of the top die respectively. For some cases, 


TABLE 4. HEIGHT-WIDTH RATIO, PRESSING AREA AND SPEED FOR INDIVIDUAL UNI! 
RECTANGULAR DEFORMING REGIONS IN HEADING. 


R Height-width Pressing Pressing 
tegion 


ratio a area A, speed tf 


it was found that better results were obtained by using different velocity 
fields in region [3] according to these two pressing actions. 

The upper bound for the mean working pressure to initiate flow is, 
from equation (6), 


where e, and es are the coefficients of the internal rate of energy dissipation 
in region [3] corresponding to the two different modes of deformation 
stated above. Selecting proper velocity fields for each unit region from 


i 


Table 1 and substituting the corresponding value e;, the value of & which 
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makes equation (12) minimum and the related minimum value of p/2k 
can be obtained numerically. In the present problem, the selection of 
a velocity field could not be done uniquely since the boundary conditions 
of individual unit regions at the intersurfaces depend on the combination 
of velocity fields for three unit regions. Moreover, using the velocity 
fields from Table 1, it was necessary to add a certain correction term 
of small amount to equation (12) in order to take into account an inevitable 
relative slip on the boundary 456. The right-hand side of Fig. 19 shows 
an example of the most suitable velocity field for a smooth top die and 


Fig. 19. Comparison between slip-line field and most suitable 
rigid-triangle velocity field in heading with a smooth top die and 
a rough bottom die. 


a rough bottom die. Figs. 20(a), (b) and 21(a) illustrate the most suitable 
velocity fields for a smooth top and bottom die and for a rough top and 
bottom die respectively. 


YIM 
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When the bottom die is rough, for a given value of B/H with T/H 
increasing, Fig. 22(a), p/2k decreases to a certain minimum (solid circle) 
and thereafter increases. It is found that for 7/H larger than this mini- 


Fig. 21. Most suitable velocity fields for heading with rough tools. 


mum, the deformation mode such as is shown in Fig. 18(¢c) in which a lower 
part of work-piece 368910 remains undeformed, gives a lower rate of energy 


dissipation. The corresponding upper bound is then independent of the 
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‘ig. 22. Upper bounds for the mean heading pressure at incipient 


flow with a smooth top die and a rough bottom die. 
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g. 23. Upper bounds for mean heading pressure at incipient flow 


with smooth tools. 


HIDEAKI Kupo 


-—---- 


“| B4H=300 
> : 


| 
| 
Geen 


20:0 


12-5 


8-0 


5:0 


Te) 15 
B/H 


(b) 


Fig. 24. Upper bounds for the mean heading pressure at incipient 


flow with rough tools. 
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depth of cavity T and is given by the horizontal line in Figs. 22(a) 
and 24(a). When the top and bottom dies are both smooth, p/2k increases 
with 7/H, Fig. 23(a), the deformation mode being of the type shown 
in Fig. 18(b). In this case also, the deformation mode in Fig. 18(c) gives 
a better upper bound after a certain critical point (solid circle) is exceeded. 
It is clear that the ordinate of a horizontal line in Fig. 23(a) is equal 
to that of the horizontal line in Fig. 22(a) having the same value of B/H. 

Figs. 22(b), 23(b) and 24(b) are the cross plotting of Figs. 22(a), 
23(a) and 24(a) respectively. In Figs. 22(b) and 24(b), curves for given 
values of T/H also provide upper bounds for work-pieces having larger 
values of 7'/H. In these figures, the depth of the deforming region from 
bottom die face G for very deep work-pieces is shown by a dash-dot line. 
In Fig. 23(b), the dash-dot line indicates that the most suitable velocity 
field is of the type shown in Fig. 20(b), in which part of the free surface 
of the work-piece bulges out. 

Ross’s slip-line results for a smooth top die and rough bottom die, are 
reproduced in Fig. 22(b). The difference between the present upper bound 
and the slip-line field solution is seen to be small, the maximum difference 
being about 10 per cent for the range of conditions analysed. A comparison 
between the most suitable rigid-triangle velocity field and the slip-line 
field given by Ross, Fig. 19, shows them to be very similar in character. 

The above results hold also for an inverse heading process, in which 
the distance between the top and bottom die faces is kept constant and 
the work-piece is pushed by the bottom die up against the top one, the 
side surface of the bottom die orifice being smooth. 


INDENTATION 


In this section problems in which a flat punch is forced into a flat 
surface of material resting on a flat bottom die are treated. 

The indentation of a semi-infinite body, Fig. 25, was first treated by 
Prandtl * and recently, in a more general form, by Hill,’ using slip-line 
theory. The problem was also investigated by Shield and Drucker ® using 
the Limit Theorems. All results for the indenting pressure were identical 
and equal to (2+ 2)k; the slip-line fields used are reproduced on the 
right-hand side of the axis of symmetry in Fig. 26(a) and (b). 

For the purpose of examining the accuracy and convenience of the 
present method, the rigid-triangle velocity field will be applied. Two 
unit rectangular deforming regions [1] and [2] in the material near the 
indentation punch, Fig. 25, are assumed. The height-width ratio, pressing 
area and pressing speed for each are tabulated in Table 5. The upper 


bound for punch pressure is from equation (6), 


P 


é, + é@ 
‘ l a-* 
2k 
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Assuming that the material in region [1] does not move upward, 
and that in region [2] does not move downward during deformation, 
the frictional boundary conditions for the two regions can then be regarded 
as ssry (1) and rrr Table 1, when the punch is smooth. 


Fig. 26 
Fig. 25. Indentation of a semi-infinite body and the division of 
the work-piece into unit deforming regions and a rigid region. 
Fig. 26. Comparisons of the most suitable rigid-triangle velocity 


fields with the slip-line field in the indentation of a semi-infinite body. 


In the present problem, since there is no restriction on the height- 
width ratios for the two regions, the minimum values of e, and e, taken 
from the e versus a diagrams can be substituted into equation (13) which 


becomes 


(14) 


when 


(15) 


G /7 


The corresponding velocity fields are shown on the left-hand side of 
Figs. 26(a) and (b). For both the punch pressure and the velocity field 
the disparity between the present results and those of the slip-line solution 
will be seen to be very small. 

When the punch is rough, it is found from Table 1, that the minimum 
upper bound is also given by equation (14), while the most suitable velocity 
field is of the type (b), Fig. 26, only. 


TABLE 5. HEIGHT-WIDTH RATIO, PRESSING AREA AND SPEED FOR INDIVIDUAL UNIT 
RECTANGULAR DEFORMING REGIONS IN INDENTATION. 


Height-width Pressing Pressing 
Region 
ratio a area A. speed J 
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When the height of the work-piece is reduced below a certain limit, 
the deforming region is considered to penetrate through the whole height 
of the work-piece, Fig 


a 


27. A good upper bound for the indenting pressure 


Fig. 27. Division of work-piece into unit deforming regions and 


a rigid part for the upper-bound analysis of the indentation of a flat 
work-piece having a finite height. 


is then easily obtained from the results already derived for the heading 
process when the bottom flat die is smooth. If the top free surface and 
the bottom surface of the work-piece are assumed to remain flat and 
if their distance apart is assumed to remain constant, the most suitable 
velocity field, as obtained above for the heading process for a long work- 
piece with a smooth top die, is the same as regards velocity boundary 
conditions for the present problem. The only real difference between the 
indentation and heading cases lies in the sign of the velocity. Fortunately, 
the velocity field for heading leads to neither unevenness of the surface 
12 nor relative slip between the punch and material. 

With this velocity field, therefore, the corresponding upper bound 
for the mean punch pressure for indentation can be proved to be equal, 
to the upper bound for the mean heading pressure as given in Fig. 22(b), 


irrespective of the punch roughness. In Fig. 28, the relation between 


Fig. 28. Relations between incipient indentation pressure and the 
height of the work-piece as determined from the rigid-triangle velocity 
field and slip-line theory. 
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the upper bound and 7'/W is represented by a solid line. For 7/W larger 
than 8°3, p/2k derived from the deformation mode of Fig. 27 exceeds 2°65. 
It can then be considered that for 7/W > 8&3, the deformation mode 
will change into the semi-infinite-body type of deformation. The cor- 
responding curve given by Hill ™ is also reproduced in Fig. 28. Fig. 29 
compares the velocity field of the present method and the corresponding 
slip-line field. * The upper bound velocity field holds also after a finite 
deformation. 

When the width of the work-piece is not much larger than that of 
the punch width, a rigid-triangle velocity field such as shown in Fig. 30 


> 


is found to yield a good upper bound (B+W)/2W for T > B- W. 


Fig. 29 
Fig. 29. Comparison between the most suitable rigid-triangle 
velocity field and the slip-line field for the indentation of a flat 
work-piece. 
Fig. 30. Most suitable velocity field for the indentation of a work- 


piece having a relatively narrow width. 
To prevent the undesirable distortion of a work-piece having a com- 
paratively narrow width resulting from indentation, it is usual to constrain 
the work-piece in a container, Fig. 31. 


Punch. j— 2“, > 


Container 
(a) (b) 


Fig. 31. Division of work-piece into several unit deforming regions 


and a rigid region for the upper-bound analysis of the constrained 


indentation of a work-piece in a container. 


* It was pointed out by Hill that the type of slip-line field, Fig. 29, is correct 
only when the indentation is done symmetrically on the top and bottom surface of the 


work piece. 
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If the work-piece is relatively high and if the two unit rectangular 
deforming regions are assumed as shown in Fig. 31(a), an upper bound 
for the mean punch pressure at the beginning of flow is also given by 
equation (13). In the present problem, however, there exists a relation 


(15) 


between the height-width ratios a, = G/W, and a, =(W,—W,)/G, where 
R= W,/W,.. When the punch and container are both smooth, the 
boundary conditions for regions [1] and [2] are, according to Table 1, 
ssrr (i) and rrs respectively. When the punch and container are both 
rough, they are represented by srrr (i) and rrr respectively. 

Reading the values e, and e, from the e versus a diagrams and 
minimizing equation (13) with respect to G, the minimum upper bound 
for the punch-pressure ratio, as well as the related depth of the deforming 
region G, is numerically obtained. As a special case, when the punch 
and container are smooth and the value of FR is relatively large, the 
analytical expressions for e, and e, are identical functions of a. Since the 
function has the form of equation (4) and since g > ec for the present 
conditions, it can be proved that equation (13) has a minimum value when 


(16) 


In Figs. 32 and 33, the upper bound is indicated by a_ horizontal 
straight line. 
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Upper bounds for the mean punch pressure in constrained 
indentation with smooth tools. 


For a comparatively short work-piece it is more reasonable to assume 
that the whole body of the material deforms plastically, For the two 
unit regions in Fig. 31(b), the height-width ratios are uniquely determined 
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when the values of Rk and T/W, are given. The upper bound is also 
calculated from equation (13) and is shown in Figs. 32 and 33. The solid 
circle in the figures indicates the transition point between the two modes 
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Upper bounds for the mean punch pressure in constrained 
indentation with rough tools. 


of deformation given by Fig. 3l(a) and (b) respectively. The dash-dot 
line in Fig. 33 indicates that the upper bound for the deformation mode (b) 
of Fig. 31, exhibits more than one minimum, their values being identical 


as far as the accuracy of the present calculations permit. 


The most suitable velocity fields are illustrated in Figs. 34 and 35. 
In the velocity fields shown by Figs. 34(c), (d) and 35(c), part of the 
bottom surface of the work-piece separates from the bottom die. This 


Fig. 34 Fig. 35 
Most suitable velocity fields for constrained indentation 
with smooth tools. 


Most suitable velocity fields for constrained indentation 


with rough tools. 
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phenomenon is often observed in practice and the hollow circle and 


triangle in Figs. 32 and 33 indicate the critical point for the onset of 


this lifting-up. 
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Summary Certain well-known formulae in viscous flow neglect the inertia terms 
in the equation of motion. A method for including the inertia effects by solving the 
equation of motion approximately, in its integral form, is demonstrated with reference 
to the particular problem of radial flow between parallel plates. It is shown that the 


significance of the inertia effects may readily be estimated. 


NOMENCLATURE 
evlindrical co-ordinates 
velocity along r direction 
mean velocity along r direction 
density 
coetiicient Of Viscosity 
kinematic viscosity 
typical radii, 7 ? 
gross volume flow per unit time 
gap between parallel plates 
typical magnitudes 


static pressure 
INTRODUCTION 
THE literature of so-called viscous flows contains many examples of the 
solution of the Reynolds equation 


cp | & (1) 


cr 


This equation ignores inertia effects completely and represents, simply, 
a balance between pressure forces and viscous shear forces. In many 
low Reynolds number flows accelerations are present and inertia effects 


may be significant. The magnitude of these inertia effects should be 


estimated carefully before solutions derived from (1) are applied. 

The most common field in which equation (1) is applied is that of 
hydrodynamic lubrication. Recent work in this field has focussed attention 
on inertia forces, and several workers have indicated methods of analysing 
the viscous flow which include inertia effects. The methods described 
amount to solving the equation of motion approximately, in its integral 
form, as first suggested by Karman in his momentum-equation approach 


to boundary layer theory. 
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An order of magnitude analysis, applied to the equation of motion, 
yields a value for the Reynolds number, in terms of the geometry of 
the problem, for which the inertia effects are significant.* 

The methods mentioned above will now be applied to the solution 


of a particular well known problem in viscous flow. 


RADIAL FLOW BETWEEN PARALLEL PLATES 
teferring to Fig. 1, consider the steady radial flow of a viscous in- 
compressible fluid between two parallel plates of infinite extent. Assuming 
the flow to be purely radial, we are left with the Navier-Stokes equation 
for the r direction 
hoe = (2) 


cr 


The continuity equation is 
(3) 


again assuming velocities identically zero in the y and @ directions. 
Equation (3) enables equation (2) to be reduced to 


ou C*u 
ou t ms 
7 or i oy* 
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Comparison of equations (4) and (1) indicates that the full equation (4) 


20 , ou 
differs from the Reynolds equation (1) by the term ou— on the 
or 


left-hand side. This term involves the inertia force due to the convective 
acceleration u- 2 
cl 

An exact solution to (4) for the boundary conditions in Fig. 1 has 
never been obtained, and would, in fact, involve departure from a purely 
radial flow. The introduction of the Navier-Stokes equation for the 
y-direction would be necessary and this would then be solved simul- 
taneously with (4). However, the departure from radial flow must be 
slight and an approximate solution to (4) may be attempted as follows. 

A parabolic velocity distribution 

2 

is assumed following the known two-dimensional solution. 

This distribution is of the form 


:.. 
TY) 
> 


and thus satisfies the continuity equation (3). 
Equation (4) may now be integrated across the film thickness at any 


radius r as follows: 
ies 29 . 
dy dy + u (6) 


i.e. the momentum equation will be satisfied only in its integral form 
for the finite width of the film. This is essentially the approach used by 
Karman in his momentum-equation solutions to the boundary layer 
problem. 
Substituting (5) in (6) and integrating yields 
3V*0 ] ] c p 3ud ] 
— « : f : - 
10x77h Cr Anh? r 
this is now integrated along r between two limits, say, 7, and r,, where 


Zz Vo vielding 
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Pi— Pe (8) 
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as the expression for the pressure difference between any two points 
r; and lo. 

~ 3ud aks , ; 

The term ich’ n " is the contribution to the pressure change due 
to viscous effects and is to be found quoted widely in the literature of 
viscous flows. 
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30? | 1 1 
80h iri ore 
change due to inertia effects and is usually ignored. Note that for the 
outward radial flow considered this term is of opposite sign to the viscous 
pressure drop. It will be shown shortly that for quite moderate velocities 
the inertia effects may be more important than the viscous effects and 
the sign of the radial pressure gradient may be changed. 


The term 


| is the contribution to the pressure 


RELATIVE MAGNITUDE OF THE INERTIA EFFECTS 
Referring to equation (4), the viscous effects and the inertia effects 
will be of the same order of magnitude when 


ou o-Uu 
ou 0 - | (9) 


. 2 
oO? i cy 


taking U, R, h as typical magnitudes we get from (9) 


i.e. if the Reynolds number for the regime is of the order of R/h the two 
effects will be equally significant. 

For the particular problem solved here we may equate the terms 
in their integral form, as they appear in equation (7), and this yields 
ex) Dr 
7 2h 

as the criterion for equal significance of the two effects. 

Taking as an example the flow of air under normal conditions of 
temperature and pressure where vy = 1°59 x 10~ ft?/see and assuming the 
gap between the plates is 0°1 in. then, at a radius of 5 in., 

uh F 
250 
i.e. a Reynolds number for which viscous flow would usually be assumed. 
The mean flow-velocity 
i = 250 «1°59 x 10+ x 12 x 20 = 10 ft/sec 
If water is considered the velocity is reduced to less than 1 ft/sec. Hence 
significant inertia effects may be encountered at low velocity levels. 
CONCLUSIONS 

The significance of inertia effects in viscous flows may readily be 
estimated. 

Approximate solution of the equation of motion, in its integral form, 
as first suggested by Karman, enables the inertia effects to be calculated. 


LIVESEY 


For the particular case of outward radial flow, the inertia effects 
are shown to be large enough to change the sign of the radial pressure 
gradient at quite low 


Reynolds numbers. 
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Summary General analyses are presented for the expenditures justified for auto- 
matically controlled stepless machine-tool drives for use on machine-tools designed for 
turning and for facing operations. A stepless speed drive is found to be more important 
for facing operations than for straight turning. Such drives are also found to be more 
important for machines designed for use with high-speed steel-tooling than for machines 
using carbide or ceramic tools. 

The cost optimum procedure for using a facing lathe equipped with a finite number 
of spindle speeds obtained by use of change gears is also presented and compared with 
representative practice. 


INTRODUCTION 

WHEN the average engineer is called upon to compare the machining 
characteristics of two steels, or the relative performance of two machining 
methods he will usually adopt improvement in tool life, or the greater 
number of parts that may be produced per hour, as his basis of comparison. 
In reality, these quantities are merely components of the variable of 
ultimate importance, which is unit machining cost. Very frequently a new 
tool or substitute work material having better machining characteristics 
will cost more, and the question which then naturally arises is should 
the new idea be introduced. The question that should immediately arise 
in such a case is whether the savings involved more than offset the added 
cost. Strange as it may seem a careful comparison of the new and old 
unit costs are rarely made. Instead, the engineer will usually devote all 
of his attention to tool life or production rate and make his final decision 
on the basis of an intuitive feeling that the improvement he observes 
will pay off. 

There seems to be an inherent tendency for engineers to be uncom- 


fortable with analyses that employ cost as the main dependent variable. 


In our engineering schools we teach engineers to design rationally with 
regard to stresses, deflections, efficiencies of energy conversion and 
utilization, but cost analysis is not logically developed. There is a tendency 
on the part of many engineering teachers to consider any problem in- 
volving cost to lie in the province of the business man, and hence, to be 
something on which the engineering student should not waste his time. 
Nothing could be further from the truth and it is hoped that this attitude 
can be corrected in the future. 

The specific problem that is to be discussed here is that of the in- 
finitely variable machine tool drive. We will consider why such a drive 
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should be used and when it is economically feasible. In the past, dis- 
cussions of this problem have been limited to facing problems and the 
main emphasis has been upon the saving of time.! 

There is still another area in which a stepless drive may sometimes 
be justified, but this does not involve a saving in time and hence will 
be overlooked unless unit cost is the basis of comparison adopted. In 
straight-bar turning there is an optimum cutting speed for which the 
unit cost will be a minimum. If the machine is operated above this speed, 
tool cost will be higher than it should be, while labor and over-head cost 
will be too high if the cutting speed is below the optimum. For a machine 
that has change gears, only certain speeds are available, and if the cost 
optimum speed does not correspond to one of the available speeds, the 
machining cost will be higher than it should be. Whether a stepless drive 
should be used depends, of course, upon whether the additional costs 
incurred in not having such a device over the life of the machine will 
more than offset the additional price that is asked for this feature. This 
particular problem will be discussed first, but before this is done it is 
convenient that we briefly review the economics of single-point turning. 


MACHINING COSTS 

The costs associated with a straight-turning operation include: 

1. Direct labor and machine cost (x7), where x is the value of the 
machine and operator with overhead (cents/min) and (7) the machining 
time per part: 

xdl L 


Le 12Vt V 


(1) 
where d= work diameter, in. 
1 = axial length machined, in. 
t feed, in/rev 
V = eutting speed, ft/min 
lad 


helical lengtl achined : 
ielical length machinec rT 


, T. 
2. Tool changing cost per part (eT. 7) 


where 7a= time to change and set a tool, min 
T tool life, min 


3. Tool cost per part (y 4 where y is the mean value of a single 


cutting edge. 


The total machining cost per part is then 


1 
I (wlLa Wa 
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The tool life (7’) may be expressed in terms of cutting speed (V) to a good 
approximation by the Taylor equation as follows: 

VT C (3) 
where n and C are constants for a given tool, work material and feed. 
An average value of x for an HSS tool is 0°1, while n = 0°2 for carbide 
and » =0°'4 for a ceramic tool (see Fig. 1°). 
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Fig. 1. Representative tool-life curves for HSS, carbide and ceramic 
tools when cutting AISI 4340 steel. 


If equations (1) and (3) are substituted into equation (2), then the 
minimum unit cost may be found by setting the derivative of e with 


0). When this is done the tool life to 


r c¢ 
respect to V equal to zero | 
Cc 


give minimum cost (7*) is found to be 
= e2Ta+ y\/1 ] . 
: | - “)( 1| R| 1), min 
H 1 i] TT] 


xv T 4 T y 


where 


R , min 


d 


The corresponding cutting speed is then 


0 


(T*)" , 1 ))" 
E E ) 


and if this value is substituted into equation (2) we obtain the following 
expression for the minimum machining cost per part 
xT? 


1—”n 


ie 
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The foregoing analysis is to be found at several points in the literature 
(for example, see Gilbert*) and a practical method of finding exponent (7) 
in the workshop is outlined by Shaw*. Equation (6) should be used to 
determine the optimum cutting speed for minimum unit cost in straight 
turning operations and if possible the machine should be operated at 


the speed indicated. 


TURNING WITH A STEPLESS SPEED CHANGER 
Most modern lathes are constructed with a geared head and may be 
operated at a finite number of speeds which differ one from the next by 
a constant ratio (1+A), where A is usually from 0-2 to 04. Since all 
possible speeds cannot be obtained with such a machine, it will rarely 
happen that the exact speed desired to provide minimum unit cost (V*) 
can be utilized. If in a given instance the speed corresponding to minimum 
cost per part (c*) is V* then the maximum discrepancy in speed due to 
' , 
the lack of a stepless speed changer will be | = |, while the average 


i K ‘a = 
discrepancy will be | , } * The ideal cost per part when V* can be 


realized is given by equation (7). The cost per part with the average 


’ I 
discrepancy present (i.e., when V, ve | will be 


The average additional cost per part when a stepless speed changer 


is not used will be 
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If Py parts are to be made the during the entire life of the machine, then 
the total saving associated with the stepless speed changer is 


K . 2 
a | n K\ 
PrT* x 
n [ | : | 


) | 
fs 


The quantity P;T7? is the total time the machine will be making useful 
parts. If E is the machine efficiency, (where (1—£F) is the ratio of the 
nominal production time the machine is inoperative for maintenance, 
breakdown, or other unavoidable delays) F is the use factor on straight 
turning (i.e., the fraction of the floor-to-floor time that is actually used 
for the straight long turning operation), and / is the nominal total number 
of minutes the machine will be in service during its entire useful life, then 


PrT: = EFM (14) 
In evaluating equation (13) the average between the solutions with 


baw) 


the plus and minus signs should be taken since each is equally likely, 


and hence 


. al Kk \* K* : 
When the quantities (1 and ( are expressed as binomial 


expansions and higher order terms are ignored and it is noted that 


(K\? :, 
{ =| 1, then equation (15) may be written 
EF Me kK? 


de 
d2n 


(16) 


The total saving associated with the stepless speed changer is thus 
seen to be directly proportional to the effective value of the machine, 
operator and overhead during the entire effective useful life of the machine 
(EF Mx) on the operation in question, directly proportional to the square 
of the gear ratio (K?) and inversely proportional to the exponent of the 
Taylor tool-life equation (n). Strangely enough the total saving does 
not depend upon the details of the operation such as the feed rate, the 
work material, the length or diameter of cut or upon the tool cost or 


tool design. 
Example 
The following example illustrates the use of equation (16) for a simple 


long-turning operation: 
EF = 0°8 
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Life of machine, VM = 2.410% min (2 shifts, 5 days per week 
for 10 years) 
Value of machine labor and overhead, x = 10 cents/min 
Gear ratio, K = 0°3 
From equation (16) the results of Table 1 are obtained 


TABLE 1 


Let A be the additional amount we are justified in paying for the 
infinitely variable speed changer when the lathe is new. If only HSS 
tooling is used (n = 01) the amount of benefit to be derived from the 
speed changer in 10 years will be $5400, or $540 per year. Let the value 
of invested capital be 10 per cent per year and let 5 per cent of the initial 
investment be allowed for maintenance of the speed changer each year. 

At the end of the first year the net investment in the speed changer 
will be (1:104+0°05A—540). At the end of the second year the net 
investment becomes: (1':104+0°05A — 540) 1:14+0°054 — 540, while at 
the end of the yth year the net investment would be 


a. 


(1°1)"A + (0°05.A — 540) \’ 


In the present problem the value of A should be such that this quantity 
is just zero when y 10, and therefore, 


540 » (171) 


540(15°94) 


9 2°59 + 0°05 (15°94) 
(1°1)°+0°05 ¥ (1:1) 


- $2540 


Thus, if the machine considered is to be used with HSS tools (n = 0:1) 

for 10 years and is to have a negligible value at the end of this time, the 

additional amount we may pay for the speed changer when it is new and 

just break even is $2540. If this machine were to be used with carbide 

tooling, for which the average value of » would be about 0°2, then the 
2700 


vearly saving would be 10 $270 and the amount that could be 


Zé 
HAC 
for ceramic tooling, n might be closer to 0°4 (Fig. 1) and (A) would then 
be but $635. These results are summarized in Table 2. 


— 70\ ee 
paid for the speed changer (A) would be ) (2540) or $1270. Similarly, 
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TABLE 2 


A,$ 


Tool material ’ - 
For 10-yr life 


HSS 2540 
Carbide ae 1270 


Ceramic 635 


While the additional amount that we would be justified in spending 
for an infinitely variable drive for a straight turning operation is not 
great, such a drive is relatively simple and need not be automatically 
regulated. 


FACING 

When a facing cut is taken at constant rev/min (.V) the cutting speed 
(V) will vary with the radial distance (7) from the centerline of the 
workpiece. A cut will begin at some minimum radius (7,) and end at 
some maximum radius (7). In facing at constant rev/min (VV) we may 
consider the cutting speed (V) to be constant and equal to (2a7r') when 
cutting an infinitesimal distance dL, rd@, where d@ is a very small 
angular rotation of the workpiece. 

Tool-life equation (3) may be written in terms of the length of work 


traversing the cutting edge (L) as follows: 
(17) 


It is convenient to consider an equivalent distance L; passing the cutting 
edge at constant speed V, = 2a7r,N, which will give the same amount 
of tool wear as actual distance L, passing the cutting edge at variable 
speed (22rNV). From equation (17) it is evident that 


(2ar,N)'~"(aLi)" = (2arN)'~"(aL,)" = (2arN)'-"(rdo)" (18) 


If the radial feed/rev is (t), then 


6 
n+ (19) 
att 
where @ is the angle the work turns through from the beginning of the 
cut when r= 7,. 
Hence, from equations (18) and (19) 
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The value of the equivalent length (Z,) for the entire cut from radius r, 
to radius r, may be found by integrating the above equation between 


the limits @ 0 and 6 


where 


The time it takes to make the cut at constant rev/min is 
(24) 
lf the lathe is provided with a device for varying the rev/min automatic 


ally and continuously with the radial tool position, so as to maintain 
the cutting speed constant at (V), then the time it will take to complete 


From equation (2), the cost per part when machining at constant 


a cut will be 


rev min will be 
mn Rar , 
od P (26) 
} Is ry 
where time to complete a cut i 
Nt 
number of parts per cutting edge 


tool life expressed as distanee cut at V Vv, 
L’ 


Pp 


From equations (17) and (21) 
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Therefore, 


(28) 


o OCN ‘ 
When : N< gives 
ON 


which is the constant rotational speed (NV) counterpart of equation (6). 
Substituting equation (29) back into equation (28) gives 


o (8) ar PNA) +a) 


From equations (7), (6) and (23) 


L. 


r= 
Ve 


(32) 


The saving per part when cutting at constant (V) as opposed to cutting 
at constant (V) will be 
/_* Gins \ .y* 
CN a 27 4 xT? re 
| - 1) oF | \a"—1 :. (33) 
cy nts 


l—n 


and for Py parts the total saving will be 


S=PrTta Pp Tt aQ (34) 


where Q is the quantity in brackets, which is shown plotted in Fig, 2 
for different values of r,/r, and n. 

If E is the machine efficiency (where (1— £) is the ratio of the nominal 
production time the machine is inoperative for maintenance, breakdown 
or other unavoidable delays), F is the use factor on facing (i.e., the 
fraction of the floor-to-floor time that is actually used for the facing 


‘ 
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10 
t/t 
Fig. 2. Variation of factor Q with r,/r, for different values of n. 
operation) and M is the total number of minutes the machine will be 
in service during its entire useful life, then 


S = EFMzxQ (35) 


Example 
In the initial example we will assume that no speed change is made 


during the entire cut from radius 7, to radius 7,. 
In the machining of a compressor-wheel face from AISI 4340 steel 


the following conditions pertain: 
Machine efficiency, E = 0'8 
Use factor, F 0°6 
Life of machine, VM = 2°410® min (2 shifts, 5 days per week for 


10 years) 
Value of machine, labor and overhead, « 15 cents/min 


7, = 3 iM. 


Ms 12 in. 


Equation (35) is evaluated in Table 3 for three values of n. 
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TABLE 3 


72,000 
51,500 
33.200 


If the value of the machine is considered zero at the end of the ten- 
year period, the value of the invested capital is taken at 10 per cent, 
while 5 per cent of the initial investment is allowed for maintenance 
per year, then the amount that could be spent for the variable speed 
changer to break even (A) would be as follows for the case where n = 0:1. 


72,000 


$33,800 
(1:1)°+0°05 » (1:1) 
z=0 
If the machine is to be used with HSS tooling, this is the value we 
could afford to spend for the variable speed feature at the time the lathe 
is purchased. When other types of tooling are used the values given 
in Table 4 pertain: 


TABLE 4 


Tool material 


For 10-year life 


HSS 0-1 33,800 
Carbide 0-2 24,200 
Ceramic 0-4 15,600 


The sort of lathe that might be used for the job considered here is 
shown in Fig. 3. The cost of this machine is about $40,000 (with change 
gears to provide 24 spindle speeds), but without the automatic speed- 
changing attachment, which would cost an additional $10,000. It is 
seen from Table 4 that the additional $10,000 cost is justified in all 
cases and particularly for HSS tooling. Actually, in the foregoing example 
the value of (/) used for all tools was based on carbide tooling. We should 
expect (F') to decrease somewhat when machining at the much higher 
speeds used with ceramic tools and if such a correction were to be made 
in the analysis, the $15,600 value in Table 4 should be replaced by 
a lower value. 

CHOICE OF FACING SPEED 

The problem of finding the best speed (V) when facing with a lathe 
having an automatically controlled spindle speed is very similar to that 
of finding the optimum speed in turning. In both cases the best speed 
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Fig. 3. Representative facing lathe of 60-in. capacity and equipped 
with automatic stepless speed drive. 


is that giving the minimum cost per part, and this may be readily found 
from equation (6) if the constants » and C are known together with the 
cost data involved in computing (FR). The values of » and C may be found 
by facing or turning tool life tests at two values of constant speed (V) 
with all other conditions maintained the same as in the actual facing 
operation (i.e. feed, fluid, tool, work material, etc.). By plotting tool 
life (7') versus cutting speed (V) on log-log coordinates, values for n and C 
may be readily found and the value of V* computed. 

If V* is known for a facing operation performed at constant surface 
speed, then the cost optimum rev/min (N*) for facing at constant 
rotational speed may be computed from this as follows. From equation (29) 


0 


2xr, N* (36) 


et 


di 
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for constant N machining, while from equation (6) 


@ 
- 
2 | | 
Ti 
for constant V machining. From these two equations it is evident that 
V* 
2ar, N* (38) 


Lm 
4 


(37) 


Thus, the starting surface speed for constant rev/min machining should 


] , ais ; 
be(- | times the constant V machining velocity (V*). 


Values for (Z") may be conveniently obtained from Fig. 4 for use 
in equation (38). 

In the previously considered facing problem, the value of V* (cost 
optimum facing speed for constant surface speed machining) is 300 ft/min 
for a carbide tool for which n = 0°, then the cost optimum rev/min 
for constant rotational speed machining (NV*) would be from equation (38) 
and Fig. 4. 

222N* 300 
12 4°35 


N* 66 rev/min 


rofr 
Fig. 4. Variation ot quantity Z” with r,/r, for different values of n. 
In this case the rotational speed would be maintained constant at 
-_ — ‘ se ' 222 (66) 
66 rev/min for the entire cut. The surface speed at r, would be - 12 
or 69 ft/min, while the surface speed at the end of the cut would be 6 times 
this value or 414 ft/min. 
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[It is to be expected that some difficulty may be experienced with 
the finish at the lower cutting speeds in the vicinity of r,. This will largely 
depend upon the feed that is used, the material machined, the tool 
seometry, and the cutting fluid that is employed. Should the finish be 
unacceptable for the lower surface speeds it would then be necessary to 
divide the cut into at least two parts with a speed change part way 
between 7, and 7,, and how this is best done is discussed in the next 
section. 

[t is immediately evident that a lathe which enables a facing cut 
to be taken at constant surface speed (V) is almost indispensable where 


finish is critical and (7,/r,) is large. 


OPTIMUM SPEED-CHANGING PROCEDURE 

When facing on a lathe having a finite number of change speeds it 
may be desirable to change the rev/min one or more times during the 
cut in going from a radius of r, to a radius r, for one or more of the 
following reasons: 

1. To avoid low surface speeds that may give poor finish. 

2. To avoid very low or very high surface speeds where the tool life 
may fall off. Low-speed trouble is likely for carbide tools and even more 
likely for ceramic tools. High-speed overheating is more apt to be ex- 
perienced with HSS tools. 

3. To enable a reduction in cost per part. 

When the cut is divided into two parts for any reason, it should be 
done in such a way that the cost per part will be a minimum. If the speed 
is to be maintained constant from 7, to rz at N, and then shifted to 1,, 
where it will be maintained from r, to the end of the cut (r,), the first 
problem is to find the best value for rq. 

From equation (35) it is evident that the saving associated with 
constant-speed machining is proportional to Q@. We shou'd, therefore, 
divide our cut into two parts in such a way that the sum of the @’s for 
the two cuts will be a minimum. From Fig. 2 it is evident that this will 
~s 2 | is a minimum. The value of r, required to 


be the case when|{ 
. r, Va 


la 


make | 


Po i . » . . . 
>| a minimum may be found by equating the derivative 
ry la 

of this quantity with respect to (rz) to zero as follows: 
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From which it is evident that 


(41) 


The best way of dividing a facing cut into two parts is thus seen to 
be in such a way that the two ratios of radii are the same and equal 


If two speed-changes are to be made, the best procedure for making 
these can be found in a similar way. In this case 7, and ry are the inter- 
mediate values of radii at which the changes in speed will be made. The 


operation will now be accomplished at minimum cost when 


From which it is found 


Similarly for three speed-changes at 7,, 7, and r, 


(49) 


(50) 


It should always be advisable to divide a facing cut into two or more 
parts each having a different constant value of (NV) if the changes in 
speed could be accomplished at no cost. Actually, it will take a time 
T, (min) to change the speed, and the cost associated with this will 
be («7,). Whether or not it is advisable to change speed from the stand- 
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point of cost depends upon whether the saving associated with the speed 
change is greater than the cost of making it. From equation (34) it may 
be seen that the saving per part associated with (s) speed changes will be 


T* x(Q, — (8 +1)Q,)—srT, (51) 


where Q, is the value of Q when there is no speed change and may be 


found from Fig. 2 when the ratio of radii = — 
r 
Q, is the value of Y for each constant speed increment when there 
are s speed changes. Q, is the value from Fig. 2 corresponding 


to a ratio of radii 
When the value ¢g is positive then it costs less to divide the cut into 
parts, whereas when ¢g is negative, then it costs more to change the speed 
than the resulting saving. 
The saving to be gained by use of an automatic speed changer over 
® machine operating with (s) speed changes will be 


S— EF Mx (Q.~ pr) 


Example 


In the problem previously considered we may ask whether one, two 
or more speed changes will result in a reduction in cost. Before answering, 
however, we must specify two more pieces of data concerning the process, 
namely (7) and (7',). For the machine considered (Fig. 3), the feed can 
be disengaged, the speed changed, and the feed reengaged in a time 
of 0°4 min, and therefore 7’, is 0'4 min. For a value of V* of 300 ft/min, 
and a feed of 0°02 in/rev, 7* may be found from equation (25) as follows: 


| 6°1 min 


) (12 —2) 
300(12)(0°02) 


’ Ye : a = 
For a cut without speed change — = 6 and Q, is found to be 0°29% 
ry 
in Fig. 2 for n = 0°2 (carbide tool). When a single speed-change is made 


. ° > ee . Ns > as . 
at fo = V's 190 in., the ratio of radii is | “= V6= 2°45 and Q, is 
- 
1 


found to be 0128 from Fig. 2. Substituting into equation (51) we find 
Cs {(6°1)[0°297 — 2(0°128)]—O0°4} a2 0°'1d5z . 


This means that it will cost 0°152 more per part when machining with the 
cut divided into two parts at a radius of 4°90 in. 

The values of N}¥ (for r= 2 to 4°9in.) and N¢? (for r t°9 to 12 in.) 
that should be used in such a case may be found from equation (38) 
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as follows, where Z" = 1°9 is the value corresponding to a ratio of radii 
of 76 = 2°45, from Fig. 4 

300 (12) 
22(2)(1°9) 


Ny 151 rev/min 


N3 wv 61°5 rev/min 
* 22 (4°9)(1°9) 

These values of rev/min will give surface speeds that vary from 158 to 
388 ft/min for each of the two cuts. The value 158 ft/min is much more 
apt to give trouble free operation from the standpoint of surface finish 
than the 69 ft/min value for the case with no speed change. Likewise, 
the 388 ft/min top speed is much less apt to give trouble due to overheating 
the tool than the 414 ft/min top speed for the case with no speed change. 
These advantages are obtained at the slight added cost per part of 0°152. 

It is of interest to see if a reduction in cost can be had by using two 
speed changes. These speed changes should be made at the following 
radii: 


3°63 in. 


rp = Vine 2 6°60 in. 


3 


and the ratios of radii for all three cuts would be | = of 1°82. From Fig. 2 
ry 

the value of Y, corresponding to this ratio and n = 0°2 is found to be 

0°065. The value of ¢g is then as follows for a 0°02 in/rev feed: 


es = {6°1[0°297 — 3(0°065)]— 2(0°4)}a2 = —0°178a 


This time the cost per part is increased a greater amount than when the 
cut is divided into but 2 parts. 
The speeds to be used in this case follow: 


300 (12) 


N* (for , 2 to 3°63) = 22 (2)(1°50) 


= 191 rev/min 
191 


N3 (for r= 3°63 to 6°60) = — 
1°82 


= 105 rev/min 


N3 (for r= 6°60 to 12) = nc 58 ft/min 
1°82 

and these values would result in a range of surface speeds from 200 to 
365 ft/min for each of the three cuts. 

The cutting times in each of these cases would be 

For first cut: 7, = 0°427 min. 

For second cut: 7. = 1°42 min. 

For third cut: T., = 4°65 min. 
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Since the cutting time for the shortest of these cuts (0°42 min) is 
just about equal to the time required to change speeds, it does not seem 
practical to increase further the number of speed changes. If four or more 
changes should be used on such an operation the operator would undoub- 
tedly be kept too busy and as a result the time to make a speed change 
would probably begin to rise. 

The value of S for n = 0°2 given in Table 3 when there is no speed 
change in cutting from 7, to r, will be as follows for a single speed change 
(from equation 52) 

N (0°8)(0°6)(2°4 10°) (0°15) (0°297 os $56,400 
6°] 
and the corresponding value of A in Table 4 becomes $26,200. 

\ll of the quantities previously derived for the example involving 
an » of 0-2 are collected in Table 5 for comparison. The second column of 
this table (s) corresponds to the number of speed changes used in making 
the facing cut, while column (6) gives the total time to make the cut 
including the time to change speeds. The other items may be readily 
identified. When the facing cut is made at constant surface speed it will 
take 6°1 min, while at a constant rev/min (66 rev/min) the total cutting 
time is 757 min and the amount that is justified for purchase of an 
automatic stepless speed changer (A) is $24,200. If the cut is divided 
into two parts (s = 1), the entire cut will take less time (7°18 min), but 


the cost justified for the stepless speed changer increases to $26,600 and 


hence, the operation is a more expensive one. When two speed changes 
are used the value of A is still higher ($26,600). 


Corresponding values are also given in Table 5 for a feed of 0°01 in/rey. 


Here, it is seen that values of (A) become progressively lower for 1 and 2 
speed changes respectively. 


TABLE 5 


i J ? 


in/rey (1t/min) (1n.) 


0-02 300 2-12 . _ 
69-414 2-12 ‘D7 24,200 
158-338 2-4°9 ‘18 26,200 
4°9-12 

200-365 2-3°63 7% 26.600 
3°63-6°60 
660-12 

300 2-12 ; 12°20 

69-414 2-12 15°14 24,200 

158-387 2-4°9 13°96 23,600 
49-12 

200-365 2-3°63 13°80 21,200 
3°63-—6°60 
6-60-12 
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The general observation that may be made is that the value of (A 
is changed very little by stepwise changes in speed during a cut. It follows, 
at the same time, that changes in speed during a cut result in very little 
saving (or loss), and such changes do not appear justified except when 
single-speed operation is troublesome due to the extreme speeds being 
too low or too high. Therefore, use of equation (35) without speed change 
will give results of sufficient accuracy for estimating the saving to be 
gained by use of an automatic speed changer even in cases where the 
machine will actually be used with one or more speed changes during 
the cut. 

CURRENT PRACTICE 

When the operating rules that are currently in use in industry are 

applied to the facing example we have been considering (feed = 0°02 in/rev), 


TABLE 6 
r (in) N (rev/min)! V (ft/min) A (min) 
145-300 ‘719 


145-300 2°86 
145-220 5°88 


Time for 2 speed-changes 8 
Total 10°26 


the values given in Table 6 are obtained. The total machining time is 
seen to be far longer than the corresponding optimum value of 7°30 min 
given in Table 5. Current practice is seen to err in two principal ways: 

1. In not dividing the cut properly with regard to the radii at which 


the speed is changed. The ratio of radii should be } 6 = 1°57 in all cases, 
whereas a value of 2°00 pertains for the first two speed-changes in Table 6 


and a value of 1°50 is used for the third. 

2. In not going to a high enough speed at the end of each cut. Instead 
of making the maximum speed (V) for constant rev/min machining the 
same as the value that would be used when machining at constant surface 
speed (300 ft/min), the range of speeds pertaining should straddle this 
optimum value (300 ft/min). 

The cost of the operation when performed in accordance with Table 6 
will be significantly greater than performed under the optimum condi- 
tions of Table 5. The magnitude of this difference, which constitutes 
the penalty for operating according to the currently accepted rules, may 
be readily computed by use of techniques already discussed. 


CONCLUSION 


Two types of problems associated with stepless speed machine tool 
drives are identified and considered from an economic point of view. 
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The amount justified for a stepless speed drive for a straight turning 
machine is found to vary directly as K? (where (1+) is the gear-change 
ratio) and inversely with the coefficient of the Taylor tool life equation. 
lor average conditions the additional amount justified at time of purchase 
for a stepless speed drive on a turning machine will vary from about 
$1000 to $2500. The higher value is more apt to pertain for HSS tools, 
whereas the lower value is more likely for carbide tooling. When ceramic 
tools are used the additional purchase price justified becomes less than 


$1000. 

\ variable speed drive is found to be far more important for facing 
operations. Many lathes designed for facing are equipped with a finite 
number of speeds obtained by change gears. The matter of choosing 
cost-optimum facing speeds, the radii at which speed should be changed, 


as well as the number of speed changes for minimum cost is considered 
in detail for such a lathe. The saving in cost associated with an automatic 
variable speed drive operated under cost optimum conditions is deter- 
mined for the expected life of a facing lathe. It is found that under average 
conditions the additional cost at time of purchase that is justified for 
an automatic speed changer on a facing lathe is apt to be in excess of 
$30,000 for HSS tooling, in excess of $20,000 for carbide tooling, but 
somewhat less for ceramic tooling. These values assume that both the 
finite speed and stepless speed machines are operated under conditions 
to yield optimum machining cost per part. They do not, however, attempt 
to evaluate the value of the improved finish possible with a machine 
having a stepless speed drive. 

icknowledgement— The author would like to express his appreciation to the Shell 
Oil Company for the research grant that was used in connection with this study. 


REFERENCES 
KRONENBERG, Tool Engr. 39, 93 (1957). 
. C. Suaw, Industrie-Anzeiger 79, 282 (1957). 
W. GILBERT, Machining Theory and Practice p. 465. ASM, Cleveland, Ohio (1950). 
C. Suaw, Industrie-Anzeiger 79, 847 (1957). 


Int. J. Mech. Sci. Pergamon Press Ltd. 1960. Vol. I, pp. 109—120. Printed in Poland 


ELEMENTARY METHODS FOR THE ANALYSIS 
OF CERTAIN FORGING PROCESSES 


H. LIpPMANN 
Institut fiir Mechanik, Techn. Hochschule Hannover, Germany 
(Received 2 April 1959) 
Summary An elementary method of determining the pressure in plane strain press 
forging between dies with engravings of small inclination is given. The last part of the 


paper shows, with the help of an elementary model how to compute the energy needed 
in forging and the efficiency of the operation. 


INTRODUCTION 
THE elementary method of computing the force P needed for the 
plane-strain plastic compression of a bar between rough plane plates with 
coefficient of friction uw is as follows; (see Fig. 1) let q be the average 
value of —o,, p of —o, along the y-direction and / the width of the bar 
perpendicular to the xy-plane. Equilibrium of forces in the x-direction 
gives 
hldq -2(sgna2)updz , 

up being the shear stress due to friction and sgnz = 0, +1 forx= 0, =0. 
If h/b does not exceed a certain number B, then it may be assumed that 
Oz, Oy are everywhere principal stresses. The theory of plane plastic strain 
indicates that the principal stress normal to the xy-plane of Fig. 1 is 
(o,+ o,)/2 (cf. Hill! p. 129). Tresca’s yield criterion is therefore |o,—o, 

Y, where Y is the uniaxial yield stress, which is constant for a rigid- 
perfectly plastic material. Thus for plastic compression of the bar, 


Combining (1) and (2) it follows, 


dp 
dx 


up 


QO: 
h 


2sgna 
b Y because of (2) and q= 0, therefore 


L 
p Yexp27 (; x for & @ B=» (3) 


A second integration over the upper (or lower) surface of the specimen 
gives the force P: 


} 7 
P=2( pdx —viy?——4 +e ). (4) 
° ) “ 


0 2u 


h 
With less accuracy (3) is also valid for cylindrical specimens.’ 
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Formulae derived from (4) are the only useful theoretical ones for 
certain problems in press-forging practice. The methods utilizing slip 
lines besides being troublesome lead only to lower bounds for the force,* 
and exact values are unlikely. In the same way, velocity fields yield only 


upper bounds.‘ The approaches of Kérber and Eichinger® (viscous fluid) 


Fig. 1. Plane-strain compression between flat plates. 


or Eichinger and Pomp ® contain errors, and a complete solution for 
the stresses and strains based for instance on the Levy-Mises equations 
seems to be impossible if it is desired to fulfil all the boundary condi- 
tions.! Therefore at present only the Siebel-v.Karman elementary method 
can be expected to give useful results under complicated circumstan- 
ces. Reicherter 7 attempted to compute forces in the case of engraved 
dies, but Lippmann and Neuberger * showed his method to be in error. 
In the following section another method is to be described. It is the 
counterpart to the method of Kobayashi et al'® which seems to be 
successful in the case of steep engravings." The approach of Dietrich 
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and Ansel ® seems to partake of both methods. It is based on different 
assumptions which are useful for theories of drawing and pressing, but 
there is no indication when it will be exact. 


DERIVATION OF THE STRESS p AND THE LOAD P 
To extend the elementary method, similar assumptions must be made 
as in Section 1; (see Fig. 2.) 
(i) The condition is that of plane strain; ie. 1>b,H (l being the 
width of the specimen). 
(ii) The slope of the upper and lower boundary curves is small at 
all points. 
(iii) Material does not adhere to the dies. At the die faces there is 
Coulomb friction and there is only one section of no flow at 7 = 25. 
(iv) 6/H has at least the value 1/B (cf. Section 1); B being a suitably 
chosen constant; the smaller B, the better the solution. 
From assumptions (ii) and (iv) it is seen that o,, co, can be regarded as 
the extreme principal stresses, and neither vary greatly in the y-direction. 
To compute the stresses near the right-hand end of the cross-section 
take co-ordinates as shown in Fig. 2. The z-axis is arbitrary (and in this 
instance is equidistant from both dies); the y-axis is at the left end of 


ty 


Fig. 2. Compression between engraved dies. 


the cross-section. The upper curve h,(x#) and the lower one —Aj;(x) are 
supposed given. All the derivatives of h, and h; as well as the total height, 
h(x) = h,(«#)+h(x), together with their derivatives, are also known. 


p,q are the average values of —o,, —o, respectively, along the vertical 
direction as before. Then — and this is characteristic of the elementary 
approach — the equilibrium conditions at a strip of breadth dz are set 
up; Fig. 3 shows the upper part of an element, only. The width / is 


without influence. 
If p, is the stress normal to the upper surface, then p,,As, is the force 
acting on the unit width of the upper surface. The force due to friction, R,, 


H. LippMANN 


hq+Alhgq) 


—— 


Fig. 3. Forees acting on the upper part of an element of material. 


2 


has the direction shown, only for the indicated direction of flow. e.g 


a 


near the right-hand end of the cross-section; 
Ru = Bute « 
The resulting force in the horizontal direction is, 
Oy = Py As,(sina+ weosa) = py(— Ahy+ uA); 
and in the vertical direction 
P= pyAs,(cosa— wsina) = py(dxr+ uAhy) . 
Similarly for the lower part 
Ih; +- uA), and 
pi( Av + wAh;) . 
The condition of equilibrium gives 
Ou tQitA (hq) 0. 4 
Py = P,. °) 


Equations (5) are a generalization of equation (1) for the right-hand 
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part of the cross-section and reduce to equation (1) for th, lh; = 0. 
Because of assumption 2, (47+ uAh;) > 0, and 


le + wAh, 
) = : 
Pt I le + uAh; 
so that 
uAh,) (uAx Ihy)) 


(hq). 
la+ uAh, U) 


Pu 1 lr lh, 

Hence, 
; P ae ' dh,, dh, 
d(hq) “©”? de dx dx 


dx Pes 


P 
du 
re le + Ah, 


, 
u 


ip = Pi and since p—q Es 
d(h{p— Y}) Re hy hi) —(1— p*)h' 
Ly 


dx (1+- wh;,) (1 + whj) 


and 


0; 


; l h’ +f hY)’ 
denoting , then p’+ p et 0, where 
aL 


h h 


2u(1—hihi)— (1 — pw? )h’ 


6 
(1+ wh.) (1 + whi) - 


f(x) 
At the right-hand boundary, x= b and p Y. The definite integral is 
b b b 
aed = ai nds ay 
(x) > 4) dx\ Jy exp 
p(#) = exp | 4 da) ¥— } “> |exp— J 


I I r 


. f dx dx} : (7) 
which reduces to (3) when h’ hi, = h; = 0, if suitable co-ordinates are 
chosen. Note that (7) remains valid even if Y is not constant but any 
given function Y Y(x). In every case equation (7) can be evaluated 
numerically, and — see the following example — analytical integration 
is sometimes possible. 

Let E be the plane y = 0 normal to Fig. 2 and F the projection of 
the specimen onto E. |F| = bl is the area of E. If df is an area-element 
of F, it is found by a second integration that the force 

(F) 
P | pdf. (8) 
Taking a circular surface for F and following Siebel? the case of axial 
symmetry could be approximated to by means of (7) and (8). Here however 
attention is confined to plane strain and (7) is correct only for the right- 
hand part of the cross-section (Fig. 2). Reflecting the co-ordinates at a ver- 
tical axis and fixing them at the rigth-hand boundary of the specimen, 


be) 
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equations can be taken over for the left-hand part of the cross-section. 
Thus, formulating p from both sides, exactly one line «= 2 will exist 
with Prert Prignt (A8SuMption 3). To the right of 2, the first solution 
for p will be correct and to the left, the second one. As will be seen in 
the following example, this procedure will be simpler in the special case 


; . ' P h’ + ; 
of a symmetrical specimen. But first write down the term “. with (6 
; ] h 


substituted, for small derivatives, products being neglected. 


Hy, l (9) 
~ 1+ wh’ 
For typical dies we can assume h’ < 0. Substituting this and equation (9) 


into equation (7) we find for Y = const. 
b 

dx 
h 


p= Yexp2u ; 
i.e., neglecting the slope of the engravings a lower bound is found for 
the stress p. In the proof of an expression equivalent to the last, 
Lippmann and Neuberger * were previously in error. * 


ay 


| 
————— 


1. Cross-section chosen as an example. 


Example (See Hoffman and Sachs for a simplified approach) 
As an example consider a symmetrical specimen of width / whose 


cross-section is shown in Fig. 4. Y will be assumed constant. With 
b 


b'2 known, equation (7) is correct for ry = 5 << 6. Hence 


for 


For this hint. the author is indebted to Prof. Bredendick, Dresden. 
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bh, = hj 


According to equation 


const 


2 1-7 H—o 


Lt p 


H—o 
Then M 1 for f=0 only; i.e. | = 
Pp 


; : : me | ee 
unique non-negative solution is ; le. the denominator 
p lu 


equation (10) disappears also. L’Hospital’s rule gives lim - f 

(H —6)/B—>1/ u 
i.e. lim M co: M 1 is impossible and |.W| = co could appear only 
for (H —6)/6 = 1/u, which implies large inclinations which are not under 


consideration. Suppose 


Then M = 0 is impossible too. Indeed this equation together with (11) 


H—od 1)\(/H—6\? ; 
and (10) would give (( —3 1) 0, i.e. (H—46)/B = 1/p 
Pp Md p 


again. 
Write down equation (7) and evaluate the integrals, noting that 
there is a corner in the curve of A at z (b+ ~)/2. The result is 


Pu b+-6 


| Yexp~ r) for = 


P(x) 
oo) oe as 
| } \ (« xp’ [b— Bp] U, (H 


D\ 


( D o, 8 . 
Because h —— (| 2— - » i=se = ), it is found that 


so that equation (12) is a definite requirement 
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for the validity of the formulas. If equation (12) is not satisfied the method 
of Kobayashi et al.!° would give better results. 

Equation (13) together with (10) and (11) gives p(x), see, for instance, 
Fig. 5. From a second integration the force P using (8) is obtained noting 


the symmetry of the cross section. 


P=21}{ pdx+ | pda 


) 


Yl 1200 em. 


Fig. 5. Stress-ratios p/Y versus x for three types of cross-section 


with «=0°3. Curve 1: Fig. 4 with H 2 em; b 12 em; pf 10 em; 


6—03em. Curve 2: Rectangular section, Fig. 1, following equa- 


tion (3) with h 0-3em and b 12em. Curve 3: Rectangular 


section, Fig. 1, following equation (3) with h= 1em and b= 12 em. 
ENERGY AND EFFICIENCY OF FORGING PROCESS 
Real forging is a fast process and consequently acceleration forces 
should be considered. But in the elementary theory these are neglected 
and at most a higher value for Y is taken. Here instead of the force, the 
energy required in the tup or the punch for forging is obtained. If h, 
denotes the initial height of a cylindrical specimen, A its final height 


and V its volume, the Finck equation,? 


j 
Aw=VYin-~ (15) 
h 
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is frequently used to give the ‘ideal’? work, i.e. A,;g without friction or 
other losses. The real work is 


where 7 is the efficiency which in general is unknown. Several attempts 
have been made to obtain 7, see for instance Geleji*. But these attempts 
seem to be fragmentary. A method is now developed for computing », 
based on a well defined model. Suppose that 
(i) The total force, P(h), for a specimen of total height A is given, 
friction included. (For instance, P can be computed by the method 
of Section 2, or P is given experimentally. ) 
(ii) For every stroke Ah = (hy—h) is small, i.e. P > constant. 
(iii) The total foundation, i.e. the lower die and surrounding earth etc., 
can be considered as a system, composed of a spring without 
mass, coefficient c, and a rigid mass M; see Fig. 6. 


Specimen 


Fig. 6. Forging model. 


For simplicity, and because the mass .V involved is large, damping is 
neglected. 

(iv) The mass of the specimen is small and negligible. 
Let m be the mass of the forging tup or punch so that its energy at the 
instant of impact is 


Vp. 
; Mv 


v, is the velocity computed, for instance, from the initial height H of 


the tup, i.e. v, = Y 2gH in free fall, g being the acceleration due to gravity. 
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Describe the movement of MV by x, the movement of m by y, see Fig. 6, 
and choose the initial co-ordinate to be xr 0. While the specimen is 
loaded, y—x=h, h being taken to be variable. The movement of m 

derivative with respect to time ¢) is 


mg my ; 
the movement of 
P—Mq 


0. 
Because &— 2—0 when t= 0, the following integrals are obtained 


2M (P 
(17a) 


(17b) 


(17¢) 


From given values /, W, v, and equation 17(¢c) compute a time ¢t = ¢, so, 
that A(t,)— 0, ice. when deformation is complete. But if A has been 
dissipated already during h <0, a time t=t, has to be considered. 
to 
Thus, A | Pydt P (y(t) — y(O)) P (hy — h(t.) — v(t.)), and be- 
. ; ' _ 
cause of equations (17a, b), A ote —| q) - = mv). The solution 


must fulfil the condition A 


mg 
P ) 


The correct time of deformation is then tg = min(t,, ¢,). Then equation 17(b) 
gives Ah (ho —h), and the work dissipated in the specimen itself is 


PAh. (19) 


The meaning is altered by comparison with (15), when friction is con- 
sidered; therefore write A}, instead of A;,, so that 


by 
“Aid 
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where 7* replaces 7. If one stroke more is given, the computation must 
be repeated and yields 


(20a) 


This is illustrated in the following example. 


Numerical example 
For a cylindrical specimen in free-forging use the well-known simplified 
Siebel formula 


. 1 
PY(1+ 4°). (21) 


3h 


This is analogous to equation (4), but now # , a where d is the 


diameter. Assume that, 


- . | | / kp Tt sec? 
Weight of the forging-tup: 100 kp (m 192 — 


2\ 


kp = 


Weight of the foundation: 5000 kp ( 5°10 = 


e = 0333 10° kpm-; Y = 20x10®kp m~’, making some allowance 
for high speed; «= 0°3; hy = 0°08 m; initial diameter d, = 0°04 m. 
Suppose it is required to forge it toh = h, = 0°06 m, i.e. d = d, = 0°0462 m 
(a) by one stroke (free fall from the altitude H), 
(b) by two strokes, first down to h=h,= 007m and then down 
to h,, i.e. altitudes H,, Hy. 
It is required to find H, H,, H, and 7%, 7¢ for (a) and (b) respectively. 
For (a): From equation (21) P = 3°04 104 kp, which is for the average 
height 0°07 m. From equation (17¢) with h = 0 


vy = 2°97 « 10%, + 8°59 sin8O8E, . 


t, can be expected to be of magnitude of 10~*see and therefore sin8‘08t, 
~ 8 O8t, and v, = 3039t,. With the same simplification and Ah = 0°02m, 


using equation (17b), it is found that t, = 3°63 x 10-sec. From equations 
(18) and (17b) in the same way f¢, 1°58 x 10-8see, and hence 
t2 a 1°58 x 10-3sec . 


From equation (18), v= 16°08msec; thus 
H = v/2g = 131m. 

This height in general, cannot be effected technically. From equation (20) 
0°462 {6°2 per cent. 


+ 1 kp is the force due to gravity acting upon a mass of 1 kg. 
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For (b): Stroke 1: For the average height 0°075m from equation (21) 
P — 2°83 «104 kp. In the same way as above, tg= t, = 1:142 x 10-see and 
v 10°30msec—, thus 

H,=5°40m. 


Stroke 2: Analogous computation leads to tg t. 1'03see and VU, 
11°39msee!, with 
H,= 660m. 


Because of equation (20a), 75 = 0°510 = 51 per cent. 

Two strokes are thus seen to be better than one; both strokes for instance 
from the height H }(H,+-H,) = 600m. For more exact values the 
computation would have to be repeated, improving Y and expressing 


it in terms of the determined velocities v,. 
For every fixed forging aggregate, c and M must be determined by 
experiments. The dimensions of the real foundation give only very 


coarse values. 
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ON THE MINIMUM-WEIGHT DESIGN OF A SIMPLE 
PORTAL FRAME 
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Summary Simple plastic theory is used to investigate the minimum-weight design 
of a rectangular portal frame under various loadings. Two designs under slightly dif- 
ferent conditions are made according to the Foulkes theory ! for frames with prismatic 
members; the results are then compared with the corresponding absolute minimum- 
weight design. 

For the simple problem discussed, the general results are presented graphically, 
and caleulations are made for three specific frames. 


INTRODUCTION 

WHEN the loads acting on a frame composed of mild-steel members are 
slowly increased, collapse occurs when sufficient plastic hinges are formed 
to turn the frame into a mechanism of one degree of freedom. Given 
the dimensions and centre-lines of a frame, and the values of the loads 
acting (which may incorporate a suitable load factor), a design of the 
frame will be achieved when material is assigned to the members so that 
the frame is just collapsing. 

Material can be assigned subject to various restrictions; the most 
common is that members should be prismatic between joints. Foulkes ! 
studied minimum-weight design under these conditions. If several members 
of a frame are required to have the same (prismatic) section, or to bear 
constant ratios to each other, then they will be referred to as a span. 
Foulkes showed that if a frame has NV spans to be designed, then minimum 
material consumption will occur when the frame is capable of collapsing 
in a mechanism of (at least), NV degrees of freedom. The design of the 


spans consists in determining NV values of full plastic moment; thus for 


the degenerate case NV 1, when the problem can more correctly be 
referred to as one of analysis, since one value of full plastic moment will 
determine the complete design, the frame will collapse in a mechanism 
of one degree of freedom. (Extra degrees of freedom may sometimes 
oceur under certain load combinations, but do not affect the general 
propositions. ) 

The theorems established by Foulkes give no rules for finding the 
actual minimum-weight design for a specific example. The problem can 
be treated by the methods of linear programming;? alternatively, a dif- 
ferent computing technique has recently been evolved.**> In the present 
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paper, the rectangular portal frame is treated analytically on the assump- 


tion (a) that the two columns of the frame are compelled to have the 
same section, possibly different from that of the beam, (b) that the two 
columns may take unequal sections, thus implying an extra degree of 
freedom in the collapse mechanism. 

The use of prismatic members can be justified practically for small 
frames on the count of cheapness of fabrication. For a large frame, 
however, using made-up sections, the designer can vary the cross-section 
of a member within a span at no great expense. The study of minimum- 
weight design using tapering members is therefore of interest. A recent 
paper ® has shown that if the members of a frame are varied continuously 
so that the “strength” of the frame follows the bending-moment diagram, 
then, providing the bending-moment diagram is determined in a certain 
way, the frame will have absolute minimum weight. 

Thus, for a simply supported beam subjected to a uniformly dis- 
tributed load, having a parabolic bending-moment diagram, absolute 
minimum-weight design will occur when the beam is tapered so that 
the tull plastic moment varies parabolically from a maximum at the 
centre to zero at the ends. For a statically indeterminate frame, infinitely 
many equilibrium bending-moment distributions may be constructed for 
a given loading, and the problem is more complicated. To fix the bending- 
moment diagram (i.e. to determine the values of the redundancies) use 
may be made of the theorem ® which states that absolute minimum weight 
will occur for that design which is capable of deforming with the members 
bent in constant (positive or negative) curvature. 


(d) 


Fig. | 


For example, the fixed-ended beam carrying the (reasonable) loads 
in Fig. 1(a) has a (convex) free bending-moment diagram as shown in 
Fig. 1(b). A reactant line due to the redundancies must be superimposed 
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on this diagram. Now simple geometrical considerations show that the 


only way in which the beam can deform into ares of constant curvature 


is for the central portion of length //2 to have positive curvature, the 
two end portions of length //4 having negative curvature. Since the 
bending moments must be compatible in sign with these curvatures, 
inflexion points must occur at quarter span, and the reactant line can 
be fixed as in Fig. 1(d). If the cross-section of the beam is varied so that 
the full plastic moment at each section is given by the shaded area in 
Fig. 1(d), then the beam will have absolute minimum weight. 

Note that the position of the inflexion points is independent of the 
loading on the beam. Fig. 2 illustrates an important special case, when 
the beam is acted upon by a single load located within /4 of a support. 


The reactant line coincides with the right-hand line of the free bending- 
moment diagram, and the absolute minimum-weight design is a cantilever 
whose full plastic moment decreases linearly from the support to zero 
at the loading point. Such degenerate cases occur for more complex 
problems. 

It is only for the simplest frames that the inflexion points can be 
located independently of the loading system. For the rectangular portal 
frame considered below, the positions of the inflexion points depend both 
on span-to-height ratio and the values of the loads. However, general 
slope-inflexion equations can be set up, and it may be shown that it is 
always possible to find a mode of deformation with arcs of constant 
curvature compatible in sign with the bending-moment distribution. 


SLOPE-INFLEXION EQUATIONS 


Fig. 3 shows a beam of length Z bent into ares of constant curvature 
having no, one, or two points of inflexion within its length. Taking the 
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constant curvature equal to unity, the following relations obtain for 
rotations at the ends of the beam: 
No inflexion point: L{ 4] 
L| 
One inflexion point: Lf4 a)? 
| is—— e771 | (1b) 
L[4—a?] 
Two inflexion points: L{3 a,)° + a3] | 
i[—4+(1—a,/—aq] J 


1 


(la) 


(le) 


These three cases suffice for the solution of most problems. (The solution 
for the fixed-ended beam treated above, Fig. 1, can be seen immediately 
from equations (1c). Setting 64 6z— 0, then a,= a, 1/4.) 


RECTANGULAR PORTAL FRAME 
The frame to be designed is shown in Fig. 4, and carries a side load H 
and a central-beam load V. All values of the ratios l/h and Hh/Vl will 
be considered. Designs will first be made, and the analysis presented, 


> 
c Mg 
h 


M, 


ry 
| 


Y 
5/ 
ct 
~ 


Fig. ¢ 


for H = 0. The designs for H + 0 will not be presented so fully, but the 
results given graphically. Finally, three numerical examples are worked. 


A. Prismatic members: columns equal 


The columns 12 and 54 in Fig. 4 have the same uniform full plastic 
moment M/,, and the beam has the uniform full plastic moment W,. 
There are two spans to be designed, and therefore the minimum weight 
design must be capable of collapsing in a mechanism of two degrees of 
freedom. This was a problem considered by Foulkes,! who also showed 
that the sum of the absolute values of hinge rotations in each span must 
be proportional to the length of that span. 

For the side load H 0, suppose the frame is of uniform section 
throughout, VW, Mp M, so that a mechanism of two degrees of 
freedom can be formed as shown in Fig. 5. (An extra degree of 
freedom is possible for this special case if the joints at the top of the 
columns are allowed to rotate independently.) The total hinge rotation 
in the columns is 24,, so that, taking the constant of proportionality 
as unity, 


26, 2h (2a) 
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and, similarly for the beam, 


Thus 


Equilibrium at the joints will be satisfied only if the hinge rotations 
are positive as drawn in Fig. 5; (6,—6,) >0 gives, from equations (3), 
l>h, or 

l 


h (4) 


The mode sketched in Fig. 5 is possible only if inequality (4) is satisfied; 


considering equilibrium of the beam, 
V1 


Ma=Mp= 


{A,+0,) (8-6,) 


For l/h 1, the two modes sketched in Fig. 6(a) and (b) oceur. For both 
modes, equilibrium gives 


Wp 


and both modes are combinations of beam collapse and side-sway. Summing 
the hinge rotations in Fig. 6(a) 


and the conditions 6, >0 and 
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Similarly, consideration of Fig. 6(b) leads to 


h 


and the condition 6, > 6, gives 


(11) 


For H 0, the collapse modes drawn in Fig. 5 for M4 Mp and 
in Fig. 6 for M4 M,, occur providing the ratio Hh/V1 is limited; modes 
similar to those in Fig. 6, but for MW, My, can also oceur, as can the 
other two basic modes for a uniform frame. The complete design field 


is covered by seven different modes, displayed in Fig. 7. 


b. Prismatic members: columns unequal 


There are three spans to be designed; column 12 of length A and full 
plastic moment W,, beam 24 (2/ and M,), and column 54 (h and We). 
Kight modes cover the design field as shown in Fig. 8. Some of these 
modes are not unique; for example, a mode can be found for W , Mp 

M, which exactly superimposes on the region for mode 6 (V4 Me 

V~). The values of full plastic moments are given in Table 1. 

Note the “disappearance’’ of column 12 for modes 1 and 2; the side load 
is carried entirely by the right hand column. For a ‘practical’? minimum- 


weight design in which zero-section columns are not permitted, it is simple 
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A 


'O O08 06 
6 


M, ?>M,=M, 


to use the Foulkes principles with assigned minimum sections. [f minimum 
sections are assigned to all N spans, and if the minimum weight design 
has M spans with the assigned minimum sections, there are (NV — J) 
independent mechanisms of collapse. (Obviously, if M = \, the frame 


is not collapsing, and has effectively been designed by methods other 


than plastic.) 


JACQUES HEYMAN 


Absolute minimum-weight design 
There are three different configurations, referred to briefiy as modes, 
for absolute minimum-weight design; the modes occupy the regions 


shown in Fig. 9. 


Mode 3 


| 


20 50100@ 


Vode 1. A mode of deformation involving constant curvature of the 


members of the portal frame is shown in Fig. 10. The mode is specified in 


terms of the four points of inflexion by means of the parameters a,, a,, 5,, 
b,; the deformations can be specified in terms of the two rotations 6, and 
6, of the joints, and the rotation m measuring the side-sway. Two slope- 
inflexion equations (equations (1)) can be written for each member, and 
the rotations 6,, 6, and » eliminated, leading to the three equations 


a,)* t 


These three equations are of course insufficient to determine the positions 
of the four inflexion points, and a further equation must be found by 
considering the bending-moment diagram. 

Fig. 11 gives a sketch of the bending moments. Since the frame has 
three redundancies, there must be two equilibrium equations linking the 
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os 


G21 | 


Fig. 11 


value of the five bending moments M, to M,; these can be written 
conveniently 


M,+2M,+M,=Vl | 
M, = Hh | 


(13) 


Further, geometrical consideration of Fig. 11 gives the relationships 


2b 
ab, -M, 
20, 


2b, 
M,; 


2b. 


b's .M. 
l—a, 1—2b, Is 


and equations (13) and (14) combine to give 


Hh -[bx(1—2b,) — b,(1—2b,) 


V1 | -" Lae) G—a) a) 


Equations (12) and (15) are now sufficient to determine the positions 
of the inflexion points, and hence to fix the bending-moment diagram 
from equations (14) and (13). Note that the mode is dependent on the 
value of the ratio Hh/Vl, that is, upon the loading, whereas the mode 
for the fixed-ended beam, Fig. 1, did not depend on the loading. 
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Equations (12) and (15) cannot be solved explicitly, but a straight- 
forward numerical solution is possible, not involving trial and error. The 
analysis is valid for 6, > 0; the limit 6, = 0 is shown as the dividing line 
between modes 1 and 2 in Fig. 9. For all designs to the right of this 
dividing line, the values of a,, a,, b,, and b, are compatible with the mode 
sketched in Fig. 10. 

For the particular case H = 0, when, by 


symmetry, a, = a, and 
b., 


equation (15) is satisfied identically, and equations (12) contract to 


I 2(1— a) | 


(16) 


from which 


Now 6 must be positive; thus 


l 


, >( 2-1) 


l 
For H = 0 and 4 {y2—1), mode 2 occurs. 
i 


Fig. 12 


Mode 2. The minimum-weight collapse configuration for mode 2 is 
shown in Fig. 12. Comparing with Fig. 10, the inflexion point near the 
left-hand knee of the frame has moved from the beam into the column. 


As before, three equations can be obtained from the slope-inflexion 
equations: 
(1—a,)?+ (1—a,)* 


2b3) 


b,)? —1] 
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Fig. 13 


Since two inflexion points occur in the left-hand column, the column 
section must degenerate to zero; the bending-moment diagram is sketched 
in Fig. 13. Consideration of this diagram leads to the fourth equation. 


Hh 
yy Ay) ( 2) = 9, (20) 
The equations are valid providing ¢ > 0, and providing a, > 0. The first 
condition gives the dividing line between modes 1 and 2 in Fig. 9; the 
second the dividing line between modes 2 and 3. (Equations (19) with 
c= 0 are identical with equations (12) with 6, = 0, and similarly for 
equations (20) and (15).) 

For the particular case again H = 0, equation (20) gives b, = 0, and 
both columns have zero section. 


Fig. 14 


Mode 3. A mode involving three inflexion points is sketched in Fig. 14; 
the slope-inflexion equations are therefore sufficient to determine the para- 
meters a,, b,, and c. The figure has been drawn badly; by symmetry 
it is clear that b, = 4, and that a, and ¢ are complementary (a,+¢ = 1). 
Indeed, writing the equations, it is found that 
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and the bending-moment diagram is as sketched in Fig. 15. Using the 
equilibrium equations 
M,—M,= Vl 
M,+M,+M,+M,= Hh 


Fig. 15 


the values of the bending moments are found to be 


Now M,>0; hence 


(24) 


Vi 7 


Equality (24) is the dividing line between modes 2 and 3 in Fig. 9. 


Vv 
| 24 
— ; 
10 
oo 
[= 


Fig. 16 


Numerical examples 

The frame shown in Fig. 16 (l/h = 0°8) will be designed for the three 
loads V = 75, 30 and 6 (Hh/VI = 0'4, 1 and 5). From Figs. 7, 8 and 9 
it will be seen that the three design conditions have different minimum- 
weight solutions; in particular, modes 1, 2 and 3 are represented in the 
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absolute minimum-weight design. The bending-moment diagrams at 
minimum weight are drawn in Figs. 17, 18 and 19 for V = 75, 30 and 6 
respectively; in each figure (a) corresponds to prismatic members with 
equal columns and (b) with unequal columns, while (c) is the absolute 
minimum-weight design. 

Making the assumption (on which the Foulkes theorems are based) 
that weight of a structure is proportional to the product of full plastic 
moment and length, Table 2 gives, to an arbitrary scale, the total 
material consumption for the various designs. 


TABLE 2 


(a) Prismatic, (b) Prismatic (c) Absolute 


equal columns | unequal columns | minimum weight 


5280 (2424) 5040 (2360) | 2310 
2880 (1440) 2640 (1440) 1233 
2160 (1135) : 984 


It may be noted that if any equilibrium bending moment is drawn 
(i. e. an arbitrary reactant line superimposed on a free bending-moment 


Yy Y 
Y 


f 
| 
| 
| . Z 753.4 112-8 
a 
(c) 


Fig 18 


diagram) and material assigned so that the strength of a cross-section 
is just equal to the value of the bending moment at that section, then 
a design of the frame has been made. Using tapering instead of prismatic 
members for the bending-moment distributions sketched in (a) and (bd) 
of Figs. 17, 18 and 19, frames will be designed, not of minimum weight, 
which will just collapse under the given loads. The corresponding weights 
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are given in brackets in Table 2, and these are not much higher (2, 17 
and 15 per cent for designs (b)) than the absolute minima. 
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A REALISTIC EVALUATION OF 
THE FACTOR OF SAFETY OF A BOLTED BRACKET* 


BERNARD W. SHAFFER 
New York University 
New York, N. Y. 


(Received 25 March 1959) 


Summary A bolted bracket is analyzed when it is subjected to a pure bending 
moment of sufficient intensity to induce first an elastic, then an elastic-plastic, and 
finally a fully plastic stress distribution within the supporting set of bolts. It is shown 
that when the bracket is held in place by three equally spaced bolts, it can resist 
at least 28 per cent more load than a conventional elastic analysis of the problem 
indicates. This percentage is even larger when more bolts are used. In view of the 
widely differing results that are obtained by analyzing the problem from the con- 
ventional and the proposed points of view, it is suggested that the factor of safety be 
defined as the ratio of the load-carrying capacity of the unit, computed by including 
the effect of plastic flow, to the maximum specified external load. 


INTRODUCTION 

IN EVALUATING the factor of safety of a bolted bracket, it is customary *~* 
to compare the yield stress of the material with the maximum stress in 
the most highly loaded bolt, computed on the basis of an elastic analysis. 
This procedure is based on the supposition that once the yield stress 
is reached, plastic flow begins and the bracket becomes structurally 
useless. Current practice neglects the effect of contained plastic flow, 
during which additional loading of the structure can take place before 
deformations become unreasonably large. Consequently, some of the load- 
carrying capacity of the bolted bracket is overlooked and an unrealistic 
factor of safety is caleulated. 

It is the purpose of the present paper to present a complete analysis 
of a bracket, which is subjected to an externally applied moment of such 
magnitude that the supporting bolts are stressed beyond their elastic 
limit. The analysis will reveal the additional load-carrying capacity of 
the structure, overlooked in the usual computations. It will also show 
why and how the present procedure for evaluating the factor of safety 
in the bolted bracket should be changed to include the effect of plastic 
flow. Furthermore, since plastic-flow analysis is relatively new to many 


* The current paper was included in an introductory lecture on plasticity presented 
at the Allegany Ballistics Laboratory of the Hercules Powder Company in Cumberland, 
Maryland, July 23 and 24, 1957. It was prepared in the course of research for the Bureau 
of Ordnance, Department of the Navy, under Contract No. NOrd-16497 with New 
York University. 
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design engineers, the present paper may also help serve as an introduction 
to the subject, a field of study which has made enormous gains during 
the past few years.‘—!° 


BASIC CONSIDERATIONS 
The stress-strain relation of most bolt materials may be approximated 
reasonably well by the diagram shown in Fig. 1. The elastic portion of 
the diagram is a straight line whose slope is equal to #, the modulus 


Stroin 


Fig. 1. The stress-strain relationship. 


of elasticity of the material. The plastic portion is also a straight line. 
It starts at the yield stress o,,, and has a slope equal to C. The slope C 
is smaller than the slope #, so that an increment of stress required to 
produce an increment of strain is less within the plastic region than it is 
within the elastic region. A material for which C vanishes is called per- 
fectly plastic; for such a material indefinite plastic flow can occur with 
no increase in stress. A material for which C is greater than zero is said 
to work-harden; it does not permit an increase in strain without an 
increase in stress. 

Most of the subsequent analysis is concerned with a bracket supported 
by bolts made of a perfectly plastic material. The assumption of perfect 


plasticity is reasonable for many of the common bolt materials. Further- 


more, the assumption leads to considerable simplification of the ma- 
thematical details associated with the analysis without obscuring the 
salient features of the plastic-flow study. 

The bracket to be analyzed is shown displaced from its unloaded 
position in Fig. 2. It is subjected to a bending moment M and supported 
by three bolts of equal length, of equal cross-sectional area A, and having 
identical material properties. The bolts are located at distances d,, d,, 
and d, from the foot of the bracket. The bracket itself is assumed to be 
sufficiently stiff so that the surface (om) originally in contact with the 
retaining wall, always remains plane. Thus, the elongation of each bolt 
under load is proportional to the distance between the bolt and the foot 
of the bracket; i.e. if e; denotes the elongation of the ith bolt, 


(1) 
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Bolt No.3 # 
~ Bolt No.2 


Bolt No.! 


Fig. 2. Deformation of the bracket. 


where 6 denotes the small angle through which the bracket rotates when 
the load is applied. 

In the analysis to follow, the stresses in the set of bolts and the 
resulting rotation of the bracket are evaluated for increasing bending 
moments M. The analysis is first concerned with the fully elastic, the 
elastic-plastic, and the fully plastic stress distributions within a set of 
bolts made of a perfectly plastic material. The effect of work-hardening 
is then discussed separately. 


ELASTIC SOLUTION 
Let P,, P, and P, denote the forces within the first, second and third 
bolt, respectively. If the applied bending moment is small enough so 
that all of the resulting stresses are within the elastic range, Hooke’s 
Law applies, and one may express the relationship between the forces 
and the elongation of the bolts as 


es l 


P, AE 


where 1 is the active length of each bolt, A is its cross-sectional area, 
and EF is the modulus of elasticity of the bolt material. The same value 
of 1/AE applies for each bolt since the bolts are assume to be identical. 
One may write, therefore, in view of equation (1), that 


(3) 


Equilibrium requires the applied bending moment to be equal to the 
resisting moment, or 
? ! ? 
M = P,d,+P,.d,+P,d, . (4) 


In view of equation (3), and the fact that the force in bolt No. 3 is equal 
to o,A, where o, is its stress, one may also write the foregoing expression as 
0,A 


— (di; + d+ ds). (5) 


as 


M = 
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According to equation (3), the force in each bolt is proportional to 
its distance from the foot of the bracket. Thus, bolt No 3 is the most 
highly stressed. Its stress is prescribed for a given applied bending mo- 
ment M by equation (5). This relationship remains valid only as long 
as the applied bending moment is small enough so that o, does not exceed 
the yield stress o,,. Thus the largest moment for which equation (5) 
holds is, equal to 

M, d; + dy + d5) . (6) 


d, 


The rotation of the bracket corresponding to this moment is, in view 


of equations (1) and (2), equal to 


es I] <x) 
d, a,\ E | 


As the applied bending moment increases beyond the value M, the bracket 


enters the first stage of the elastic-plastic solution. 
FIRST STAGE OF THE ELASTIC-PLASTIC SOLUTION 
During the first stage of the elastic-plastic solution, bolt No. 3 flows 
plastically. In keeping with the assumption of a perfectly plastic bolt 
material, its stress is a constant equal to o,,, the yield stress of the ma- 
terial. Thus the force in bolt No. 3, namely P;, is a constant and equal 
tO oyA, and one may write the equilibrium equation for this case as 
M = P,d,+ P.d.+ oy, Ad, . (8) 
Even though plastic flow occurs in bolt No. 3, the remaining bolts 
are still within the elastic range of the material, and subject to Hooke’s 
Law. The forces in these bolts, therefore, are related to their elongations 
by the expression 


(9) 


Since the bracket remains rigid during the entire loading program, the 
deformation of each bolt is proportional to its distance from the foot 
of the bracket, regardless of whether the stresses in the bolts are comple- 
tely elastic, elastic-plastic or completely plastic. In view of equations (1) 
and (9) one may thus write 

(10) 


which permits the equlibrium condition to be rewritten as 
d; 


M e 
Ps d, 


Pid, + OypAds 


oA 


7 (d; + ds) OypAd, 


where o, denotes the stress in bolt No. 2. 
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As the intensity of applied moment © increases, so does the stress 
in bolt No. 2 and eventually the yield stress of the material, o,,, is reached. 
This occurs at a bending moment M, which, in view of equation (11) 
is given by 
- OypA 


: (d; + dz +- dyd,) (12) 


M, 


The bracket rotation corresponding to this bending moment is, in view 
of Equations (1) and (2), given by the expression 


1 re) ‘ 
a E)}° ai 


Second stage of the elastic-plastic solution 
When the applied bending moment exceeds M,, yielding occurs in 
both the second and third bolts, so that 
P, = P,= GgyA (14) 
and the equilibrium condition becomes 
M = Pd, + oyAd,+ dypAd, = 6,A,d, + GypA (d,+ ds) (15) 


where o, is the stress in bolt No. 1. The latter relationship between stress 
and applied bending moment, which is valid in the second stage of the 
elastic-plastic solution, remains applicable until yielding also starts in 
the first bolt. This situation occurs when the stress in the first bolt is 
equal to o,, and the applied bending moment is 


M; = OypA(d, + d,+ ds) (16) 


The bracket rotation corresponding to M, in view of equations (1) and (2), 


18 


L [loy, " 
d,\ E = 


When the bending moment reaches M,, all three bolts are within the 
plastic range, and their deformations become large even without an 
increase in applied load. At this stage the bracket becomes structurally 


useless. 


MAXIMUM LOAD-CARRYING CAPACITY 
It was shown in the previous section that according to elastic theory, 
the maximum bending moment to which the bracket can be subjected 
is given by the expression 


> 


(d; + ds + ds) (6) 


Syp A 


M,= 4 
3 
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By including the effect of contained plastic flow, it was observed that 
the bracket can resist a bending moment equal to 


M, = dypA (d, + d, + dy) (16) 


before the deformations become large enough to make the unit structurally 
useless. Since all the bolts were identical, in the previous analysis, the 
ratio of the expressions for M, and M, may be written 


M, d, ' dg . 18) 


M, d,\*  (d,\* 
(in) + (a) + 
d; d, 
This ratio, which depends only on the geometry of the problem, shows 
the effect of including plastic flow in the analysis of the bracket. 

In order to evaluate the significance of equation (18), consider the 
particular case where the bolts are uniformly spaced. For this configu- 
ration d, = 2d,, d, = 3d, and the ratio of bending moments expressed in 
equation (18) equals 1°28. This shows that the load-carrying capacity 
of the bracket computed by including the effect of plastic flow is 1°28 
times the bending moment computed by means of an entirely elastic 
analysis. The bracket with three bolts can therefore carry 28 per cent 
more load than indicated by the conventional approach. 

If the calculation is repeated for four evenly spaced bolts, it is found 
that the unit can carry 33 per cent more load than that indicated by 
a completely elastic solution. Additional bolts lead to even greater per- 
centages of load increase, but with a perfectly plastic material the 50 per 


cent figure cannot be exceeded. 


INFLUENCE OF WORK-HARDENING 
[t is also of interest to study the effect of work-hardening on the 
maximum load-carrying capacity of the bolted bracket. In the present 
section we will consider only the particular case in which the stress in 
bolt No. 1 is at the yield stress of the material. If one studies other cases, 
one is led to more intricate analyses, but to similar conclusions. 
When a bolt is loaded within the plastic range, it is convenient to 


express its total elongation as 
e=e*+f (19) 


where e* is the elongation corresponding to the yield stress of the ma- 
terial (i.e. the elastic component of elongation) and f is the plastic com- 
ponent of elongation. Similarly, it is convenient to express the force in 


each bolt as 
P= oyA+Q (20) 


where oy,A is the force corresponding to the yield stress and Q is the 
additional force sustained by the bolt. For a work-hardening material 
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whose stress-strain curve is shown in Fig. 1, the slope within the elastic 
range is related to the stress and elongation at the yield point by the 
expression, 


and similarly, the slope within the plastic portion of the curve is related 
to the force and elongation components in the plastic range by the 
expression 

lQ 


C= 4 
7A 


(22) 

The strain distribution within the set of bolts made of a work-hardening 
material can be evaluated by examining Fig. 3. This diagram shows 
the bracket with an applied bending moment M, which is sufficiently 


Bolt No.3 


Bolt No.2 


“ig Bolt No. | 


Fig. 3. Deformation of the bracket supported by work-hardening 
bolts. 


large to cause the elongation in bolt No. 1 to equal e*, the elongation 
at the yield stress of the material. The plastic elongations in bolts No. 2 
and No. 3 are seen to be proportional to the distance from these bolts 
to bolt No. 1; or, in terms of the dimensions appearing in the figure, 


(23) 


In view of equation (22), and since the bolts are taken to be physically 
identical, one may rewrite the previous expression as 


‘ 4) 
Within the work-bardening range, therefore, the plastic components of 


the forces in bolts No. 2 and No. 3 are proportional to the distances of 
these bolts from the bolt in which the yield stress is reached. 
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Equilibrium considerations and the assumption that bolt No. 1 is at 
the yield stress of the material lead to the expression 


M,= oy,Ad, + Pd, + Psd, , 
which, in view of equation (20) becomes 
My, = GypA (d, + d,+ ds) +Qd,+Qsd, . (26) 


This equation may also be expressed in terms of the yield stress and the 

plastic foree component Y in bolt No. 2 by introducing equation (24) 

to obtain 

dz + ds —d,(d,+ ds) 
d, —d, 


M,= OyA(d,+ d,+ d,)+Q, (27) 

When the plastic component of force in bolt No. 2 is equal to zero 
(corresponding to an analysis in which the bolts are made of a perfectly 
plastic material, i. e. slope C = 0), the expression for bending moment , 
is identical to that for M,, given in equation (16). Furthermore, since Q, 
is a positive number for any work-hardening material, the added term 
in equation (27) is positive definite, and M, is therefore always greater 
than M,. Thus, a bracket supported by a set of bolts made of a work- 
hardening material can carry more load than one made of a perfectly 
plastic material. The amount of additional load that can be supported 
depends upon the slope of the plastic portion of the stress-strain curve 
and may not be significant for small slopes. 


CONCLUSION 

It has been demonstrated that the load-carrying capacity of a bolted 
bracket is significantly larger than an elastic analysis indicates. With 
three uniformly spaced bolts made of a perfectly plastic material, 28 per 
cent more load can be sustained than that computed by conventional 
methods. Should the bolts be made of a work-hardening material, then 
the increase in the load-carrying capacity of the structure is even greater 
than the aforementioned value. 

In evaluating the factor of safety of the bracket, one is interested 
in comparing the maximum load-carrying capacity of the unit with the 
maximum load to which the structure is subjected. When confining 
one’s attention to an entirely elastic solution, the ratio of loads is iden- 
tical to a ratio of the yield stress of the material to the maximum stress 
induced in the most highly loaded bolt. However, when the bolts are 
made of a perfectly plastic material and all but at least one are at the 
yield stress, one can continue to load the structure, even though the 
maximum stress remains constant. The stress ratio is then no longer 
related to the factor of safety as it was in the elastic range. The true 
meaning of the factor of safety continues to be the ratio of the load-carrying 
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capacity of the structure, computed as a problem in plasticity, to the 


specified maximum external load. 

A design engineer is naturally concerned with the maximum deflections 
that may be expected in a structure stressed beyond the elastic limit. 
It is worth while, therefore, to calculate the strains associated with the 
present problem by assuming the bolts to be made of mild steel, whose 
yield stress o,, = 30,000 in/in? and whose modulus of elasticity EF is 
30 x 10°. (These bolts yield at a strain «* of 0°001 in/in). The maximum 
strain occurs in bolt No. 3 and is equal to 3e*. For mild steel this corres- 
ponds to a strain of 0°003 in/in. In service the bolt strain is even less, 
because of the factor of safety. One should agree that these strains are 
not excessively large and can be tolerated in many applications. 

The previous discussion holds for work-hardening as well as perfectly 
plastic materials. Although detailed analyses for many different structures 
are feasible for the former case, generally they tend to be inherently more 
intricate than the latter case. It is convenient, therefore, to base structural 
computations for work-hardening materials on the assumption of a per- 
fectly plastic material. This assumption always leads to a conservative 
estimate of the factor of safety. The estimate is much more realistic than 
one which is obtained from a conventional elastic analysis of the problem. 
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A THEORETICAL AND EXPERIMENTAL 
INVESTIGATION OF CREEP BUCKLING? 
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Summary This paper describes a practical, graphical and numerical procedure for 
the determination of the collapse time of pin-ended aluminum alloy columns subject 
to creep. A “critical deflection” is found at which the bending rigidity of the column 
is reduced to such an extent that the column becomes unstable under the constant 
load applied to it. To eliminate some of the unessential complexities of the problem, 
the analysis is carried out on the assumption that the actual column can be replaced 
by an idealized two-flange column which deflects sinusoidally up to failure. The flexural 
stiffness is taken as constant along the length of the column and equal to the mid-point 
stiffness, which is determined from the stress-strain curve of the material. The cor- 
responding “critical time” is then calculated by using the creep-strain vs. time curves 
of the material. The method gives good agreement with experimental results obtained 
at the Polytechnic Institute of Brooklyn and at the Battelle Memorial Institute. 


NOTATION 
deflection of column 
radius of gyration 
non-dimensional deflection at center of column 
non-dimensional initial deflection amplitude 
non-dimensional deflection amplitude immediately after ap- 
plication of load 
non-dimensional deflection amplitude at which buckling 
occurs 
non-dimensional deflection amplitude due to creep 
non-dimensional elastic or plastic deflection amplitude which 
is caused by increased bending moment arising from creep 
deflection 
length of column 
second moment of area of column cross section 
bending moment 
stress at concave flange 
stress at convex flange 
mean stress 
critical stress 


Area 


+ The results presented in this paper were obtained in the course of research carried 
out at the Polytechnic Institute of Brooklyn under Contract Nonr. 839(18) with the 
O.N.R. 


Imperial College of Science 


Politeehnic Institute of Brooklyn, 


€ Stanford University, Stanford, California 
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depth of section 

Load 

Euler’s buckling load 

buckling load when limit of proportionality has been exceeded 
Young’s modulus of material, found at the proper temperature 
tangent modulus in concave flange 

tangent modulus in convex flange or Young’s modulus 
depending on loading conditions 

reduced modulus 

strain in concave flange 

strain in convex flange 

strain in coneave flange due to creep 

strain in convex flange due to creep 

deflection of beam 


small increment 


INTRODUCTION 


WHEN a load is applied to an initially slightly curved column, the bend- 
ing moment resulting from the eccentricity of the line of thrust with 
respect to the centroidal axis causes an instantaneous elastic and possibly 
plastic increase of curvature. Because of the bending moment the stresses 
at the concave and convex surfaces of the column are different in magni- 
tude, and the two surfaces are therefore subject to different rates of 


creep — that is, under constant load the surface strains change with 


time at different rates. There results a continuing deflection of the column 
for constant load, with a consequent increase in bending moment; this 
increase in bending moment produces a corresponding increase in stress 
at the concave face of the column and a decrease at the convex face, 
resulting in changes in the creep rates. 

Thus the column continues to deflect at an increasing rate under 
constant load, and since the stress-strain curve of the material of the 
column is not straight at high stresses, there comes a time when the 
decrease in effective flexural rigidity causes the column to collapse. The 
present paper describes in some detail an approximate method of de- 
termining the collapse or ‘critical’? time for a column under a given 
load. 

Most methods which have been put forward for determining the be- 
havior of columns subject to creep have made use of the assumption 

relation between strain, time and stress for a given material 
and temperature can be expressed by some convenient mathematical law. 
The method now described makes use of a basic stability concept in order 
to determine the magnitude of the deflection at which the column col-— 
lapses; this approach was proposed in three recent papers.“? A graphical 
and numerical procedure which makes use of the actual creep and stress— 
strain curves for the material of the column is then employed to find 


the time corresponding to this collapse or “critical”? deflection. 
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THEORY 
Basic assumptions 

For simplicity it is assumed that the section of the column can be 
replaced by an equivalent section consisting of two concentrated flanges 
spaced apart at a distance equal to twice the radius of gyration of the 
actual section, and having a total area equal to the actual area. 

It is also assumed that at any instant the flexural stiffness of the 
column is constant along its length and is equal to the stiffness at the 
center section, even though the variation in bending stress along the 
column may be such that the tangent modulus in the flanges near the 
center of the column differs appreciably from that near the ends. Given 
the further assumption that any initial curvature of the column and 
eccentricity of loading can be jointly represented by a concentric load 
acting on a column having an initially sinusoidal shape, it is then con- 
sistent in these respects to assume that the deflected shape of the column 
remains sinusoidal throughout its life, although the relation between 
creep rate and stress does not support this assumption. 

It is believed that these assumptions are justified in view of the in- 
trinsic difficulty of specifying the creep properties of aluminum alloys 
at elevated temperatures, and in view of the extreme sensitivity of these 
properties to very small changes in temperature. 


Determination of critical deflection 

When a load P is applied to a column, the initial amplitude y,, of the 
deviations from straightness increases instantaneously to y,; thereafter 
the deflection and the concave surface stress increase under constant 
load because of creep. 

The stress-strain curve of the material of the column is not indefinitely 
linear, and the tangent modulus of the material decreases as the stress 
increases, so that the flexural stiffness of the column also decreases. 
There comes a time when the stiffness of the column is diminished to 
such an extent that the constant load P becomes equal to the Euler 
buckling load for a column having this reduced stiffness, and at that 
stage the column must collapse. Thus instead of defining a critical value 
of load, it is possible to define a critical value of stiffness, and this 
stiffness corresponds to a certain critical deflection. 

Consider the section of the column to be one having two concentrated 
flanges such that the total cross sectional area A and the moment of 
inertia / are preserved. The non-dimensional deflection a is defined as 


a= y/o = 2y/h 


where y is the total deflection at the center of the column and o 


is the radius of gyration. The stresses on the concave and convex 


respectively are then given by statics: 
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G,,(1 a)| 


(1) 
0; Cunt ] a )| 


where o,, is the mean stress P A. If the deflection of the column is caused 
to increase an infinitesimal amount under constant load, the compressive 
strain in the concave flange increases in proportion to the tangent modulus 


k.. corresponding to the instantaneous value of o,. At the same time the 


strain in the convex flange changes in proportion to the modulus EF, and 
the effective bending rigidity of the column is proportional to the reduced 


modulus for a section having two concentrated flanges 
Evea = 2E, E./(E,+£,) . (2) 


bk, is equal to Young’s modulus & when the stress o, in the convex flange 
is compressive but decreasing; it is still equal to EF when the deflection 
is sufficiently large for o, to be tensile but less than the elastic limit of 
the material; and finally, it is the tangent modulus in tension when 
o, exceeds the elastic limit in tension. From the instantaneous stress— 
strain diagram for the material, determined at the proper temperature, 
the value of the tangent modulus can be found for any value of o (Fig. 1). 


1. Corrected stress-strain curve as determined from instantaneous 


bending tests at 500°F. }in.x1in. section Al alloy 2024-T 4. 


Subsequently o, and o can be calculated from equations (1) for a pre- 
scribed value of o,, and for varying values of a and in this way the 
variation of FE, and EF, with a can be established. Then corresponding 
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values of Ey.q can be computed from equation (2). Finally the quantity 


Gm/E.q Can be plotted against a (Fig. 2). 


IM 


From curves 
at ¢ 
of fig. | 


Non dimensional deflection 


2. Determination 


The critical stre 
7 Brea/(L/0)*, 
so that buckling occurs at that deflection for which 


On | Cor E rea = 72/(L o)*. 
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This value of a Geri, CaN be found for a given o,, and L/o from the graph 


of Fig. 2. Fig. 3 presents load values plotted against a,,;, for the three 
column sizes provided for originally in the experimental program; they 
were calculated in the manner just described. It remains then to find 


the time at which a,,., is reached. 


Determination ot critical trie 


When a load is applied to a column having an initial non-dimensional 
amplitude of deviation from straightness a,,, an instantaneous additional 
deflection oceurs. If the column remains elastic the total non-dimensional 


central deflection is given by 
ao Aono! | l (P Pr)| . (5) 


If the deflection a, is so large that the proportional limit of the material 
is significantly exceeded, a, must be found by a process which will be 
described later. 

Next, reference is made to the creep strain vs. time curves for the 
material obtained at different stress levels. These curves should be plotted 
exclusive of the instantaneous elastic or plastic strain which oceurs when 
the specimen is loaded (see, for example, Fig. 4). Then for the value 


(1b /in?) 


of a, given by equation (4 » can find o and o, from equations (1). 
From the creep cur the amount of creep strain occurring during 
a small interval oj at each of these two stress levels can be found. 
Since the deflection at failure, a.,i, is already known, it is possible to 
determine an increment of time corresponding to an increment of strain 
which is some suitably small fraction of the total strain corresponding 
to 4, 

The strain increment in the two flanges corresponds to an increment 
of curvature and consequently an increment of deflection, which is 
given by 
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iGreen L( Ae,, le;,) 22707. (6) 
This increment in the amplitude of the non-dimensional sinusoidal de- 
flection results in a simultaneous increment of bending moment which is 


1M = PoAdcreep (7) 


Stress history. 


Fic. 6. Creep strain curve corresponding to stress history of Fig. 5. 


Due to this increment of bending moment there is an instantaneous 


increment of curvature given by 
1(1 R) Po ldcreep E eal ‘ 


and the corresponding increment in deflection is 


Idinst fAcreep PL? /2* E yea l iGaep ?|/P* ; 


where 


P* = Eh al /T’. 
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Thus the instantaneous elastic or plastic increase in deflection correspond- 
ing to an increment of creep deflection can be calculated. New values 


of o, and o, corresponding to the total deflection @ + @ereep + Ginst Can then 


be found from equations (1) and the additional creep strain occurring 
during a further increment of time can be found from the creep strain 
irves. In doing this it is assumed that when transferring from one stress 
level to another (Fig. 5) there is continuity of creep strain (Fig. 6). 
{s the calculation proceeds, the total creep strain which has occurred 


should be recorded separately. 


corresponding to stress history of Fig. 5. 


sted 


critical time with initial eccentricity. 


It is also assumed that the instantaneous increment in strain cor- 
given by the stress-strain curve 


responding to an increment in stress is 
at the appropriate stress level and that this is unaffected by any inter- 
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vening creep strain which may have occurred (see Fig. 7). Having found 
the creep strain increments corresponding to the second increment of 
time as appropriate to the revised values of o, and o,, the associated 
instantaneous elastic and possibly plastic response can again be found. 
In this way a plot of the deflection a vs. time is obtained. The time 
corresponding to 4,,j; is the “eritical’’ or failure time of the column. 
An example of this caleulation is given in Appendix 1. The variation 
of critical time with initial eccentricity is shown in Fig. 8. 

Calculation of instantaneous deflection and failure load in the absence of creep 


When load is applied to the column an instantaneous elastic and 
possibly plastic deflection occurs. If the load is sufficiently large to cause 
the deflection to reach the critical value a,.,, then failure occurs in- 
stantaneously without any creep having taken place, and the critical 
time is zero. Where the critical time is other than zero, the first step 
in its determination is to find the elastic and possibly plastic deflection 
which occurs when the load is applied, as has already been observed. 

Up to the elastic limit of the material of the column the deflection 
is given by 


(P/Px)]. 


After the elastic limit has been appreciably exceeded, the deflection can 
be determined graphically, making use of the stress-strain curve of the 


material. The amplitude corresponding to ¢«, and e«, for a sinusoidal 


deflection, is 
(11) 


o=0:'1 +140-5 (ee) 


~€,) xlO 


Strain difference (e« 


Non—dimensional deflection @ 


9. Relation between strain difference and instantaneous column 


~j.- 


deflection (L/a oZ°/). 
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This equation defines the relation between strain and deflection and 
makes it possible to plot (e.—e«) against a, for given values of ad, and 
Lo. A further relation between load, strain and deflection is found in 
equations (1) and the stress-strain curve for the material. Therefore 
curves of €;) against a, can be plotted for specified values of o,, P/A 
Fig. 9). The intersections of these curves with the straight line given 


by equation (11) give points on the load-deflection curve (Fig. 10). The 


* .& 
24 “ 
> 


Non - dimensional deflection 0 


Instantaneous load-defleetion curve for column caleulated from 
ape 


stress-strain curve of material (L/o = 52-7 


second intersection of a curve, corresponding to the larger deflection, 


represents a point on the unstable part of the load-deflection curve. 


The value of P for which the second curve is tangential to the line 


of equation (11) is the instantaneous failure load for the column. The 
maximum load corresponds to a deflection a Gerit. AN example of 
the above calculation is given in Appendix 2 which also outlines a sim- 
plified procedure suitable for columns in which o remains within the 


elastic limit. 


EXPERIMENTS 
Determination of stress-strain curve for material in the absence of creep 
Load—deflection curves were obtained for beams each having a 12 in. 
test length, which was subjected to a uniform bending moment. The 
material was 2024—-T4, and the cross section of the beams, which were 
bent about the longer axis, was } in. tin. The maximum deflection 
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11. Creep bending oven. 
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permitted by the loading rig was 1-4 in. which corresponded to a strain 


on the surface of the beam of 0-0057. 

The loading rig is shown in Fig. 11. The load was applied by weights 
through an aluminum spreader beam to phosphor-bronze straps which 
were suspended from cantilevers at each end of the test beam. The bearing 
surfaces between the phosphor-bronze straps and the cantilevers were 
each provided with a radius so that the lever arms should remain con- 
stant during the deflection of the beam. The knife edge at one end of 
he test beam was mounted on a plate which ran on ball bearings so 

end restraint to the beam was minimized. The base of the loading 
vas sufficiently stiff to prevent relative movement between the ends 
beam and the reference point from which the deflection of the 
measured. The dead weight of the aluminum spreader beam, 
ie end cantilevers and the loading straps was counterbalanced by 
weights which were inserted before the test began. The load on the 
anger was supported by the ram of a hydraulic jack and the load was 
ied by allowing the ram to fall. In order to achieve a practically 
constant velocity during the application of the load the ram was loaded 
by additional weights totalling 200 lb. (The maximum load carried by 
he specimen was 150 1b.) As the ram fell the load on the hanger was 
dually transmitted to the specimen. 

Four electric resistance strain gauges were fixed at the center of the 
aluminum spreader beam and wired into opposing arms of a Wheatstone 
Bridge. The output from the bridge was fed to a Honeywell recorder, 
and in this way a plot of load against time was obtained. The load on 

hanger was more than sufficient to cause failure of the beam, so 
when the load hung free of the ram the end cantilevers were in 
with the base of the loading rig. In this free hanging condition 
the load on the hanger was fully supported by the aluminum spreader 
beam and the load measurement system was therefore self-calibrating 
since the load on the hanger was known. So that the range of the recorder 
could be suitably adjusted before a test, a steel safety bar was inserted 
across the specimen between the end fittings and the load could then 
be hung from the spreader beam without being transmitted to the 
specimen. The valve which controlled the flow of oil from the jack 
evlinder was turned to an adjustable stop, and in this way a chosen 
velocity could be maintained. 

In the first experiments the deflection at the center of the beam was 
measured by means of a differential transformer. The core of the trans- 
former was suspended from a chain which was fixed to a U-clamp at 
the center of the specimen. To cover the range of deflection of the beam, 
it was necessary to use the full travel of the core, on both sides of the 
central null point. It was found that the deflection vs. response curve 


nsformer was very flat around the null point (see Fig. 12). 
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To overcome this difficulty one side of the primary coil of the transformer 
was connected to one side of the secondary, and the flat portion of the 
curve was then eliminated. In spite of this refinement the differential 
transformer was not wholly satisfactory, partly because the oscillator 
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Fic. 12. Output-characteristics of differential transformer. 


which supplied the high-frequency voltage was unreliable and partly 
because the conversion from chart reading to deflection was tedious. 
Furthermore, a separate calibration covering the whole deflection range 
had to be made for each test since the calibration curve was liable to vary. 

Subsequently, therefore, another device was used for measuring the 
deflection of the beam. The device consisted of a thin aluminum strip 
which was clamped against rotation at one end and fixed to a light 
aluminum tube at the other. The free end of the tube was suspended 
from the chain which was fixed to the center of the beam. Four strain 
gauges were fixed to the surfaces of the aluminum strip and formed the 
arms of a Wheatstone Bridge, the output of which was fed into a recorder. 
The rigidity of the aluminum tube was very large compared with that 
of the strip and therefore all the curvature necessitated by the deflection 
of the cantilever was, so to speak, concentrated at the aluminum strip. 
This not only increased the sensitivity of the device but also eliminated 
‘“‘whip”’ from the system. 

Having a curve of load vs. time and also of deflection vs. time it is 
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then possible to plot load against deflection. In most of the tests load 
was applied for about 2 sec. In order to find whether this rate of 
loading was sufficiently rapid to eliminate the effects of creep, further 
tests were run with a loading time of 8 sec. No significant difference in 
the load—deflection curves for the two loading speeds was observed, and 
it seems reasonable to assume therefore that the 2 see tests were suf- 
ficiently rapid to be considered instantaneous for practical purposes. 

The lid of the oven, which could be raised for access to the specimen, 
was lined with strip heaters of 1500 W total capacity. Auxiliary 100 W 
heaters were provided within the end loading cantilevers. Five thermo- 
couples were spaced along the length of the beam for observing tem- 
perature and three additional thermocouples were connected to a con- 
troller which governed the power to the strip heaters. The auxiliary end 
heaters were separately controlled manually by powerstats. 


13. Typical load—-deflection curve for beam. 


To test the measuring technique some tests were run on cold specimens, 


so that the load—deflection curves so obtained could be compared with 
a load—deflection curve which was obtained by incremental loading and 
direct measurement of deflection by means of a dial gauge. 

From the fourteen load—deflection curves obtained (Fig. 13) a mean 
curve was drawn (Fig. 14). To convert the deflection to strain it was 
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Fic. 14. Envelope of fourteen instantaneous bending test results (500° F). 


assumed, for the purpose of these tests, that the surface strain is given by 

é 16h/L*. (12) 
The error involved in this assumption is examined in Appendix 3 and 
shown in Fig. 15. 

To find the relation between load and stress involves a more com- 
plicated procedure, owing to the non-linear distribution of stress over 
the depth of the section. After the limit of proportionality has been 
exceeded a first approximation to the stress-strain curve can be found 
on the assumption that 

Mh/2T. (13) 


The load—deflection curve can therefore be considered to be a first ap- 


proximation to the stress-strain curve to some scale. The strain is pro- 


portional to the distance from the neutral axis, so the stress-strain curve 
can also be taken as the stress distribution over the depth of the beam. 
Referring to Fig. 16, the stress under the straight line EC would produce 
a moment in equilibrium with the applied bending moment, since the 
stress at point C was ealculated on the assumption that the stress dis- 
tribution was linear. The stress under the curved line EABC therefore 
would not be in equilibrium with the applied moment and requires cor- 
rection. A convenient numerical procedure for deriving the stress-strain 


curve is outlined in Appendix 4. 
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16. Derivation of stress-strain curve from load-deflection curve 


beam. 
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Creep bending tests 

The beams were loaded in the seme wey as for the instantaneous 
bending tests. The load was applied over a period of about 5 see, since 
a more rapid application of load could have resulted in additional de- 
flection owing to impact at the moment when the load became fully 
supported by the beam. Loads ranging from 27 lb to 144 lb were applied 
and these corresponded to a flange stress o in the equivalent beam ranging 
from 6000 to 32,000 Ib/in?. The deflection was measured by the aluminum 
strip device which was used for the instantaneous bending tests, and the 
instant when the load was fully supported by the specimen was indicated 
by a sharp kink in the deflection vs. time curve. Ideally the deflection 
for which the kink occurs should be given for the applied load by the 
load—deflection curve found from the instantaneous tests. The deflections 
determined from the kinks of the deflection vs. time curves of the creep 
tests have been superimposed on the instantaneous load—deflection curve 
in Fig. 17, and the correspondence between these separate experimental! 


140 


0-4 06 08 
Deflection, in 
ic. 17. Average load—deflection curve from instantaneous bending tests 


with corresponding points from creep bending tests. 


points and the mean instantaneous curve gives confidence that the creep 
deflections measured were inclusive of primary creep and exclusive of 
instantaneous deflection. The deflection was also measured relative to 
the zero load condition by means of a direct scale reading at the end of 
the cantilever; this observation could not, of course, be made during 


the very early stages of primary creep due to the rapid deflection of 


the beam. 
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For the creep tests the end pillars of the loading rig were increased 
in height so that a maximum central deflection of 2 in. was attained 
when the end cantilevers reached the base of the loading rig. The tests 
were run until this deflection had been reached or until 6 hr had elapsed, 
whichever occurred first. In general, the temperature as indicated by 
the thermocouples remained within +1°F of 500°F throughout the test. 

The deflection curves are shown in Fig. 18. Four tests were run for 
a value of o = 22,000 lb/in?, and it can be seen that there was considerable 
scatter. One of the four specimens was soaked for 6 hr at 500°F, and 
allowed to cool before testing; the deflection vs. time curve obtained 


for this specimen lay within the range covered by the other three speci- 


60 
T me min 


nadjusted total deflection vs. time from creep bending tests 
500° F) Al alloy 2024—T4. 


mens. Two specimens which were soaked for 6 hr and then immediately 
tested at o = 20,000 Ib in? and o = 22,000 Ib/in?, respectively, were found 
to creep much more rapidly than specimens tested at the same stresses 
without prior soaking. 

When the deflection of the beam approaches 2 in. the use of equa- 
tion (12) to determine strain from deflection results in an appreciable 
error, particularly when it is remembered that to obtain the creep strain 
the elastic strain must be subtracted from the total strain. A more ac- 
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curate relation is therefore given in Appendix 3 and Fig. 15, and this 
was used for converting deflection to strain. The load—deflection curves 
of Fig. 18 were adjusted by an interpolation process, and the curves of 
Fig. 4 were derived by converting from deflection to equivalent flange 
strain. These creep curves are believed to be sufficiently accurate for 
the purposes of the present investigation but it is considered that an 
insufficient number of tests has been made for the curves to be used 
as standards of reference. 


Column tests 

The columns were loaded by dead weight through the lever system 
shown in Fig. 19. Load was transferred to the column by allowing the 
ram of the supporting jack to fall: the rate of load application could be 
measured by means of strain gauges fixed to the upper and lower flanges 


of the loading lever, the output being fed into a recorder. The load was 
applied to the column through knife-edges which incorporated a device 
for adjusting the eccentricity. The knife-edges had cylindrical seatings, 


to minimize bending moments about the major axis. 

In the first tests the eccentricity was adjusted by trial, by observing 
elastic strain differences due to load at room temperature. For this 
purpose electric resistance strain gauges were fixed to the column faces 
at the center and at the third points. At elevated temperatures the deflection 
was measured at one third point by a differential transformer. 

In later tests the eccentricity was adjusted by observing deflections 
measured by 0-0001 in. dial gauges at the center, at the third points 
and at the ends of the column. To minimize the spring pressure of the 
dial gauges, the action of one of the internal springs was reversed so 
that the spindle came to rest at the center of its travel. The dial gauges 
were connected to the column by a friction device which was designed 
to prevent damage to the dial gauges at the moment of failure of the 
column. 

In all tests the initial eccentricity was set so that the elastic strain 
differences or deflection due to a load applied at room temperature was 
that which would be expected for a column having an initial sinusoidal 
amplitude of one tenth of the radius of gyration. 

Experiments were performed on columns having an overall length of 
3°80 in.; this length corresponds to an L/o ratio of 52-7. Deflections were 
read until the column deflected so rapidly that this was no longer 
possible — that is, until a few seconds before final collapse. 

Figs. 20 and 21. show deflection vs. time and load vs. critical time 
curves for three column lengths for several loads as calculated. It will 
be remembered that although the theoretical caleulation gives the am- 
plitude of the column at any time, the sinusoidal shape is an inherent 
assumption. 
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Fic. 20. Typical deflection vs. time curves for columns. 
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Correlation with tests of CARLSON and MANNING 

The results of an extensive series of tests have been published by the 
above authors “, and an attempt has therefore been made to correlate 
the present theory with these earlier results. Some difficulty was en- 
countered since the creep curves published in the above paper cover only 
a limited range of stress and strain. 

A comparison between measured and calculated failure times is shown 
in Fig. 22. 
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Fig. 22. Comparison of theory with CaRLSON and MANNING’s experimental 
results. 


CONCLUDING REMARKS 

A method has been presented for the calculation of the critical de- 
flection of a column whose material is subject to instantaneous elastic 
and plastic deformations and to creep. If sufficient information on the 
behaviour of the material in creep is available, the critical time, that 
is the time necessary to reach the critical deflection, can be determined 
analytically, graphically or numerically. At the critical deflection the 
velocity of the lateral deflection of the column becomes infinite if inertia 
effects are disregarded. 

When the stress-strain curve of the material has no horizontal tangent, 
the reduced modulus has a minimum value different from zero. If the 
load applied to the column is smaller than the critical load corresponding 
to the minimal reduced modulus, a critical deflection does not exist and 
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the theory here presented does not apply. It has been shown theoretically 
that in such a case buckling occurs when the lateral deflection tends 
to infinity. For practical purposes, failure may be deemed to have oc- 
curred when the lateral displacement becomes unacceptably large. How- 
ever, in most cases of interest in missile design the conditions are such 
that the present theory is valid. This was borne out by an analysis of 
tests carried out at the Polytechnic Institute of Brooklyn and at the 
Battelle Memorial Laboratory. 
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APPENDIX 1 


DETERMINATION OF CRITICAL TIME 
The following example is presented as a more detailed illustration of the procedure 
outlined in the text for the calculation of the time which has elapsed when the deflection 


a.,,, is reached. This time is the collapse or “critical’’ time for the column. 


Length L 3°80 in. 
Cross section 1/2 in. x 1/4 in. 
Radius of gyration 0 0-07217 in. 
L oO 52-7 
Initial deflection ay, = 0:1 
Elastic modulus at 500°F = 8-5 x 10° Ib/in? 
Constant applied load P = 2000 Ib 
Mean stress o,, 16,000 Ib/in2 
From Fig. 3, Dorit 1-5 
Euler buckling load at 500°F, P, w?HI/L? = 3782 lb 
For a stress less than 33,500 Ilb/in®, (or for a less than 1-09), the stress-strain curve 
is approximately linear, and 
rir 


The instantaneous deflection which occurs when the load is applied is given by 


a Aoo/[1—(P P,)]- 


With the values given, a, 0-212. This value is less than 1-09, and the above formula 
is therefore appropriate. 
At time ft 0, therefore, the deflection a 0-212 and the flange stresses are found 


from equations (1): 
16,000 x 1-212 19.400 Ib/in2 


16,000 x 0-788 12,600 lb/in? . 
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For this stress level a suitable increment of time is about 5 min. From the curves 
appropriate to the above stresses in Fig. 4, the creep strains corresponding 
a time interval of 5 min can be found, starting from the zero strain level. 

Then for the time increment ¢ Otot 


mos nearly 


to 
5 min the increments of creep strain are 


Ae, 0-047 
Ae, 0-013 « 1072 


These strains are also the total creep strains at f 


5. 
The increment in central deflection due to the incremental creep strain can be found 
from equation (6): 


2x70? 


reep 


Aa [*(Ae. Ae,.) 
5 the increment of deflection is 
i 140-5(0-047 — 0-013) 107? 0-048 . 


rhe increment of deflection due to creep gives rise to an instantaneous increment 
of deflection given by equation (9): 


Aa Pir? . 


creep 
So for the time interval 5 the instantaneous increment of deflection is 
0-048 « 0-529 0-025. 


The total deflection is therefore 


0.212 + 0-048 + 0-025 


The flange stresses o, and o, should now be re-caleulated 


16.000 « 1-285 20,600 Ib/in? 


16,000 « 0-715 11,400 lb/in? . 


g. 4 are again used to find the increments of creep strain 
which occur at these two stress levels during 


Next, the creep curves of Fj 


an additional time interval of 5 min. It 


is important to note that the strain increments must be found for a time interval of 5 min 


starting from the strain levels 
0-047 
0-013 
total creep strains at ¢ are found to be 
0-080 
0-020 
‘ep strain increments are 
Aé 0-033 


Ag, 0-007 


The corresponding increment of deflection 


Is 
Aa ; 140-5(0-033 — 0-007) 1072 0-037 


r 


and the instantaneous response is 


0-020. 
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The total deflection at ¢ 10 is therefore 


,_ 1, = 0°285 + 0:037 + 0-020 = 0-342. 


The flange stresses are then 
G, 16,000 x 1-342 = 21,500 lb/in* 


0; 16,000 « 0-658 10,500 Ib/in? . 


From the curves of Fig. 4, at the appropriate stress levels, it is found that during 


a further 5 min interval the total creep strains increase from 


0-080 « 1072 


0-020 x 107 


0-135 x 107° 


0-025 x 10 


0-055 » 
0-005 » 
The increment of creep deflection is 
Aa 140-5 (0-055 — 0-005) 107? 0-070, 
and 


0-070 « 0-529 0-037. 


The total deflection after 15 min is 


a,_,, = 0-342 + 0-070 x 0-037 = 0-449, 


and the flange stresses are 
G, 16.000 x 1-449 = 23.200 Ib/in? 


6, 16,000 « 0-551 8.800 lb/in? . 


During a further 5 min interval at these stress levels the creep strains increase from 


0-135 x 107? 


0-025 » 


0-210 » 
0-025 > 
the creep strain increments being 
Ae, = 0-075 » 
Ae, 0. 


140-5 (0-075 — 0) 107? 0-105 

0-105 « 0-529 0-055 

0-449 + 0-105 + 0-055 0-609 
or 


16,000 « 1-609 25,700 lb/in? 


o = 16.000 x 0-391 6,300 lb/in? . 


The rate of deflection now is such that the time interval should be reduced. Then 


proceeding as before 
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At 7 22 min 2 0-310 >» 


E,. 0-025 
0-100 » 
Ae, 0 
140-5(0-100 — 0) 107-2 0-140 
0-140 « 0-529 0-074 
0-609 + 0-140 + 0-074 0-823 
16.000 « 1-823 29,200 lb/in? 
16,000 « 0-177 2.800 Ib/in? 
224 min ‘ 0-390 » 
s. 0-025 » 
Ae, 0-080 « 107? 
Ae, 0 
140-5 (0-080 — 0) 10-2 0-112 
0-112 « 0-529 0-059 
0-823 + 0-112 + 0-059 0-994 
16,000 « 1-994 31,900 lb/in? 
16.000 « 0-006 100 lb/in? . 


Che creep rate for a stress of 31,900 lb/in? is so large that failure ensues almost imme- 
diately, and the failure time may be taken as 


224 min 


\PPENDIX 2 


DETERMINATION OF INSTANTANEOUS FAILURE 


LOAD FOR COLUMN, 
MAKING DIRECT USI 


. OF THE STRESS-STRAIN CURVE FOR THE MATERIAL 
It is required to find the load which will cause failure at ¢ 


0, and to plot the load 
deflection curve for the column 


The relation between total deflection and strain difference for a column with a sinu- 
soidal deflection is 


(11) 


The relations between stress and total deflection are 


a) | 
a) | 


(in which o, P/A). 


The relation between stress and strain for the material is given in Fig. 1. 
For a given value of o P/A 


it 18 possible to find 8.5 O, 


(€,— &,) and a from the 
above four relations 
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For L = 3:8 in. 0 0-07217 in. Ge = 0-1, 


equation (11) becomes 
a 0-1 140-5 (e, &) . 


and this expression is plotted in Fig. 9. 
Then for specified values of P, equations (1) and the stress-strain curve make it 
possible to plot (e,— &) against a. 
For example, if P = 2000 lb, o,, = 16,000 lb/in?, and for chosen values of a the stress 
and strains are 
32,000 
35,200 3,200 
38,400 6.400 
41,600 9,600 
43,200 11,200 “¢ 9-0 
44,800 12,800 : °5 11-9 


Intersections occur at a = 0-21 and ata 1-81, so these are the two possible values 
of a corresponding to a load of 2000 lb. 

Proceeding in the same way for further values of P, the curves of Fig. 9 and the 
load—deflection curve of Fig. 10 are constructed. 

It often happens that the stress oc, falls within the linear part of the stress-strain 
curve. Then 


From equations (1), 
so that 


Also from (1) 


Substitution of these expressions for ¢, and a in (11) results in 


Since P, mHAo?/L?, this can be written 


(o,/E)[2(P 


( 


p/P) —1)—2(e,,/£) (0 yo) (P,/P)—1). (14) 


This expression represents a linear relation between e¢, and o,; for any given value of o,, 
the corresponding value of oc, is given by the intersection of the curve representing 
equation (14) with the stress-strain curve for the material. 


Then the deflection is given by 


lor the column chosen in the example P, 3782 lb, and if P = 2000 lb, equation (14) 
becomes 
OF. 2-7820 — 34,500 
0-328 : 4-06 «x 107°. 


This gives intersections with the stress-strain curve at o 19,200 lb/in? and 


( 


a, = 44,700 lb/in? corresponding to a = 0-20 in. and a 1-80 in. respectively (Fig. 23). 


The first intersection occurs within the linear part of the curve, and the deflection could 
have been obtained directly from the equation for the deflection of an elastic column. 
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The second intersection represents a point on the unstable part of the load—deflection 
curve. The value of a, corresponding to this deflection is 12,800 lb/in?, so that the 


assumption that o, Eke, was valid in this case. 


€ 


Fic. 23. Relation between load and compressive stress. 


The curve of equation (14) for P 3000 Ib (Fig. 23) does not intersect the stress 


strain curve, and this indicates that this load exceeds the carrying capacity of the column. 
The load for which equation (14) is tangential to the stress-strain curve is the maximum 


load which the column can carry. 
When both stresses o, and o, fall within the linear part of the stress-strain curve, 


the strains are given by 


and trom equation 


Substitution in equation 


’ o > 
a ro 4 tAG Ao, + aP/P, 


which is the usual expression for the deflection of an elastic column. 
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APPENDIX 3 


RELATION BETWEEN STRAIN AND DEFLECTION FOR BEAM WITH UNIFORM 
CURVATURE 


Fic. 24. Geometry of deflected beam. 


From the geometry of Fig. 24 
6(2R—d) (Rsin@)? 
and 


6(2R [Rsin(L/2R)}. 


The surface strain is given by 


h 2R ° 


and equation (15) therefore makes it possible to plot ¢ against 6 (Fig. 15). 
If 6 is small compared with R, and if RsinOxL/2, equation (15) becomes 


and 


APPENDIX 4 


‘ERMINATION OF STRESS-STRAIN CURVE FROM LOAD-DEFLECTION 
CURVE FOR BEAM 

The full line of Fig. 16 is the mean measured load—deflection curve for the beams 

tested. Points 4, B, C, D have been corrected successively to give points A’, B’, C’, D’. 

Consider the correction of point C. Let the ordinate FC represent to some scale the 

stress at the surface of the beam if the distribution over the depth were linear; then 

the moment of resistance of the stress under triangle EFC is proportional to the actual 


moment acting on the beam. Therefore the position of the point C must be changed 


to some position C’ such that the moment of the EFC’B’A’ is the same as that of the 
triangle EFC 
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The moment of the triangle EFC is approximately proportional to 
(1-1 x 135) + (1-0 x 122) + (0-9 x 110) -l> 617. 

The moment of the area EFCBA is proportional to 
135) 1-0 x 130) + (0-9 x 123) . 11) 673. 


If C is moved to a position C’ such that the ordinate FC’ 111, the moment of the 


area EFC’R'A 1s proportional to 


111) (1-0 110) (0-9 109) 


C’is therefore approximately the corrected position of C. 
The deflection scale is readily converted to surface strain by the approximate expres- 


sion 


40h/L? , 


where /) is the depth of the beam and 6 the deflection, or alternatively by the more 


accurate relation of Appendix 3 
Che load seale is converted to surface stress by applying the formula 


Wh/21 


to a point on » lin the curve. 
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THE USE OF UPPER-BOUND SOLUTIONS 
FOR THE DETERMINATION OF TEMPERATURE 
DISTRIBUTIONS IN FAST HOT ROLLING 
AND AXI-SYMMETRIC EXTRUSION PROCESSES 


W. JOHNSON * and H. Kupo?t 
(Received 23 April 1959) 


Summary By using realistic upper-bound solutions it is possible to estimate instan- 
taneous temperature distributions throughout a mass of material which is fast being 
plastically deformed. 

For a particular hot rolling process an estimate of this distribution has been made 
and, in part to justify the use of the method employed, the results of calculations of 
the deformation of an initially square grid and a calculation of the necessary roll torque 
and roll pressure distribution are given. 

Two particular instances of axi-symmetric processes are examined, both of 0-75 
reduction. Firstly, for extrusion through a square die two forms of velocity field are 
presented and the results predicted therefrom are compared. Secondly, extrusion through 


a smooth conical die is examined. 


INTRODUCTION 
IN A previous paper” TANNER and JOHNSON considered some of the 
aspects concerning temperature rise which occur when a metal is rapidly 
plastically deformed, particularly under conditions of plane strain, by 
reference to extrusion processes. Their work extended the original work 
of BisHop®. Their analysis indicated that for fast metal-working pro- 
cesses (a criterion of fastness was given) conduction could be neglected, 
and on the further assumption that all the work of plastic deformation 


reappeared as heat, it became possible, by approximating a given slip- 
line field solution and so treating it as an upper bound, to determine 
the distribution of temperature throughout the deforming mass. This 


approach is subject to a certain amount of inexactitude, because amongst 
other features, an upper-bound solution provides loads which over- 
estimate the true load. However, two categories of solution are available: 
(i) plane-strain solutions for which a slip-line field solution exists 
(ii) solutions which are analytical or graphical, plane strain or otherwise. 
For category (i), slip-line fields, though they give upper-bound so- 
lutions and are not unique, have yet been shown to give reliable infor- 
mation for many diverse problems. Upper-bound solutions which consist 
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of a system of fictional tangential velocity discontinuities, can be made 
to approximate slip-line field solutions as close as required, and, assuming 


a slip-line solution to be the most accurate solution, it follows that the 


degree of inexactitude in these cases can be made extremely small. 

To eategory (ii) belong the classes of problem for which no exact 
solution has been found; in particular there is neither a slip-line solution 
for every given plane-strain circumstance nor for metal-working problems 
is there a fully satisfactory solution for axi-symmetric processes. In these 
instances, the employment of an upper-bound solution becomes some- 
thing of an expedient. It will give a magnitude for the load to perform 
a certain operation which exceeds that which is certainly required, and, 
if other methods for load estimation are lacking, then short of highly 
empirical approaches, it offers a rational approach to the problem. To 
effect a solution of this kind requires one to discover a ‘kinematically 
admissible velocity field’’, and this of itself is often a matter of con- 
siderable difficulty. If this ean be done, then it is usually possible to 
minimise the over-estimate of load; it will be shown elsewhere that good 
upper bounds for indenting and extrusion operations are available. (Work 
to be published by Kubo et al.) Knowledge of these solutions can be 
utilised to give further information such as grid deformation and tem- 
perature distribution. Information derived in this way is of course open 
to criticism, but, when it is not available to engineers by any other means, 
it is entirely reasonable to employ the approach, feeding into the situation 
to be investigated such realistic background knowledge as may be 
available. 

Two problems, each of great industrial importance are examined below 
and they are representative of the two categories of solution described 
above. Firstly, a slip-line field for the hot rolling process as originally 
given by ALEXANDER® is used, and, by “rationalising” this field in 
a manner earlier described (TANNER and JOHNSON)”, the temperature 
distribution through the roll-gap has been evaluated; the predicted mode 
of deformation of the material as it passes through the gap is also pre- 
sented. The analysis is completed by showing the pressure distribution 
over the contact roll surface and by drawing some interesting com- 
parisons with earlier technological theory. The second problem is con- 
cerned with axi-symmetric extrusion through square and conical dies. 
It employs analytical expressions for the velocities first obtained by 
Kupo™. For the case of extrusion through a square die, two proposed 
solutions are compared and, though they differ in assumed form, the 
predicted temperature distributions in the outgoing stock do not differ 
greatly. 

The assumptions concerning the material, i. e. its rigid—perfectly 
plastic nature, its temperature independent properties, etc., are precisely 
the same as those adopted in the paper by TANNER and JOHNSON”, The 
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results of their analysis are also assumed to carry over to these in- 
vestigations. 


THE HOT ROLLING PROCESS 

The fast hot rolling of wide sheet is examined, this being an extremely 
important industrial operation. It is well known that the temperature 
of sheet which is being rolled is largely maintained at a fairly high level, 
despite the temperature drop due to heat loss through conduction to 
the manipulator rolls and by radiation whilst waiting between passes; 
the input of work which is dissipated as heat is generated concurrently 
by the process of plastic deformation. The maintenance of a high tem- 
perature ensures a low yield stress in the material throughout the whole 
of the rolling process. In the example below, the sheet is assumed to be 
rolled under conditions of plane strain so that the only known available 
slip-line field solution is applicable. 


(i) Temperature profiles through a roll gap 

To exemplify the application of the graphical technique referred to 
in Section (i) above, a particular rolling example will be analysed. The 
discontinuous velocity field assumed was derived by adapting the slip- 
line field solution originally given by ALEXANDER®), ALEXANDER examined 
the hot rolling of a plastic-rigid material under the assumption that the 
shear stress along the boundary between the roll and the material attains 
the yield shear stress of the material. His solution required the occurrence 
of a very thin slice of rigid material adjacent to the roll surface at the 
entry point; this feature is omitted in the discussion below. 

The case examined (see Fig. 1) is that in which the length of the are 
of contact AB is 1-14 in., the roll radius 15 in., entry thickness 0-259 in., 
exit thickness 0-173 in., the total fractional reduction being 1/3. This 
figure shows the adaptation of ALEXANDER’s solution; the discon- 
tinuous velocity field in the physical plane is obtained by approximating 
the curved slip-lines and the roll contour with chords. The corresponding 
hodograph, shown in Fig. 2, was similarly drawn, and a check on its 
accuracy showed it to be correct to better than 3 per cent. 


The increment of work done per unit volume of the material 4W 


when crossing a line of velocity discontinuity is, 

iW =ks/V, (1) 
where s is the rate of relative slip across a surface of velocity discon- 
tinuity and V, is the speed of the material element normal to the 
discontinuity surface, as determined from the hodograph. In Fig. 3 
is plotted YAW/2k for each stream line. Fig. 4 shows the distribution 
of YAW /2k in the sheet, in and after passing through the roll-gap, it 
being assumed that the whole operation is performed adiabatically. The 
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temperature at each point in the material is simply proportional to 
SAW /2k. Temperature increases AT are estimated by multiplying 24 W /2k 
by a factor ¢, i. e. 

LAW 
e 


AT 
2k 


C 


¢ is 60-80 for aluminium, 110-140 for copper and 120-220 for steel, 


streamline 


of 


@ 
re) 

E 
s 
z 


Roll exit 


Fic. 3. LAW/2k along each stream line in rolling. 


about room temperature, these ranges being determined primarily by 
the possible range in yield stress of the metal. Fig. 4 thus shows the 
temperature profile at five sections through the gap.* 


& entry 


Vertex of dead meto Roll exit 


Fic. 4. Temperature profile at various sections in rolling. 


* A brief examination of the temperature rise through the roll gap in cold rol- 
ling, derived from an elementary technological analysis, has been made by LIPPMAN 
and JOHNSON and is to be published in Appl. Sci. Res., Haque. 
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(ii) Distortion of a square grid 

Suppose it is required to determine the distortion of a grid of lines 
square before entering the roll gap, as it passes between the rolls. The 
horizontal lines are the stream lines, and since the problem is a steady- 
state one, the horizontal position / of a particle after a time ¢, which 


moves along a stream line is 
/ 


f dliu (3) 


0 


vu being the horizontal component of the velocity of the particle, obtained 


from the hodograph. In the discontinuous velocity field used here, wu is 


constant in a rigid zone and the t versus / graph for a stream line consists 
of substantially straight-line sections. This is given in Fig. 5. The point 


12 


5. Time-advance curve along each stream line. 


of intersection of the t—J/ curves and the horizontal lines from the prime 
ordinate, after a fixed interval At d/Uentry facilitates calculation of the 
initially vertical lines; 6 is the horizontal distance between the grid lines. 
The distortions of the grid lines between the rolls, and then as far as 
the exit, are thus obtained; the results of the calculation are displayed 
in Fig. 6. The general retardation of the centre of the sheet with respect 
to its outer surfaces increases till the “‘dead metal zone”’ is reached; in 
the ‘‘dead metal zone”’ there is no further distortion and between leaving 
this zone and finally emerging from the gap, there is a small reversal 
of the distortion. The general shape of the deformed grid is seen to 
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be similar to that obtained experimentally by cold rolling, as per 
ALEXANDER’s paper), 


809 2 & & a OU 
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Contact orc length 
6. Distorted grid for rolling and pressure distribution. 


(iii) Total work done and roll torque 
The rate of energy dissipation é is obtained by summing the quantities 


t.a.8 (4) 


at all surfaces of discontinuity, including the boundary surfaces between 
the roll and the material. d is the length across which the velocity dis- 
continuity occurs; k is the plane strain yield shear stress. 
The roll torque T is 
wT = Lé (51) 
where w is the angular velocity of the rolls. 
For this particular example, 
T = Lé/w = 2-8k (Dii) 


per in. thickness perpendicular to the rolling plane. The mean work done 
per unit volume of the rolled sheet is 


Sé/h X Uentry = 1:99k ~ 1-00 x 2k (6) 


(iv) Pressure distribution over the roll contact surface 

Fig. 1 shows the modified a and f lines of the slip-line field system 
and employing the Hencky equations and calculating the rotations from 
point to point in the field, the pressure at various points throughout 
the roll-gap may be determined. Fig. 6 shows the pressure at particular 
points on the roll contact surface and over the internal boundary of the 
dead metal surface. The mean pressure p,, between the dead metal region 
and the roll only is ascertainable; in this instance p,, = 2-96 « 2k. 

In caleulating the pressures it was assumed that the slip-line at entry 
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was at 45° to the centre line of the sheet. The pressure at the common 
single point N of the two dead metal zones then follows easily. If this 
pressure is calculated from the exit side of the gap, it is first necessary 
to consider an equilibrium condition because the exit slip-lines are curved. 
In this case py caleulated from exit side is 3-17 x 2k and from the entry 
side 3:12 x 2k. 

From Alexander’s stress plane, py is 3-07 x 2k. 
{(V) Comparison with approximate solution 

The usual technological approach to the rolling problem proceeds by 
first finding the position of the neutral point. The equilibrium equation 


on the exit side of the gap, see Fig. 7, is 


hdp k (cota 2?) dh (7) 


Fic. 7. Figure for approximate analysis of rolling. 
Since 
and 


tana 


equation (7) thus becomes 


R l di 
dp | | 
2h pA 


Integrating (8) and noting that p 2k : 


J. 


fh 
2k tan~! 
2h, 


A similar procedure on the entry side gives, when p = 2k at 


Py 24 | = (tan ‘| i tan | ; h, 7 


Use of upper-bound solutions for determination of temperature distributions 183 


The neutral point position is given by p, = p, and thus 


/ 2 /| 
iv — he tan VD . 
hy 2 


I 2 
0-0830 ~ X) 
2 2h,R - | 
and thus | 
Xn 0-464 in. 
The position of N as determined from the slip-line field is Yy = 0-483. 
The roll torque becomes 
T =k(L—2Xy)R =3:-18k (13) 
where L is the length of the contact are. This value of 7 exceeds that 
obtained from the discontinuous velocity field by about 13 per cent. 


AXI-SYMMETRIC EXTRUSION PROCESSES 

No exact solutions to the problem of axi-symmetric extrusion have 
vet been obtained and it is therefore reasonable to seek close upper 
bounds. Kupo™ has made extensive and seemingly comparatively suc- 
cessful investigations into various axi-symmetric processes using this 
upper-bound approach and it was therefore decided to examine the 
temperature increase in extruding material as predicted by his solutions, 
particularly since an exact mathematical analysis is unlikely. The ap- 
proximate nature of this particular investigation is well appreciated by 
the authors, but it is presented here in the belief that even an approximate 
analysis may be of use for engineering research and development purposes. 

An upper bound to the extrusion pressure p is, following HILL’s“ 
extremum principle or using DRUCKER, GREENBERG and PRAGER’s upper- 


bound theorem, given by 


a [ sas. ( éav (14) 
Y j3; 


S J 


if the material yields in accordance with Mises criterion. The first term 
on the right-hand side of (14) is the sum of all work done at the boundary 
of a continuously deforming region; S is the surface area across which 
the tangential velocity discontinuity s occurs. The second term on the 
right in equation (14) is the work done in steady deformation; e is the 
equivalent strain rate at a point of an element of volume dV. 

The detailed results of the application of (14) to this case and as applied 
to axi-symmetric extrusion are quoted in full, since they will be new 
to many. 

(i) Homogeneous velocity field for a square die 
(a) Stream lines. Fig. 8(a) shows a homogeneous velocity field con- 
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sisting of an annulus [2] and an inner cylinder [1]. Let the reduction in 
radius of the bar be from unity to Bb. 


(b) (c) 
8(a). Homogeneous velocity field -for straight die extrusion. 
Fic. 8(b). Homogeneous-triangular velocity field. 
Triangular-triangular velocity field for conical die extrusion. 
The assumed velocity field in region [2] is, for unit speed of the ram, 
u (l—r?)2ar and z/a (15) 


the meaning of the various symbols being obvious on reference to the 
figure. The equation of the stream lines in this annulus is given by 


dr /dz “lv “s 2. (16) 


The depth of the velocity field a is so chosen that the extrusion 
pressure is @ minimum; in this instance, a = 0-51. 
Solving (16) and noting that 2 é ‘=7,, equation (16) gives 


2(1—r*)+ a(1 . ; (17) 


This equation holds for r > b. 
The assumed velocity field in region [1] is 


and ) + (18) 
afl 
where A = (1—b?)/b®, so that uw and v are correct at the boundary of the 
regions. 
Thus the stream lines 7, < }) in this region, are easily shown to be 
given by 
“2 ( 
ar- (19) 
For the stream lines r b in region [1], equation (19) may be re- 


written as 


r=(1 {Az A - ' ab?sA (re - bh?) +1—)?} (20) 
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The stream lines are shown in Fig. 9, for the particular case of a 75 per 
cent reduction, i. e. b = 1/2. 
(b) Temperature increase. The work input to unit volume of material 


across surface 46, see Fig. 8, is 
W as = (21) 
y31 2y 3ar 
The rate of work done per unit volume of material in region [2] is 
Win = Ye 
where 
l 
) 3a 


Noting that u = dr/dt ~(1—r?)/2ar, equation (22) becomes 


\1/2 D9» dy 
dW oy (3 _— 
y3\ rr} 1-r 


and thus 


W123 


25) 


r=To 


Hence in region [2] where r, > b, the total work done for a material element 
of unit volume which came from the undeforming region is the sum 
of W,, and W,,). 

The work done on a unit volume of material which crosses surface 34 
is given by 


where 
+-2/a) 
using equations (15) and (18). Thus equation (27) becomes 


Y (1+A)(1+2/A) 
bA /2a 


The time rate of work done in region [1] is 


Wi — Ye Ye, = Ydvu/dz = YA/a. 
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Thus, dW, = YAdt/a YAdz(zA+aA-+a) using (18) and hence 
Wy *{ Adz/(Az+aA +a) = Y[In(z+a4 


where, from equation (17) 
a(1—r?)/(1—6*). 


For material in region [1] which has entered via region [2] it follows that 


yi 
y In {] p+t | % a(t 


Y{In(z- 
The work done per unit volume on crossing surface 24 is 
Ws, YrA 2} 3a 
and on crossing surface 15, 
Wis YrA 2y3a(1+A). 


Thus, adding W,, from equation (33) and W,,) from equation (30), the 
total work done on material in region [1] which has entered initially 
across 24, is found. The final total work done on unit volume of material 
in the extruded product is obtained by adding to the total of the work 
done on the material in region [1], that done at exit across surface 31 
as given by equation (54). 
(ii) Triangular velocity field for a square die 
The shape of this type of velocity field is shown in Fig. 8(b). An- 
nulus [2] is of the same form as with the homogeneous type velocity 
field, whilst the triangular region [1] is bounded by planes 24 and 34 
across which tangential velocity discontinuities of constant magnitude 
exist. Discontinuity 24 has at best a slight inclination of 0-05, while the 
depth of the deforming region is a = 0-51. In the calculations below it 
has been assumed that plane 24 is perpendicular to the axis. 
Again assuming the punch speed to be unity, the speed normal to 34 
is (l—b?) 2ab and thus in region [1] 
u (1 — b?) ab B | a 
(39) 
v 1+Bl(a+z2)r | 
Equations (35) are compatible with the rigid body motion of the extruded 
bar along the boundary surface 32, defined by r/b—2/a l. 
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The equation of the stream lines is given by 


r+ 2Br(a+2) =r : (361) 
and 
r2+ 2Br(a+z) b? + 2bdB(a+ 2’), ‘of (36ii) 


» 


where 2’ is again given by equation (31). 
In region [2] the work done per unit volume of the material on cross- 
ing surface 46 is given by equation (21) and that done in region [2] by (25). 
Across surface 34 the tangential velocity discontinuity s,, is 


Sas 1+Bi(a+z)/b+2z/a. (37) 


The work done per unit volume on crossing 34 is W., and 
- 34 


Ws, = Y(1+5?)(a+2)/y 36(1—6*). (38) 
In region [1] 
(39) 
and 
dW, = 2Y tr z)? ly Sr . (40) 


Expression (40) is evaluated numerically along a stream line and when 
b, 


0 


(41) 


where § = r/r,. Accordingly, W;,; can be determined as a function of 7/75. 
Referring to Fig. 10, the work done per unit volume on crossing sur- 
face 24 is 


W., = YB: (42) 


and on crossing surface 23, because the tangential velocity jump is 
S23 Bsec 6, is 


W YB(ae+b*) 43. (43) 


23 


Equation (41), together with equations (42) and (43), implies that 
for r — b, the total work done along each stream line is constant. 
(iii) Triangular velocity field for a conical die 

For a smooth die of semi-angle 45° calculations may be made in a man- 
ner similar to those for the square die. The field chosen is clear from 
Fig. 8(c); the derivation of the appropriate expressions and the caleu- 


lations present no difficulty. The optimum value of a is 0:55. 


(iv) Axi-symmetric bar extrusion results 


For the particular example of an 0-75 reduction detailed calculations 


have been made and the results are as follows for extrusion through 


a square die with smooth tools: 
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Fic. 9. Work done along stream lines for homogeneous velocity field. 


Fic. 10. Work done along stream lines for homogeneous-triangular velocity 
field. 
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(a) Entirely homogeneous velocity field. Fig. 9 shows the calculated 
stream lines; the numbers at particular points on the lines give the ratio, 
work done to Y, and are proportional to the temperature rise. The tem- 
perature profile at exit is also shown; note that the temperature goes 
to infinity as the time approaches infinity at the surfaces of the extruded 
bar. Fig. 12(a) shows the predicted form of a square grid, for ¢ = 1, using 
this particular expression for the velocity field. In this type of velocity 
field, it is to be noted that the longitudinal lines on a billet are not 
necessarily identical with the stream lines unless the time is infinite. 
The predicted extrusion pressure, p, is p = 2-87Y. 

(b) Homogeneous triangular velocity field. Fig. 10 shows the stream 
lines, predicted temperature distribution and the final temperature pro- 
file. Fig. 12(b) drawn for ¢ = 1 shows the form that would be taken up 
by a square grid flowing under the influence of this velocity field. The 


yredicted extrusion pressure required, p, is Dp 2-85 Y, being slightly 
| } I 4 g : 


smaller than that required by the homogeneous velocity field. 

The final temperature profiles in the extruded bar, as predicted by (i) 
and (ii), are compared in Fig. 11, the temperature approaching infinity 
on the outside of the bar in both cases. The broad similarity of the pro- 
files is evident. To a radius four-fifths that of the emerging bar the tem- 


Fic. 11. Temperature distribution for extrusion. 
Homogeneous-homogeneous: square die. 
Homogeneous-triangular after t ©, square die (i.e steady state). 
r) Homogeneous-triangular at ¢ 1, square die. 
Conical die. 
Mean value for square die. 


perature in both instances is less than the bulk mean; the rapid rise in 
temperature on the outside of the bar is clear. 

(c) Similar caleulations to those described above have been made for 
extrusion through a smooth conical die of 0-75 reduction and results are 
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given in Figs. 11 and 12(c). In this case p/¥ = 2-065. The absolute tem- 


perature rise is given by equation (2), since Y is nearly equal to 2k. 


Distorted grid for extrusion. 

(a) Homogeneous velocity field. 

(b) Homogeneous-triangular velocity field. 
ec) Triangular-triangular velocity field. 


CONCLUSIONS 


During a fast working process, heat loss to external surroundings by 
radiation and conduction may be neglected if the processed material is 
originally at about the same temperature as the surroundings; temperature 
equalization throughout the body in the deforming region is also negligible 
if this too oceupies only a short space of time. On these assumptions, 
the local temperature rise in a small volume of the material at a point 
is proportional to the plastic work expended on the element. Thus the 
temperature rise at each point in the deforming region is calculable if 
the local rate of work input is calculable, and in the problems investigated 
above, this is so. This rate of work input is an assumed one, or, more 
precisely, one which has to be guessed, the guess being circumscribed by 
various boundary requirements and an appeal to a principle of minimum 
total work input. 

The results of the calculations presented take no account of such real 
features as roll distortion, radiation losses, conduction losses to dies or 
rolls, variation of yield stress with temperature, and the working of 
a non-homogeneous medium. There are also many other features of these 
metal-working processes which, for real as well as exact estimation, would 


need to be examined. 
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The authors have examined the major feature of these processes and 
presented results which were easy to obtain by obvious methods. 
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Summary The application of hydrodynamical theory to convergent-divergent slider- 
bearing lubrication meets with difficulties in the choice of the necessary “off’’ film 
boundary condition due to the negative pressures which are in general predicted, in 
the divergent region, if hydrodynamic continuity is assumed throughout the bearing 
interspace. Pertinent theoretical and experimental evidence, as to the correct boundary 
conditions, is reviewed and leads to the conclusion that two criteria must be satisfied, 
viz. stability and continuity. New experimental evidence is put forward which suggests 
that flow continuity is the overriding criterion and that stability must be satisfied within 


the restriction imposed by the condition of continuity. 


NOTATION 


(See Figs. 1 and 6) 


bearing radial clearance 

film thickness 

defined in Fig 

film pressure 

bearing load per unit width 

lubricant flow rate per unit width 

sliding velocity 

co-ordinate in direction of sliding 

co-ordinate in plane of film and normal to sliding 
VISCOSITY 

eccentricity (ratio 

angular co-ordinate (origin at position of maximum film thickness) 


dp 
values of @ for l 0 


dm 


attitude angle (angle between load line and line of centres) 


load criterion | 


Subscripts 

m refers to section of maximum film pressure 

0 refers to section of minimum film thickness 

l ‘on’ boundary (i. e. beginning of continuous film) 


2 “off” boundary (i.e. end of continuous film) 
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INTRODUCTION 

THE key to the mechanism whereby an oil film may transmit a load 
between a pair of relatively moving surfaces, as in a slider bearing, was 
provided by the chance observation by BEAUCHAMP TOWER" that the 
pressure within the film could greatly exceed the average bearing pressure. 
TOWER was conducting an investigation, promoted by the Institution of 
Mechanical Engineers, into frictional losses in journal bearings. That the 
journal and bearing of such an assembly could be completely separated 
by a finite film of oil, and that the pressure in such a film could be measured, 
does not appear to have been previously recognised — or if it had been 
recognised it was evidently not considered to be of significance. TowER’s 
observation was made whilst attempting to prevent leakage of oil from 
the bearing through an oil hole situated in the crown of a half-bearing. 
TOWER® subsequently measured the pressure at a number of points 
and was able to show that the bearing load was equilibrated by the inte- 
grated film pressures. 

Recognising that the pressure distribution obtained by TowER was due 
to hydrodynamic action within the oil film, OSBORNE REYNOLDS® 
successfully applied the theory of hydrodynamics to explain the pressure 
generation. REYNOLDS showed that, on the basis of constant fluid properties, 
pressure variation in the lubricant film was due to the fluid being dragged 
into a space varying in thickness in the direction of motion of one surface 
relative to the other, and governed by equation (1): 


. (reo?) » * (es) 6nUo . (1) 
or Cor C2 \ C2 cr 

In the journal bearing the necessary film geometry is provided by the 
displacement of the journal centre from the centre of curvature of the 
bearing, that is, by an eccentricity, which in general results in a convergent— 
divergent film shape. Neglecting lubricant flow in the axial (z) direction, 
and putting h = ¢(1+ ecos®), equation (1) then becomes 


cP 


‘ P 6 OA 
- (1 ecosh)“P) = esin®. 
Cc 


The series solution adopted by REYNOLDS for equation (2) converged 
only for values of eccentricity up to about 0-5. Applying his solution to 
the particular case of a centrally-loaded half (approx.)-bearing, REYNOLDS 
found that, at an eccentricity of 0-5, the pressures near the outlet or ‘“‘off”’ 
end of the film were beginning.to show negative values. REYNOLDS drew 
attention to this but emphasised that the problem of obtaining solutions 
for eccentricities greater than 0-5 was associated with the integration 
of equation (2) and not in the negative pressures themselves. Remarking 
that ‘‘... the amount of negative pressure which the oil will bear depends 
upon circumstances which are uncertain ...’’, he suggested that, for 


4 
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a bearing operating at an eccentricity such as would predict negative 
pressures, the “off’’-end limit of integration would have to be the point 
d® 
dp 
but he was not explicit in the choice of this condition. (It is worth noting 
that, although there appears to be no evidence of large negative pressures 


of theoretical minimum pressure, i.e. the point at which p = 


having existed in bearings, such tensile stresses are possible in fluids. 
REYNOLDS” maintained mercury and water under tensions of up to 
3 atm for long periods under static undisturbed conditions. More recently, 
BricGs® has reported tensions of up to 277 atm in water contained 
in a glass tube subject to a centrifugal field.) 

In accordance with the unlikelihood of lubricants sustaining negative 
pressure, the regions for which negative pressures were predicted were 
associated with rupture of the oil-film. REYNOLDS recognised that, in the 
case of the half-bearing which he evaluated, any rupture of the film, 
due to the onset of negative pressures, would not occur at the thinnest 
part of the film and that, therefore, the journal would still be entirely 
separated from the bearing by an oil film. He was of the opinion, however, 
that the value of eccentricity for which negative pressures were first 
predicted in the bearing, represented the maximum value under which 
lubrication could be considered certain, and the corresponding load the 
limit of the safe working load. Had he considered the complete (360°) 


journal bearing as well, REYNOLDS would almost certainly have concluded 


otherwise. 


THE JOURNAL BEARING SINCE REYNOLDS 

The difficulties of integration experienced by REYNOLDS were overcome 
by SOMMERFELD® who showed how equation (2) could be solved for 
a journal bearing of any are, and without restriction on the eccentricity, 
on the assumption of film continuity throughout the length of the are. 
For the complete (360°) bearing, SOMMERFELD’s solution gave a pressure 
distribution around the bearing antisymmetric about the line of centres 
of the journal and the bearing. In consequence of this the line of centres 
set itself at 90° to the direction of the applied load for all values of the 
eccentricity. The obvious objection to the complete and continuous film 
postulated was that large negative pressures were predicted in the divergent 
region unless the lubricant were supplied either at high pressure or at 
the (variable) point of minimum film pressure. JAKOBSSON & FLOBERG? 
have shown that the straight line journal-centre locus predicted by Som- 
MERFELD is realisable in practice. Their experimental results, obtained 
for a very lightly loaded bearing in which side-leakage was prevented, 
are shown in Fig. 2. Under normal practical conditions the journal centre 
locus has been shown, by NUcKER®, CLAYTON and JAKEMAN®), and 
others, to follow a roughly semicircular path from O to A, Fig. 2. 
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Fic. 1. Journal bearing notation. 


ccentricity ratio, 
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Fic. 2. Attitude-eccentricity curves. 360° journal bearing. 
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SOMMERFELD’s solution applied to the centrally loaded half-bearing 


(the case considered by REYNOLDS) predicts the journal-centre locus OPQRB 
shown in Fig. 3. This was shown by Swirt to lead to unstable operation 


Lood | 


o” O 


rOtar, On 


ig. 3. Attitude-eccentricity curves. 180° centrally loaded journal bearing. 


over the rising part QB of the locus, that is for eccentricity greater than 
about 0-9. This by itself does not necessarily invalidate the SOoMMERFELD 
locus since operation in this region might well prove to be unstable if the 
fluid could sustain the necessary negative pressures, or if the lubricant 
were supplied at such a location and pressure as to maintain the pressure 
positive everywhere. However, neither of these conditions is normally 
met, whilst in practice half-bearings have operated successfully at eccentri- 
cities greater than 0-9. Furthermore, as anticipated by REYNOLDS, experi- 
ment has shewn that, as with the 360° bearing, the journal centre converges 
on the point A, which is furthest in the direction of the applied load, for 
high values of eccentricity. 

The discrepancy between the performance predicted on the basis of 
the SOMMERFELD theory and that of common experience, stems from the 
SOMMERFELD assumption of a complete and continuous film throughout the 
bearing are. Visual evidence of cavitation in the divergent part of the oil 
film has been given by VOGELPOHL®» and CoLE and HUGHES® for 360° 
journal bearings, and by Dowson“ for spherical sliders. As far as the 


predicted negative pressures are concerned, it might at first sight be 
thought reasonable simply to ignore them and to assume that a state 
of cavitation exists at constant pressure throughout the region for which 
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the negative pressures are predicted. This artifice has been used by 
GUMBEL" and has the advantage of mathematical simplicity (especially 
in certain cases of two-dimensional flow) but, as shewn by STIEBER®), 
violates the necessary condition of flow continuity. 

The flow continuity and stability criteria referred to above are quite 
independent criteria as applied by their authors and will, therefore, first 
be considered separately. 

CAVITATION AND FLOW CONTINUITY 

The requirements of flow continuity in a cavitating lubricant film may 
be considered most simply by examining the pressure distribution and 
flow of lubricant between a curved stationary slider of infinite width 
and a plane surface which moves with constant velocity in its own plane, 
Fig. 4. Subject to the usual assumptions, that the lubricant property 
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Fic. 4. Pressure distribution under a curved slider. 


values are constant throughout the thickness of the film and that inertia 
effects are negligible, equation (1) may be integrated directly to give 


dp _(h 
07 
dx il 


where h,, is the value of h at the section of maximum film pressure. Since 
there is zero flow in the z direction, the continuity relationship for the 
film is 

h® dp 


- constant. (4) 
127 dx 


Equations (3) and (4) must apply at every section in the film at which 
the fluid is homogeneous. 

Applying the appropriate boundary conditions that p = 0, at «= a, 
and x,, in equation (3), the pressure distribution obtained is of the general 
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form shown in Fig. 4. If the lubricant is unable to sustain the negative 
pressures predicted in the divergent part of the film, then the lubricant 
there will no longer be homogeneous and the negative pressures predicted 
will be invalid since the governing equation will no longer be equation (3). 
Furthermore, the positive pressures predicted are also invalidated since 
they were determined on the assumption that the film was homogeneous 
between the prescribed endpoints x7, and x,. Thus, if negative pressures 
are to be discounted, 7, and x, cannot be chosen arbitrarily but must 
be compatible. It is evident from Fig. 4 that the choice of the point b, 
for a zero-pressure boundary condition, is valid since the fluid between a 
and b would be everywhere at positive pressure and, therefore, subject 
to equation (3). Accordingly, the point 6 may be specified as far to the 
right as point d, at which the pressure and pressure gradient assume zero 
values simultaneously. If the slider terminates before the point d then, 
of course, no problem arises. Now if a fluid will not support a nega- 
tive pressure it is the release of vapour or dissolved air which prevents it 
from doing so. Thus, if negative pressures are, in fact, discounted, the 
pressure in the film, having fallen to zero or near zero, will remain constant, 
or nearly so, throughout the remainder of the divergent region. 
Considering now the flow of lubricant in the film, as did StreBer, the 
lubricant flow, per unit width of the slider, at section b, Fig. 4, is 


(4. i) 


Uh, h; (<P) . 


2 dx 


12y 

lp ; 

; has a negative value so that 

M hi 

the flow due to the slider velocity is supplemented by a positive quantity 
he dp . ‘ e . . . 

equal to io, dei.’ \t a section immediately to the right of b, there is 
=f) at |} 

zero pressure gradient and, therefore, no pressure induced flow. STIEBER 


- . . . ( 
At a section immediately to the left of ), 
( 


assumed that the flow here would be simply Uh/2 and that, therefore, 
there is a greater quantity of fluid fed to the section than the section can 
carry. Although the fluid to the right of the section b) would not be homo- 
eeneous under the postulated circumstances and a linear velocity distri- 
bution through the film thickness would not, therefore, be necessarily 
correct, the flow continuity condition at b could be maintained only if 
the fluid in the cavitated region were of completely stratified liquid- 
vapour form and of negligible effective viscosity. Only in this way could 
the parabolic velocity distribution to the left of b persist into the cavita- 
tion region without an attendant pressure gradient. Such an idealised 
form of cavitation would seem to be unlikely. In view of this the only 
‘off’ boundary condition tenable, within the length of the slider, is that 
which allows the pressure gradient to have a zero value at the point at 
which the pressure of the lubricant falls to the cavitation value. The 
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actual pressure at which this would occur depends upon the nature of 
the lubricant, and upon the fact that a finite time may be required for 
the release of the vapour or gas. Pressures below the ambient are, there- 
fore, not excluded, but only in exceptional circumstances would truly 
negative pressures be expected. 


STABILITY 

The stability approach to the question of the correct ‘off’? boundary 
condition uses the criterion that, of all possible equilibrium states of 
a system, the one with which is associated a position of minimum po- 
tential energy is one of stable equilibrium. 

The stability criterion appears first to have been applied to the problem 
of oil-film extent by Swirr®) for the case of the journal half-bearing, 
the Sommerfeld journal-centre locus for which is shown in Fig. 3. Swirt 
argued as follows against the part QB of this locus. The pressures in the 
film would be equilibrated by the externally applied load when the journal 
operates in equilibrium at any such point R between Y and B. Should 
the journal-centre be disturbed from the point R in the direction of B, 
then the integrated film pressures would exceed the applied load and 
the journal-centre would move further towards B. Similarly, an initial 
disturbance in the direction of Q would result in further movement to- 
wards Y. Thus operation over the part QB of Sommerfeld’s locus is un- 
stable. With the knowledge that half-bearings could in fact operate in 
a stable manner over that range of eccentricity shown by the Sommerfeld 
theory to be unstable, and limiting the integration of equation (2) to 
that part of the bearing are for which the pressure is positive, SwirT sought 
the necessary “off? boundary condition to satisfy the criterion of min- 
imum potential energy of the journal. It is clear that to satisfy this 
condition the value of ecosy must be a maximum, where ¢ is the eccentri- 
city (ratio) and y the angle between the load line and the line of centres 
of journal and bearing. For the particular case considered (180° bearing) 
Swirt showed that his criterion corresponded to an “off? boundary con- 
dp 
dp 
the eccentricity. 

CAMERON and Woop®® attempted to apply the same stability criterion 
to the 360° bearing analytically. Assuming that the film pressure begins 
to build up from the section of maximum film thickness, i.e. p = 0 at 
® = 0, they showed that for a given eccentricity the attitude angle y is 


dition p 0 at some point ® = 2+a, where a is dependent upon 


a minimum when 0 at the ‘off’ boundary. Their conclusion 


dp 
}; 
l dD 
that this boundary condition corresponds to minimum potential energy 


of the journal was, therefore, not proven. Nevertheless, using these 
boundary conditions, they determined journal-centre loci and other useful 
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data for a number of different length /diameter ratios. Cameron and Wood’s 


journal-centre locus for an infinitely long bearing, i. e. no side-leakage, is 


plotted in Fig. 2. Shown in the same diagram is the locus based on the Som- 
merfeld theory but with negative pressures neglected, i.e. p= 0 at O@= 0, 2. 
The general shape of Cameron and Wood’s locus is in closer agreement 


with experimental data than the “half’-Sommerfeld curve. Fig. 5 shows 


ne ——— —— 
Vr — wg 
| 


++ 
Zero gradient boundary condition 


a . 


L od L 
ot d*z+a 
from Cameron and 


| Woods dato 


Fig. 5. Vertieal displacement of journal for infinite 360° journal bearing. 


Film assumed to commence at @® 0. 


the value of ecosy plotted against the load criterion for the two cases. 
It is clear that for any given load, within the range calculated, the zero- 
gradient boundary condition permits operation at a lower potential 


energy. It cannot be concluded, however, that this necessarily corresponds 


to a minimum. 


OTHER CONVERGENT-DIVERGENT BEARING FORMS 
The problem of the “off? boundary condition is by no means confined 
to journal bearings, since it is the convergent—divergent shape of the oil 
film which presents it. Any slider bearing of convergent-—divergent form 
will, therefore, pose the same problem. Whilst for the 180° journal bearing 
the zero-gradient boundary condition has been shown to follow from 
both flow continuity and stability criteria, the criteria themselves appear 
to be physically unrelated. The flow continuity criterion has been consi- 
dered without reference to any particular bearing form so long as both 
surfaces are mathematically continuous. The stability criterion, as applied, 
does, on the other hand, involve the particular bearing geometry, e. g. 
an eccentricity in the case of the journal bearing, and, in view of this, 
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two further cases of different bearing forms, for which experimental data 
are available, are considered. 


THE PIVOTED RADIUSED PAD 
Fig. 6 shows a thrust pad having a cylindrical working surface and 
pivoted about a line parallel to a generator of the pad surface and normal 
to the direction of sliding. It is clear that the pad must set itself in such 
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Fic. 6. Pivoted radiused pad. 


a way that the pressure resultant on the pad passes through the pivot. 
(In common with Swirt’s treatment of the 180° journal bearing, the effect 
of viscous traction on the pad surface is neglected.) On the basis of no 


side-leakage, the pressure distribution, pressure resultant, and height of 
the point of application of the load to the pad, were determined for a num- 
ber of values of minimum film thickness and a range of assumed positions 
of the maximum pressure in the film. Owing to the nature of the problem 
and the degrees of freedom involved, particular values of the pad di- 
mensions were used. The dimensions were chosen to correspond to a pad 


for which experimental data were available. 

The technique of computation was as follows, with reference to Fig. 6. 
A value of h,, the minimum film thickness, at « = 0, was taken. A value 
of x,, the point corresponding to maximum film pressure, was selected 
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and the resulting pressure distribution determined. The pressure distri- 
bution was then adjusted so as to give p = 0 at « = 2,, the entry point 
under the pad, the position of which was at this stage known only approxi- 
mately. Provided that the pressure returned to zero in the divergent 
region, the pressures were integrated over the positive pressure region, 
i.e. from vx, to x, and the position x of the pressure resultant determined. 
In general, some further adjustment was necessary to ensure that 7,— % = a, 
which is fixed for a given pivot position. Values of x,, for which the pressure 
in the divergent region did not become zero were, of course, discarded. 
The range of values of x, used were such as to cover the range of “off” 
dp 
dx 
A range of values of minimum film thickness was also taken so as to 
investigate the effect of different impressed boundary conditions for 


boundary condition from p 0 at r= 0, to p 0 at z - Buss 


a given value of load. 

Applying the stability criterion to the present case, it is evident that 
the height of the point of application of the load to the pad, i. e. H, should 
be a minimum for a given value of the load. This height is given by 


For the particular pad considered, R 100 in., 6 = 2 in., the least value 
dp 
dx 
at such a value of x Lm compatible with the film geometry. These 
conditions are identical to those found by Swirt for the 180° centrally 


of H was found to correspond to the boundary condition p 0 


loaded journal bearing. This conclusion is not general, however, since it 
was also found that at some larger value of b (about 10 in.) a reversal 
occurred and, for b greater than this, H was least for the p= 0, r= 0 
boundary condition. 

EL-Sisi’? has investigated experimentally the pressure distribution 


under a pivoted radiused pad to the dimensions quoted above. Using 


very small search holes and moving the load line through small distances 
relative to these search holes, he paid particular attention to the pressure 
distribution near the end of the pressure film. Over a wide range of oper- 
ating conditions EL-Sist found that the pressure fell to atmospheric and 
the pressure gradient became zero simultaneously at the “off” film boun- 
dary which was always downstream from the point of nearest approach. 


RIGID THRUST PAD OF SINUSOIDAL PROFILE 
A thrust pad, having a sinusoidal profile in the direction of sliding, 
presents the same film geometry as does a complete journal bearing, 
with the exception that the minimum film thickness is not limited as 
it is, by the radial clearance, in a journal bearing. Since the film geometry 
is the same, the pressure distribution is of the same general form ABC, 
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Fig. 7, where the end-points A and C are conditioned by the value of the 
boundary pressure. 


leLine of neorest approach 
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Fic. 7. Effect of assumed “off? boundary condition on the resulting 


pressure distribution for sinusoidal-profile pad. 


Applying Swift’s stability (minimum potential energy) criterion, the 
correct pressure distribution will be that, of all possible distributions, 
which permits the applied load to be carried with the thinnest film, since 
the pad is non-tilting. If, as for the journal bearing, possible pressure 
distributions are understood to include all those having the end-point C 
between C’, the point of nearest approach of the two surfaces, and C”, 


dp 


; 0, then it is clear that the pressure distri- 
aL 


the point at which 


bution AB’C’ permits any given load to be carried with a thinner film 
than any other distribution. This is so since any other distribution ABC 
shows a greater integrated load than AB’C’ for the same film thickness 
and would, therefore, support the specified load with a thicker film. This 
is in direct contrast to the case of the journal bearing for which it was 
shown that the pressure distribution AB’’C”’ permits a lower position of 
the loaded journal than the distribution AB’C’. 

Thus, for the case under consideration, the stability criterion, as applied 
by Swift, does not lead to the same “off? boundary condition as does 
the requirements of flow continuity. Indeed, this would be found to be 
so for any non-tilting convergent—divergent thrust pad. Such a pad, there- 
fore, offers a convenient means of distinguishing between the two criteria. 

Using a thrust bearing comprising sector pads of sinusoidal profile, 
the circumferential pressure distribution has been investigated. The 


bearing comprised three equally spaced pads each subtending an angle 
of 60° at the bearing centre. The double amplitude of the profile was 
0-0028 in., the pads being symmetrical about the line of nearest approach. 
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A number of small search holes, Fig. 8, were provided opening on to 
the working surface of one of the pads, at mid-radius. The search holes 


Pod profile symmetrico! 
obout this line 
cin rodws 
Fic. 8. Location of pressure search holes in sinusoidal pad. Search holes 
0-03 in. diameter. 


were each connected to a calibrated pressure gauge of suitable range. In 
order to reduce to a minimum the time of response of the gauges, these 


were evacuated and subsequently oil filled. 


Wove omplitude =!'4 x10 in 
Minimum film thickness =!!xiO"> 


gle from leading edge of pod, degrees 
9. Sinusoidal pad—theoretical and experimental pressure distributions. 
experimental pressure readings 
forward running 
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stability flow continuity 


Both theoretical curves have been sealed to give the same peak pressure 


iS expe rimental results 


9 shows a typical pressure distribution obtained, together with 


ig. 
theoretical distributions according to the stability and flow continuity 
criteria. The theoretical curves are both based on no side-leakage and 


on the value of minimum film thickness, 0-0011 in., to which the experi- 
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mental curve relates. They are, however, both scaled down to give the 
same value of maximum film pressure as was obtained experimentally 
so that the shape of the experimental distribution can be directly compared 
with the two theoretical curves. It is clear that the experimental points 
are more closely related to the curve derived from the zero-gradient 
‘off’? boundary condition, i.e. that appropriate to the flow-continuity 
criterion. 
CONCLUSIONS 

The criteria, of stability and flow continuity, which have been invoked 
are both fundamental concepts. They are, however, mutually independent 
and as such must both be satisfied simultaneously. Thus there is no question 
of a choice between the two criteria, as would appear to be the case from 


consideration of the rigid convergent—divergent thrust pad. 
The experimental pressure distribution obtained for the sinusoidal 


thrust pad appears, on first sight, to contravene stability. On further 
consideration, however, it would appear that it is the application of the 
criterion of stability that is really at fault. The stability criterion requires 
that, of all possible equilibrium positions, that associated with a min- 
imum potential energy will be one of stable equilibrium. The flow conti- 
nuity criterion in fact limits the number of possible films to those which 
satisfy flow continuity. Thus, whilst stability must be satisfied under 
steady conditions of operation, it is necessary that it should be so satisfied 
within the limitations imposed by flow continuity. Since, in the problem 
under consideration, there appears to be only one film which satisfies 
flow continuity, the stability criterion, being limited to only one possibility, 
appears to be superfluous. 


REFERENCES 
1. B. Tower, Proc. Inst. Mech. Engrs., Lond. 34, 632 (1883). 
2. B. Tower, Proc. Inst. Mech. Engrs., Lond. 36, 58 (1885). 
3. O. ReEYNoLDs, Phil. Trans. 177 (Pt. 1), 157 (1886). 
4 REYNOLDS, Collected Papers (1877 and 1880) Vol. I. Cambridge (1901). 
5. L. J. Briees, J. Appl. Phys. 21, 721 (1950). 
6. A. SOMMERFELD, Z. Math. Phys. 50, 97 (1904). 
7. B. JAKoBSSON and L. FLoBERG, Lubrication and Wear. Proc. Inst. Mech. Engrs., 
Lond. Conference, p. 753 (1957). 
. W. Nucxker, Z. Ver. dtsch. Ing. 352 (1932). 
D. CLAYTON and C. JAKEMAN, Proc. Instn. Mech. Engrs., Lond. 134, 437, (1936). 
H. W. Swirt, Min. Proc. Inst. Civ. Engrs. 233, 267 (1932). 
. G. VoGELPOHL, Z. Ver. dtsch. Ing. 386 (1937). 
2. J. A. Cote and C. J. HuaGites, Proc. Inst. Mech. Engrs., Lond. 170, 499 (1956). 
Dowson, Lubrication and Wear. Proc. Inst. Mech. Engrs., Lond. Conference, 
. 93 (1957). 
1. GUMBEL, Jb. Schiffbautech. Gesellsch. 18 (1917). 
’, StIEBER, Das Schwimmlager. V.D.1., Berlin (1933). 
. CAMERON and W. L. Woop, Proc. Inst. Mech. Engrs., Lond. 161, 59 (1949). 
I. Ex-Stst. Ph. D. Thesis, University of Sheffield (1953). 


Int. J. Mech. Sci. Pergamon Press Ltd. 1960. Vol. 1. pp. 206—215. Printed in Poland 


FULL-FILM LUBRICATION THEORY FOR 
A MAXWELL LIQUID 


R. 1. TANNER 
Departament of Mechanical Engineering, The University, Manchester 


(Received 3 April 1959) 


Summary Present theories of viscoelastic lubrication are based on a stress-deformation 
law which is more appropriate to a near-solid than a near-liquid. Utilizing the concept 
of the absolute time derivative in the formulation of the stress-deformation law, 
a plane flow theory of viscoelastic lubrication is constructed. Linearization of the 
equations permits solution for slightly viscoelastic fluids, such as ordinary lubricating 
oils. As an example, the load and drag of rollers with a given separation are worked 
out. It is shown that the load capacity of a given film of lubricant is lowered and the 


coefficient of friction is increased by viscoelastic effects. 


NOTATION 
deformation-rate tensor 
diameter of rollers 
drag force per unit width 
D/(nU/y h, K) 
shear modulus 
film thickness 
minimum film thickness 
dp 


ar 


thickness of film where 0 


total curvature of rolling surfaces 


load per unit width 

\V (7U h, kK) 

pressure 

p/(nU/h, yh, K) 

relaxation time 7/G 

fluid velocities in x. y directions 
surtace speed of rollers 
deviatoriec-stress components in z-y plane 
coethicient of friction 

VISCOSITY 

deviatoric-stress tensor 


local-rotation rate in x-y plane 


INTRODUCTION 
THE theory of lubrication has developed mainly along the lines laid down 
by REYNOLDS”. In a classic paper, he analysed the isothermal flow 
of an incompressible Newtonian fluid in a rigid bearing. Recently, interest 
has been shown in the effects which appear when some of Reynolds’ 
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assumptions are discarded. The effects of temperature and viscosity varia- 
tions, oil compressibility, and bearing defiexions have been examined 
by various authors, and BLok® has reviewed these results. The effects 
of deviations from ideal Newtonian fluid behaviour have also been in- 
vestigated by various authors (MILNE®, KoTova® for greases, MILNE® 
for Maxwell liquids). 

These new assumptions are necessary to explain the mechanism of 
lubrication in highly loaded elements such as cams, gears and rolling 
bearings. CAMERON® suggests that viscoelasticity may be important in 
explaining the high load capacity of thin oil films. Measurements made 
by LAMB” show that ordinary lubricating oils may be closely represented 
as a Maxwell fluid with a single relaxation time. MILNE® following 
BROER’s work®, has analysed a typical case of lubrication by a simple 
Maxwell liquid and finds that, contrary to CAMERON’s suggestion, the 
capacity of the oil film is reduced from the simple Newtonian case. 

The above analyses used stress-deformation laws of the form 


0;;/2n + (Do;;/Dt)/2G = dij; , (1) 


where D/ Dt is the Stokesian derivative ¢/ct + u,¢/ex*. o;; is the deviatoric 


l * Cu; 


stress, and d;; = ‘} is the deformation-rate tensor. This is more 


Oxi = Ox" 
appropriate to a near-solid, in which deformations and vorticities are 
small, than to a near-liquid. These conditions are fulfilled in BRoER’s 
first problem, relating to unsteady laminar flow in a tube, but not in 
the second problem or in general in problems of lubrication. 

It appears to the author that the stress-deformation law due to NOLL”, 
utilizing the result of THoMAS®), is more appropriate to a theory of 
lubrication than the law expressed by equation (1). THOMAS’s formulation 
ensures that a rigid rotation does not alter the stress state relative to 
axes fixed in the body. This is clearly a fundamental property of any 
realistic stress-deformation law. Equation (1) does not possess this pro- 
perty. 

NOLL uses equation (1) with the Stokesian derivative replaced by the 
absolute time derivative, which will be discussed briefly in Section 2. 
It has been shown by FRoMM®» that NoLu’s formulation leads to unrealistic 
predictions when a material is sheared at rates comparable with G@/2n, 
and various modifications to the simple stress-deformation law have been 
proposed to deal with this. In the following analysis we use equation (1) 
with D/Dt replaced by the absolute time derivative and suppose that 
the shear rate is considerably less than @/2y7. This is not very restrictive 
when applied to lubricating oils. The results obtained broadly confirm 
MILNE’s observation that the load capacity of a viscoelastic lubricant 
film is less than that of an equivalent Newtonian fluid film. 
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STRESS-DEFORMATION RELATIONS 
In the general case the absolute time derivative (D/ Dt), of a tensor a;; 


is given by THOMAS"® 
(Da;; Dt) 4 Da;; Dt Ojx Ayj + O75 Aix (2) 


where repeated suffices denote summation and the w;; are the components 
of vorticity 


=f i}: (3) 


cr! 


The following analysis will be concerned with two-dimensional flow, and 
it seems worth while to give an elementary derivation of (2) for this case. 

The motion of a small element consists of translation, rotation and 
deformation. Only the deformation may influence the stress state, other- 
wise a rigid-body motion will significantly alter the stress pattern, even 
when inertia and body forces are neglected. To ensure that rotation and 
translation play no part in the stress-deformation equations, we may 
take individual co-ordinate axes for each element that translate and 
rotate with the element. This co-ordinate system is termed the kinema- 
tically preferred system. An observer in this frame of reference would 
see only deformations, and would be able to infer the correct stress- 
deformation laws for any element. Rotation and translation would not 
enter into his relations. A similar situation exists in terrestrial mechanics, 
where the rotation and translation of the earth do not enter into the 
equations of motion. 

We suppose that equation (1) is the true law in the kinematically 


preferred co-ordinate system. Clearly, this co-ordinate system is not useful 


for solving problems, and the law would be better expressed in ordinary 
Eulerian co-ordinates. Consider the shear component d,,,, in two-dimensio- 
nal flow. Related to the kinematically preferred co-ordinates, this is 


(De'y' Dt) 24. (4) 


reterred ox 


Fic. I. System of co-ordinates. 


Relative to these axes the Eulerian co-ordinates are translating with 
a velocity —(V) and rotating with an angular speed — (w) (Fig. 1). Consider 
the translation first. The components of stress and deformation are un- 
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altered in form when the axes are changed without rotation. Hence equa- 
tion (4) remains true and the translation may be disregarded. 

Using this result we may now consider the effect of a simple rotation 
of axes about the point under discussion, that is, with 0 and 0’ coincident 
(Fig. 1). The components of stress and deformation transform according 


2. Film geometry. 


to well-known rules, HiLtL®?). When the axes are rotated through —(@) 


sin 26 ‘ 
+ y¥y)—> + ey cos26. (5) 
The unprimed quantities refer to fixed Eulerian co-ordinates. Equation (5) 
and the corresponding expression for d,, may be substituted in (4), 
giving the stress-deformation law in terms of the Eulerian quantities. 
The quantity Da'y’/Dt becomes 
sin 26 D 69 D ' 6 = a ain 20 dé (6) 
xrx—yy)+ COSZ ry +(rxr—yy)Cosz | 2xry Sin Zz | ). ) 
Di - pi"? sd dt : dt 
Viewed from the fixed axes, from which 6 is measured, d@/dt is positive 
and equal to w, the local rate of rotation. If we now put 6 = 0 the axes 
instantaneously coincide, and equation (6) becomes 
D | ‘ Day -) 
(xy “+w(rn—yy). (4 
De" * Dt ” 
The left-hand side, by definition, is the absolute time derivation of xv’y’. 
Hence the form taken by the 2-y component of equation (1) when the 
absolute time derivative is used, is, in Eulerian co-ordinates, 


” 
=?) 


vy , Day 
Dt 


w (re 7) 2G . 


Similarly it may be shown that 


LX | Dax 


Dan yp of 
Dt aU vy «UG 


2y 


yy Dyy 
Dt 


Dann wT 
= 2u oy) 2G 
<1) 


where 
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These are the equations which will be used in the following work. Note 
that only for irrotational flow do they reduce to the form used by MILNE, 


BROER, and others. 


THE THEORY OF LUBRICATION 
We make the usual assumptions of film lubrication theory, i. e. that 
inertia forces are negligible and the film is thin. These assumptions are 
discussed by SOMMERFELD®, for example. We consider flow in the 2-y 
plane and neglect the velocity parallel to y=(v) compared with that 
parallel to x2 =(%). 
In steady flow the equations (8), (9) and (10) approximate to 


Lou | 
(7x0 yy) 


2 cy 


, yy are small compared with ry, hence 


(14) 


yy > x ‘ (15) 
YY G « 
The ratio 7/@ is the relaxation time 7. The above steps are true only 
if (UT/h) is small compared with unity; this is assumed throughout the 
subsequent analysis. Using the results (14) and (15) in equation (11) shows 
CrY CS ‘ 
that the term u—* is small compared with the other bracketed term, 


CL 


hence (11) becomes, approximately, 


me | CU 2 . 
vy r*| |. (16) 
cy 

Order-of-magnitude studies of the equilibrium equations show that 

they reduce to the single equation 
dp CxrY - 
f ; (17) 

dx cy 

where p is the pressure. PASLAY") has derived equations similar to (16) 
and (17) for the problem of calendering of a viscoelastic material. He 
solves the equations by a numerical procedure; we shall develop an approxi- 
mate analytical theory valid when (UT /h) is small compared with unity. 
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Substituting for ry and neglecting terms of order (Tou/cy)* gives 


dp cu w,(o\? 
c= 9: at 37> |. (18) 
dx cy? cy). 

At this point it may be valuable to compare (18) with the corresponding 
equation in MILNE’s analysis, which is 
dp Cu _d*p 
? Ud - (19 
dx ‘by? dx? a 
The last term is of the order of (U7/L) times the others, L being the film 
length. Since h/L is of the order of 10-? at most, it is clear that this term 
is very small compared with 37°y(éu/ey)?cu/ey? in equation (18), unless 
UT /h < about 10-2, when the theory differs negligibly from the Newto- 
nian case. Thus omission of the term UT d*p/dxz* seems to be less serious 
than the omission of the last term of (18). 
Integration of (18), or, alternatively, integration of (17) and substitution 
from (16), gives 
l ( u\? 
va 6, hy pea 20 
y dx cy | oy f 


or, neglecting terms of order (7 éu/éy), 


” (" dp | c,) F 4 r" dp | o,)| . 


1) dx | 7 dx 


Integrating again 
y? dp ‘ 7 T? (y dp a, 
: 1 C,y+C,4 1 C,) . 
2n dx ,(P n dx 
dx 
For continuity of flow we must have 
h 
| udy = constant (U, + Uy) hy/2 . 
0 
The functions C, and C, are found from the boundary conditions, u 
on y u U, on y= h. 


U; 


h? dp 

2H dx 

Equation (23) yields 

dp ; , 
da : 


Ie T? 20 (oP ) (! 7 


» (h 6) 


oe dr dx 
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From these three equations we may eliminate C, and C,, thus giving 
a single equation for p in terms of hy and a constant of integration. 

The boundary conditions for this equation are similar to those of the 
ordinary theory of lubrication. There the pressure is given at one point 
and the flow is assumed to cavitate in such a way that the dissipation 
of energy is minimized. Similarly, the dissipation of energy should be 
minimized for the viscoelastic problem. It seems probable that this will 
give the correct flow. The theory is applied, in Section 4, to the problem 
of two eylinders rolling without slipping. The classical solution to this 
problem was derived by MARTIN“, 


APPLICATION TO THE PROBLEM OF ROLLING 
We consider two cylinders rolling together without slipping. Their 
diameters are D, and D, and the gap h(x) may be expressed as 


h, +K2 (27) 


where h, is the minimum film thickness and 


The common surface speed of the rollers is —U. From equations 
and (2/ » find, on neglecting 7* in comparison with T°, 


h dp 
2y dx 
T? h* (dp 
64 7? is) 


Substituting in equation (25) and rearranging 


| 1270 
a 2 i (h ayy (31) 


172872 U? /ho—h 
da he : | sv | h ; 


Equation (31) shows that the magnitude of dg/dx is everywhere less than 
in the Newtonian case. Starting from p=0 at x#=co it is clear that the 
maximum pressure will be less and the load capacity will also be less. 
It will be assumed that the pressure and its gradient fall to zero at 
the same value of «(= 2#,) and the film tears at this point. This gives the 
minimum drag or dissipation. 
By integrating (31) one may show that the point x, is very close to 


- h 
the Newtonian value, x ial Ke The actual value depends on 
1 
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(TU/h,), but since the theory is not valid for (7U/h,) > 0-3 at the most, 
it may be shown that the separation point x, occurs for 


h, 


/ 
0-475 ]/ a> x > — 0-478 4 


K- 


Using the Sommerfeld transformation for convenience, 


h 
£ ‘tan® 
K 


(33) 


equation (31) may be integrated for various values of h,. As an example, 
the pressure distribution for h/h, ‘2285 is given by 
nu 


/ 


hy} h, Kk 


p* 3-685 cos? Osin @ — 0-472 feos®sin ® + P—az/2} 


(TU /h,)?{40-046 cos" @ sin — 73-302 cos’ Dsin® 


- 36-944 cos’ Dsin D— 0-099 cos’ @Psin® 


0-124 cos? @sin 6 — 0-186 (cos®sin@®@ + OB— z2/2)} (34) 


p 0,dp/dx =0 when @® tan-1(— 0-478), 
(TU /h,)? must have the value 0-112. This is expected to be the maximum 


To satisfy the condition 


value of (7U/h,)? to which the theory applies. Fig. 3 compares this case 


20 40 


ds degrees 


Fic. 3. Pressure distribution between rollers. 
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with the viscous theory. Similarly other curves may be drawn for various 


values of (7U h,)? if required. 


oo 


Integration gives the load per unit width (.V) equal to | pdz. 


ry 


x 


p* see Dde® . 


p*|®, (TU h,)*) 


vf(TU/h,)?). 


a 
Hence \* N*|(7TU h,?). Using a McLaurin series expansion and re- 
taining only the first two terms (in uniformity with the previous pro- 
cedure ) 


V* No +a,(TU/h,) . (36) 


2-45, and computation of a, gives the following expression 


N* = 2-45{1—0-5(TU /h,} . 


Similarly the drag D per unit width may be computed 


> 


x 


D = | ry\y-ode . 


From equations (17) and (20) 
h dp 


2 dx 


(39) 


LY |y=0 


, ' ' , h al , 
Evaluation of the integral (38) for the case 2x, | K 0-477 and for 
1 


the viscous Case gives 


D* = DI | ) = 3-24 {1+ 0-22(TU/h,}} - 


ph, A 
Therefore the coefficient of rolling friction (m) is given by 
1-32 yh, K(1+0-72(TU/h,)) . 


DISCUSSION 
The use of the absolute time derivative complicates considerably the 
theory of viscoelastic flow. However, in calculations where the vorticity 
is of the same order of magnitude as the deformation it seems essential 
to use this derivative. This argument also applies to plastic flow, as pointed 
out by THOMAS. 
The theory leads to a non-linear relation between the pressure gradient 
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and velocity. This has been linearized, assuming departures from MARTIN’s 
theory are small when (7'U'/h,)? is small. The resulting non-linear differen- 
tial equation for p(x) (equation 26) is of the first order. Hence the boundary 
conditions needed are the same as those in the classical theory. MILNE’s 
theory, by contrast, introduces extra boundary conditions. The qualitative 
agreement between the two theories is not as surprising as it might first 
appear. The introduction of the elastic term corresponds to allowing 
elastic deformation of the oil film to take place. Intuitively one would 
then expect that a given load would produce a thinner film, because the 
film is ‘softer’. 


The theory proposed is only valid for values of TU /h, up to about 0:3. 
A typical value of 7 for lubricating oils appears to be about 10° see. 
h, may be about 10-5-10-* ft, so the theory is valid up to rolling speeds 
of the order of 100 ft see. This seems to be adequate for practical purposes. 

The observation by Crook), that measured film thicknesses between 
lightly loaded rollers are only half those predicted by the classical theory, 
cannot be due to viscoelastic effects. The value of TU /h, in his experi- 
ment was about 0-04 or so, (assuming 7’ 10-8 sec). Deviations from the 
Newtonian behaviour would not amount to more than about 0-1 per cent 
(equation 35). 

It is believed that the above analysis is not very sensitive to the exact 
form of the viscoelastic stress deformation law assumed, provided it is 
properly invariant. For higher values of (7'U/h,), where linearization is 


inapplicable, a closer estimation of the properties of real materials would 


be essential, especially if numerical analysis is resorted to. 


REFERENCES 

REYNOLDS, Phil. Trans. Part I. 177, 157 (1886). 

Birok, Ann. N. Y. Acad. Sci. 53, 779 (1951). 

A. Minne, On grease lubrication of a slider bearing. Lubrication and Wear. 
Proc. Inst. Mech. Engrs., Lond. Conference (1957). 
L. I. Korova, J. Tech. Phys., Moscow 27, 1424 (1957). 
A. A. Mitne, Theory of rheodynamiec lubrication for a Maxwell liquid. Lubrication 
and Wear. Proc. Inst. Mech. Engrs., Lond. Conference (1957). 
A. CAMERON, J. Inst. Petrol. Tech. 40, 191 (1954). 
J. Lams, Proc. Roy. Soc. A 253, 52 (1959). 
L. J. F. Broer, Appl. Sci. Res., Hague (A) 6, 226 (1957). 
W. Nout, J. Rat. Mech. Anal. 4, 1 (1954). 
T. Y. Tuomas, Proc. Nat. Acad. Sci., Wash. 41, 716 (1948). 
H. From, Z. angew. Math. Mech. 28, 43 (1948). 
R. Hitt, Mathematical Theory of Plasticity, Appendix IV, p. 349. Clarendon Press, 
Oxford (1950). 
A. SOMMERFELD, Mechanics of Deformable Bodies, p. 253. Academic Press, New 
York (1950). 
P. R. Pastay, Calendering of a Visco-Elastic Material. ASME 57-APM-1 (1957). 
H. M. Martin, Engng. Mag. 102, 116 (1916). 
A. W. Crook, Phil. Trans. A 250, 387 (1958). 


Int. J. Mech. Sci. Pergamon Press Ltd. 1960. Vol. 1, pp. 216—228. Printed in Poland 


THE ULTIMATE STRENGTH OF THIN-WALLED 
SHELLS AND CIRCULAR DIAPHRAGMS SUBJECTED 
TO HYDROSTATIC PRESSURE 


P. B. MELLOR 


Department of Mechanical Engineering, University of Liverpool 
(Received 15 May 1959) 


Summary — The ultimate strength of thin-walled cylinders, spherical shells and circular 
diaphragms subjected to hydrostatic pressure is investigated for materials whose strain- 
hardening characteristics can be fitted by the empirical equation ¢ = A(B-+.e)". Experi- 
mental values of maximum pressure obtaining in the deforming of circular diaphragms 
of initially cold-worked materials are shown to be in good agrement with a theoretical 


treatment by Hill. 


INTRODUCTION 

THE simple tensile test is the most convenient and the most widely used 
method of determining strain-hardening characteristics of metals, and 
the ultimate tensile strength is the principal material property obtained 
from the test. The U. T.S. corresponds to the maximum load attained 
in the test which in turn marks the end of uniform straining. After the 
maximum load condition the stress distribution in the ‘“neck’’ of the 
specimen is complex and cannot be predicted theoretically. 

Similar conditions may arise in shells subjected to slowly increasing 
internal pressure. What errors are involved if the maximum pressures 
are calculated on a basis of U. T.S. alone? This question is investigated 
for thin-walled cylinders and spherical shells where plastic flow takes 
place under uniform stress until the maximum pressure is reached. 

If a flat circular metal diaphragm is clamped around its periphery 
and subjected on one side to increasing fluid pressure, plastic flow takes 
place under a non-uniform stress distribution. However, the maximum 
stress and strain occur at the centre of the diaphragm and the stress and 
strain ratios at this point remain constant throughout the straining. The 
maximum pressures reached in a series of experiments will be compared 
with a special solution by HILL”. 

The first assumption to be made is that the material is rigid-work- 
hardening. That is, no straining occurs until first yield and the relation 


between plastic strain increment and deviatoric stress is given by the Lévy- 


Mises equation, 


de, dé, 


(1) 
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where o, > o,> o, are the principal stresses, de,, de, and de, are the corre- 
sponding principal strain increments, and o,, = (o,-+ 0,+ 03)/3, the mean 
stress. 

Again, since various stress and strain conditions are to be compared, 
the following equations defining generalized stress o and strain « will 
be adopted: 


(G2 — 43)? + (63— 9 )*] 
ds y 2/3[ (de, — de)? + (de, — de,)* + (de, — de,)*}"* 


Also, in all problems to be considered the metal thickness is so small 
compared with the radius of curvature of the member that bending and 
shearing stresses can be disregarded and the stress o,, normal to the 
surface, is negligible. Therefore, putting o, = 0 and o, = xo,, where x 
will be referred to as the stress ratio, equations (1), (2) and (3) become 

de, de, de. 


(4) 


2x 1+2 


o(1—2+ a*)'*, (5) 


») 


dé de, - — £+ Dy 2 . (6) 


In the following work, only cases where the principal axes of stress 
remain fixed and the stress ratio remains constant will be considered, so that 


equation (4) can be expressed in total strains. 
(7) 


Thus the Lévy—Mises equation reduces to the Hencky equation or 
plastic deformation law and the strain-hardening characteristics may 


be expressed by the empirical equation, 


(3) 


This equation was suggested by Swirt®). It is useful for a general discus- 
sion to think of a material whose strain-hardening characteristic varies 
only with its initial state B. The constants A and n are constants for that 
particular metal, independent of the initial work-hardening. This equation 
was fitted to stress-strain curves obtained by measurements on circular 
diaphragms of various sheet metals of deep drawing quality and values 
are given in Table 1 (MELLOR®). Ideally, B = 0 for a fully annealed 
material. When B=0 the equation becomes identical with Ludwik’s 
equation, which may be expressed as o = Ce”. Care must be taken not 
to confuse the constants A and C or the indices n and m which are only 
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identical if B = 0. The two empirical equations will be compared later 
in the article. 


TABLE | 


Metal ; A(B-+e)" (lb/in?) 


Sott copper 62,200(0-016 
Half-hard copper 62,200(0-114 


106,000 ¢°48 


Soft brass 
Half-hard brass j 106,000 (0-127 
Soft aluminium 22.200 6°25 
Half-hard aluminium 22.200 (0-222 
91,000 6° 


Stainless steel ; 222?.000(0-016 


Killed steel 


THE SIMPLE TENSILE TEST 
If P is the load, Y the current cross-sectional area and / the current 


gauge length, then the true stress o, is given by 


P oX . (9) 


Neglecting the small elastic change in volume the material may be 


assumed to be incompressible and 
Ad, = Xl (10) 


where , is the original cross-sectional area and 7, the original gauge 


length. 
At the maximum load, dP = 0 and from equation (9) 


ad X T X\do oe. 
Also, from the condition for constancy of volume 
lIdX+Xdl=0. (12) 
and (12) the point of maximum load at instability 


From equations (11 


condition is given by 
da 


where the logarithmic strain 


do o 
Ru (15) 
dé 
The stress ratio x, in this case, is zero and equation (13) can therefore 


be written 
da 


ds 
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doa 


Introducing the empirical equation (8) from which j the 
alé 


effective strain at instability « = » —B. The instability strains for a number 


of stress systems have been evaluated previously on the basis of the 


empirical equation (MELLOR™). 


The condition B 
elongation or thinning has occurred. This is a useful guide to the beha- 


> n implies that instability arises before any general 


viour of a material under a given stress system but any assessment of 
the instability strain in this region must take into account the elastic 


strains. 
From equation (7) the principal strains at instability are 


Ey ZEs 


and the longitudinal stress is, from equation (8), 


m 


A(n)" : 
. A am 


where P,, is the maximum load and X,, the corresponding cross-sectional 


area of the specimen. The relation between the current and original cross- 


sectional areas is determined by considering the strains. 


AX ,exp(B—n). 


Therefore 

> 
A(n)" “exp (n — B) 
Ae 


and the ultimate tensile strength 
P 

Xo 

This relation, in terms of the constants of the empirical law o = A(B+.e)", 


- B. For ease of reference the stresses and strains 


>. 


A(n)"exp(B 0). (14) 


is valid as long as » 
in terms of these constants are set down in Table 2. 
TABLE 2. SUMMARY OF RESULTS 


Loading 


System 
Simple 
tension 

Cylindrical 
shell 
Spherical 


shell 
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THIN-WALLED PIPE OR CYLINDER 

If p is the internal pressure, the hoop stress o, = pr/t and the longitu- 
pr/2t, where r and ¢ are the current values of cylinder 

} and at 


dinal stress 


O05 
radius and wall thickness respectively. The stress ratio a 
instability, dp = 0 
do, dos dr dt 
oO r t 


de,, the incremental 


01 


de,, the hoop strain increment, and dt/t 
» ») 
de, des; 
y3 


ds 


where drir 
strain. 
| into equation (4) 
] ‘ 


thickness 


Substituting the value x 
The condition for maximum 


0 and from equation (5) o 
therefore 


de, 
is 


pressure or instability 
da 


B). For all practical cases the maximum 


| i 
> 


and the instability strain « 
}: 
principal strain is much less than the maximum principal strain in simple 


> 


tension (see Table 2). 

The maximum principal stress o,, at instability, is determined by 

substituting the effective strain in equation (8) and the stress ratio a 
This gives 


in equation (5) 
~ Mt \ 
anal") 
y3\y3 


The dimensionless quantities o/A are plotted in Fig. 1] 
It is now necessary to relate the maximum internal pressure to the 


initial wall thickness ¢, and the initial mean radius of the cylinder 7, 


The strains are 


| B 


giving 
; reexp bin 
The pressure at instability is 
2 n \" , “ 
| exp(p 3B—n) (15) 
y3 


n) is the conventional instability stxess; 


The term . 
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that is the stress based on the initial dimensions of the cylinder. Let this 
quantity be denoted by S,. What error is involved if the U. T.S. (the 


14 


Cylinder 


Fic. 1. Variation of effective instability stress with index n. 
conventional instability stress in tension) is used in equation (15) instead 
of S,? The ratio 


— } ; ©Xp By 3 - 1) K, (Say ) 
y 3) 


and the pressure at instability can be written 


sti eee 
»=K,(U.T.8.)—. (16) 


ro 


The variation of AK, with » and B is shown in Fig. 2. The condition 
n = 0 refers to an ideally plastic material and instability occurs at yielding, 
giving K, 1:155. For cases where K, is greater than unity, basing the 
instability pressure on the U. T. 8S. alone would under-estimate the strength 
of the material. The reverse is true for cases where A, is less than unity. 
Depending on the value of n it is possible to under-estimate the maximum 
pressure by 13 per cent or over-estimate it by 15 per cent. The effects 
of initial work-hardening (increasing B) is to increase the value of A,, 
but, of course, the value of the instability strain decreases. 

As an example consider a thin-walled cylinder constructed in aluminium 
(see Table 1). For soft aluminium B = 0 and n 0-25 giving, from Fig. 2, 
K, ~ 1. Therefore in this case basing the design on the U. T.S. alone 
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would give the correct maximum pressure. However, considering the 
half-hard aluminium, where B = 0-222 and n = 0-25, instability arises 


Variation of ratio (conventional instability stress/ultimate tensile 


strength) for thin-walled cylinder. 


before any general elongation has taken place. In this case it would seem 
preferable to design on the basis of the yield criterion of the metal. 


SPHERICAL SHELL 
The procedure is the same as for the thin-walled cylinder. The tangen- 
tial stresses are o, » = pr/2t, the stress ratio 2 = 1 and the strain incre- 
ment di 2de, = 2de, de,. The maximum pressure at instability 
condition is given by dp = 0 and 


do, do, dr at 


yy Oo ; 


de, — des. 


instability therefore 


and the instability strain ae B) (see Table 2). 


The maximum principal stress o,, at instability, is determined by 


, , o ee a ; 2n\" 
substituting the effective strain in equation (8). This gives o, A{ 3 ‘ 


The strains e, = e, and e, in terms of the dimensions of the shells are 
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giving 


reeXp 5 3 


pressure at instability is 


») ‘ n 3 
p ; 2— 4 = | exp(5 B- n). 


2n\* 3 = 
The term A | > exp(5B - n) is therefore the conventional instability 
\ Oo és 


So 2 n 
stress. Let this be denoted by S,. The ratio —.—-— (: exp 
~ (U. T.8.) 3 


(say) and the pressure at instability can be written 


B 
9 


rsay mea 
p = 2K,(U. T.S8.)-—. (18) 
"9 
The variation of A, with » and B is shown in Fig. 3. It is seen that AK, 
is always less than unity. This means that if the maximum attainable 


Variation of ratio (conventional instability stress/ultimate tensile 
strength) for spherical shell. 


pressure is calculated on the basis of U. T. 8. alone it will always be over- 
estimated. For a material with n = 0-5 and B = 0 this would lead to an 
over-estimation of approximately 22 per cent in the maximum pressure. 


CIRCULAR DIAPHRAGM 
The distribution of stress and strain in a plastically deforming circular 
diaphragm is now well understood. HILL® put forward a theory for 
a material having a linear strain-hardening characteristic and this was 
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shown to be in good agreement with experimental results on half-hard 
aluminium (MELLOR®). Following the work of HILL, THomMAs® took 
the particular case of soft copper and obtained a solution by a method 
of successive approximations which was in fairly good agrement with 
experimental work. However, the solution is lengthy and if only the 
maximum pressure and instability are required a special solution by 
HitL® is worth investigating. It has been shown, MELLOR®, that this 
special solution agrees fairly well with experimental results for instability 
strains if the equation o = A(B-+e)" can be fitted to the experimentally 
determined strain-hardening characteristic. 

It is known from experiment that with an annealed metal a maximum 
occurs in the pressure, and that fracture follows, under decreasing pressure, 
in the region of the pole. The relation between pressure and polar curva- 
ture, 0, is p = 2o,t/o where o, = o, the surface stresses at the pole, and ¢ 
is the current sheet thickness at the pole. At instability dp = 0 and 


do, do at 


oO 


do, 


de, O ds 3 


(19) 


where the through thickness strain ¢, is now defined as the positive quantity 


In “f t, being the initial thickness of the sheet. 


In this special solution HILL assumes that the particles in the diaphragm 
describe circular paths which are orthogonal to the momentary profile. 
On this assumption 


2h 


h2 , 
™ 2In {1 oF a (20) 
a- 


where h is the polar height and a is the die radius. Relation (20) is inde- 
pendent of the properties of the metal and it is a better approximation 
for the work-hardened materials, Fig. 4. However, the accuracy of the 
theoretical instability strains depends on the term 1/0 - do/de, in equation 
(19). 

Two experimentally determined values of this are compared in Fig. 5, 
with theoretical values from equation (20). The accuracy with which the 
instability strains can be determined depends on the correlation between 
experimental and theoretical values of 1/0-do/de,. 

From equations (19) and (20) the point of instability occurs when 


l do, 


07; ds 3 
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6 =\(n(-2) 
Fic. 4. Variation of polar radius of curvature with polar thickness strain. 
Half-hard copper. 
- Soft brass. 


; 


03 04 O5 
L 
€, =tn (+) 
— Half-hard copper. 


Soft brass. 
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On expanding in powers of e, this reduces to 


] do, l ] 


0; des 8 22, 

If then the stress-strain curve is fitted by the relation oa A(B+e)" 
the polar thickness strain at maximum pressure is given by the quadratic 
equation 

lles + ¢,(11B—8n—4)—4B=0. 21) 


The stress-ratio, a 1, and the polar stress at instability is given by 


o, = A(B+ 6) . 22 


Knowing e, and o,, the polar height and polar radius of curvature can 
be determined from equation (20) and hence the maximum pressure. 
Theoretical and experimental results are compared in Table 3. Some 
materials fractured without a decisive maximum in oil pressure and in 


TABLE 3. INSTABILITY CONDITIONS IN CIRCULAR DIAPHRAGMS 


,, Polar radius 
t/t, Oil pressure Polar height Polar stress 

; ; of curvature - 9 

Instability lb/in?) (in.) (1b /in?) 
(1n.) 
Expe! Expel Expet Exper- _. Exper- os 
: rl Theory I Theory i rheory I Theory 

iment iment iment iment iment 


Soft copper 555 108 378 3-30 2: 5-25 5-7 53,000 53,000 
Half-hard 

coppe! 0-59 5 104 396 2-85 2:79 5-65 52,900 54,800 
Soft brass 0-50 F 610F 590 4-IS F 3-22 5-05 F 5-5 84.900 F 89,100 
Half-hard brass 0-51 F 5 650F 633 3-66 F 3-12 5-10 F 5-57 500 F 94,300 
Soft aluminium 0-565 f 138 3-20 2° 5-35 9,200 19,100 
Half-hard alu 

minium 0-65 F 0-613 150F 148 2-43 F 63 6:35 F 6-06 20,400 F 20,400 
‘68 5-20 6-00 80,500 79,500 


» 
» 


Killed steel 0-56 0.603 602 555 3-23 


Stainless steel 0-52 0-487 1260 1240 3-90 3-28 5-00 5-45 168,500 190,300 


i) F denotes that the material fractured under increasing pressure. 
ii) The radius of the die was 5in. and the initial nominal thickness of the metal 


0-036 in 


these cases experimental results for fracture are presented. It is seen 
that theory under-estimates the polar height and over-estimates the 
radius of curvature at instability. The maximum oil pressure attained 
is under-estimated for all materials and there is better correlation for the 
more work-hardened materials. For the annealed materials the pressure 
at instability is under-estimated by between 5 and 8-5 per cent. This is 
a consequence of equation (20) which is not such a good approximation 
for the annealed materials as it is for the work-hardened materials. All 
theoretical results are of course dependent on the accuracy with which 
the empirical law o A(B+e)" ean be fitted to the experimentally 
determined strain-hardening characteristics. 
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EMPIRICAL EQUATIONS TO REPRESENT THE STRESS-STRAIN CURVE 

The most widely used equation to represent a stress-strain curve is 
of the form o = Ce” where.C and m are constants for a particular ma- 
terial. The value of the constant m depends on the degree of initial work- 
hardening, small values indicating a cold-worked material. 

WeEIL® and SveENsson® have investigated the bursting pressures 
of thin-walled cylinders and spherical shells using this equation and have 
obtained equations (15) and (17) for the case B 0, when n m. Curves 
b = 0, Figs. 1 and 2, may be discussed for the equation o = Ce” where 
work-hardened materials having low values of m n have the higher K 
values. 

The equation o A(B-+e)" has the advantage in a general discussion 
that the forming capability and the difference between, for example, 
soft brass and soft aluminium in this respect is emphasized (see Tables 1 
and 2). Once the best metal (high value of ») has been chosen, the effect 
of initial work-hardening on forming capability can be studied. A further 
advantage of the equation is that it provides a much better fit to stress— 
strain curves of work-hardened materials. This is illustrated in Fig. 6 
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Fic. 6. Empirical curves to strain-hardening characteristics of aluminium. 
A (B +)" 


21,400¢° ?. 


which shows the stress-strain curves for two tempers of aluminium. The 


experimental results to high strain values were obtained by taking readings 


from a plastically deforming circular diaphragm. A stress-strain curve 
for the half-hard aluminium up to the necking-point in simple tension 
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is also included in the figure. The curve for half-hard aluminium to large 
strains can be fitted either by the equation o = 22,200(0-222 + ¢)** or 
o = 21,400e°!. Taking the latter expression, the theoretical value of 
thickness ratio at instability of a circular diaphgram is 0-646, which is 
in very good agreement with the experimental value. However, the latter 
expression could not be used to predict the instability strain in tension 
since it is seen that there is a large discrepancy between theoretical and 
experimental curves at low values of strain. 

The experimental instability strain in tension for half-hard aluminium 
was found to be 0-03 and from the expression o 22,200 (0-222 +¢)9°25 
the theoretical value is (n—B) = 0-028. It was to be expected that the 


theoretical value would give the lower figure since elastic strains are 


neglected. If the equation o = Ce” is to be used the constants C and m 


must be re-determined. 
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Summary — The upper-bound approach method as developed in Part I’ of this work 
is applied to various types of plane-strain extrusion and forging of rigid_perfectly plastic 
material with closed dies and the results are seen to be of sufficient accuracy despite 
the little labour required for calculation. 

The steady-state extrusion and piercing pressures agree with those derived from 
slip-line theory by the other investigators to within an error of 10 per cent, for a range 
of reductions 0-2 to 0-95. The most suitable velocity fields which give the minimum 
upper bounds resemble essentially the corresponding slip-line fields. 

Extrusion pressures for a three-orifice extrusion and a sideways extrusion are found 
exactly or nearly equal to those for the usual extrusion having the same total reduction. 

In a stepped extrusion, the working pressure is found to be a little higher than that 
of the usual extrusion having an identical reduction. 

In the extrusion-forging and piercing-forging of short slugs, the working pressures 
vary with the thickness of the slug and in a manner depending on the condition of 
lubrication. These pressures and the most suitable velocity fields show good agreement 
with slip-line solutions. The most suitable velocity fields also give a good explanation 
of the formation of extrusion defects. Some opposed extrusion-forgings, with both top 
and bottom dies having orifices, are analysed and their working pressures are found 
to be lower than those of the usual one-way extrusion-forging. 

A method of estimating the coining pressure with perfectly closed dies is proposed, 
using the velocity fields for extrusion and piercing. 


INTRODUCTION 
IN Part I® of this work a method of obtaining a good upper bound 
for the mean working pressure has been proposed by using a rigid-triangle 
velocity field and the concept of a unit rectangular deforming region. 
In this part, this method is applied to various types of forging and extru- 


sion problems in which the material is deformed in closed dies so that 
their processes will be understood. Some of the results will be compared 
with known slip-line solutions to ascertain the reliability of the method 


adopted. 
EXTRUSION AND PIERCING 
The steady-state extrusion and piercing of long billets is now treated. 
The extrusion die and piercing punch are assumed to have flat working 
surface, Fig. 1. 
Proceeding along the lines already described in connexion with Fig. 31, 
Part I, the upper bound for the mean working pressure ratio per unit area 
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billet is, from a modification of equation (13) Part I, given by 
(1) 
where e, and e, refer to regions [1] and [2] respectively in Fig. 1, and R is 


the reduction defined by 


R -W,/W,. for extrusion 
and 
R= W,,W,., for piercing. 


Dp 


Equation (1) holds when the container is smooth or when the extrusion 


is of backward type. The only difference between the constrained inden- 
tation, Fig. 31, Part I, and the extrusion or piercing processes, Fig. 1, 


Punch 


Division of work-piece into unit deforming regions and rigid region 
or the uppel bound analysis of extrusion and piercing. 
a) Extrusion, 


b) Piercing 


is that the top surface of region [2] is free in the former, while it is con- 
strained by the material already extruded in the latter. 

For extrusion, therefore, the boundary condition for region [2] is denoted 
by rrsr (i), Table 1, Part I. That for region [1] is ssrr (i) with smooth dies 
and container, while it is srrr (i) for rough dies and a smooth container. 
Taking the values of e, and e, from the e versus a diagrams, with the aid of 
equation (15), Part I, and by minimising equation (1) with respect to G, 
upper-bound solutions for the extrusion pressure and velocity field easily 
follow. The upper bounds for the extrusion pressure ratio are shown in 
Fig. 2 by the solid line curves I and II. When the container is smooth, 
the results for smooth and for rough dies coincide for reductions of less 
than 0-58. Asa special case, when the die is smooth, equation (16), Part I, 
holds again for R > 0-6. The broken line curves in Fig. 2 represent the 
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slip-line field solutions after HILL®* and JoHNSON®. It will be seen 
that these upper-bound solutions differ from the exact solutions by no 
more than 3 per cent for 0-45 < R< 0°85 and by no more than 10 per 
eent for 0:20 < R< 0-95. 


04 05 O06 0-7 
R 


Fic. 2. Relations between mean extrusion and piercing pressures and 
reduction as determined from the upper bound analysis and the slip-line 
theory (HILL, JOHNSON). 


The present upper bounds are, following the manner of JOHNSON, 
expressed by the empirical formula 


Pp 


7 0:-50—1-11In(1—R) 


for smooth dies and container, and 


zs 0-30—1-47In(1—R) (4) 


for a smooth container and rough dies, in the range 0-3 < R < 0-97, with 
an accuracy of +5 per cent. The depth of the deforming region as deter- 
mined by the most suitable rigid-triangle velocity field are plotted in 
Fig. 3. 

Similarly, the upper bounds for backward extrusion with rough dies 
and container can be calculated and are shown in Fig. 2; the related 
depth of the deforming region is given in Fig. 3. 

When the container is rough and the billet is pushed forward by the 
bottom die through the stationary container and against the stationary 


* The values were taken from his chart for piercing punch pressure. His chart for 


mean extrusion pressure does not seem to be exact in the range of low reduction. 
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extrusion die, the energy dissipation on the container surface has to be 
taken into account so that 

P P ‘ - 
a a vy ; (9) 


where p/2k refers to the mean pressure on the bottom die face and f, 
denotes the slip resistance ratio on the container surface. 


ioe 


Bockword extrusion’ 
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Fig. 3. Depths of stationary deforming region G and transition points T 
from steady to non-steady stage as obtained from the upper-bound analysis. 


The boundary conditions for regions [1] and [2] when the die and con- 
tainer are both rough, are represented as rrrr (ii) and rrsr (i) respectively. 
Minimizing equation (5) with respect to G as before, the upper bounds for 
the bottom die pressure during forward extrusion are obtained as a function 
of T. In Fig. 2, for convenience, the upper bound for the mean pressure 
acting on the bottom surface of the stationary deforming region 246, 
Fig. 1, is shown by the solid line IIT. Its coincidence with the corresponding 
slip-line field solution (the broken line IIT) is again good. The upper 


bound can be expressed by 


“ 0-48—1-41In(1—fR) (6) 

for the same range of reduction and with same accuracy as equations (3) 
and (4). 

In Fig. 4 are shown comparisons of the most suitable rigid-triangle 

velocity fields and the slip-line field. The general character of deformation 
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and the exact deforming region derived from the two methods are quite 
similar. However, for the forward extrusion with rough die and container, 


the depth of the deforming region, as in Fig. 3, is seen to differ conside- 


. AN ‘ 7 
PRY 


the most suitable rigid-triangle 


Fic. 4. Comparisons of 
with slip-line fields (Hill and Johnson). 
0-79. 


R 0-84. 


(a) Smooth die and container, R 
R = 0-50. 


and smooth container, 
und smooth container, 
ind container, forward, 


(b) Rough die : 
(c) Rough die : 
(d) Rough die ¢ 


rably from the results given by 


velocity 


R 0-65. 


fields 


JOHNSON, especially when the reduction 


is large. 
The piercing process carried out in a smooth container is completely 


equivalent to the extrusion process in a smooth container, provided the 
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frictional condition of the piercing punch and extrusion die is identical. 
The solid lines, I and II, in Fig. 2, therefore, are also applicable to piercing. 

The upper bounds for punch pressure taken from Fig. 2 are plotted 
against reduction in Fig. 5. The symmetrical character of the curve about 


Fic. 5. The upper bounds for mean punch pressure in piercing. 


R = 0-5 for a rough punch is seen to reflect the equivalence of extrusion 
and piercing referred to; the velocity boundary conditions for an extrusion 
with a reduction ratio R are the same as those for piercing with the re- 
duction ratio (1—R) exeept for their signs. 

When the container is rough, the effect of friction on the container 
surface should again be taken into account. The upper bound for the 
pressure on the bottom surface of the deforming region in forward piercing 
with a rough punch and container is given in Fig. 2; its value is seen to 
be considerably higher than that for forward extrusion with rough tools. 
This fact underlines the importance of lubrication in piercing practice, 


especially for high reductions. 
It is to be noted that from the point of view of energy dissipation, 


the material extruded through the clearance between punch and container 
does not proceed in the vertical direction, but in an oblique direction 
when the container is rough and the extruded material is longer supported 
by the tool. Such a phenomenon has already been observed in an experi- 


mental work with plasticine by GREEN. 


SOME SPECIAL EXTRUSIONS 
The present section deals with such special problems as extrusion 
through a die having three orifices, Fig. 6(a), unsymmetrical piercing, 
Fig. 6(b), stepped extrusion, Fig. 8, and sideways extrusion, Fig. 9. 
Slip-line solutions for plane-strain extrusion through dies having 
multiple orifices have already been given by DODEJA and JOHNSON 
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and by JOHNSON et al. In this work a three-orifice extrusion in which 
the side orifices are symmetrically situated with respect to the centre 
axis, Fig. 6(a) is examined in order to show the effectiveness of the present 
method of analysis. Some unsymmetrical piercing problems, Fig. 6(b), can 
be solved at the same time. 


Fic. 6. Extrusion with three-orifice die and unsymmetrical piercing. 
(a) Three-orifice extrusion. 
(b) Unsymmetrical piercing. 


A good upper bound can easily be obtained by dividing the deforming 
material into two unit extrusion regions [1] and [2], partitioned by the 
neutral plane 34. With the use of notations 
W > 
R, = 

W. 
the reduction ratios for both unit « 


(3) 


respectively, where o defines the position of the neutral plane. Denoting 


the upper bound for the stationary extrusion pressure ratio for the two 
units by p,/2k and p,/2k respectively, and assuming either that the container 
is smooth or that the extrusion is a backward process, the upper bound 
for the mean extrusion pressure in the present problem is then given by 


) ) he 
f Phy - 0) Po (9) 
2k 2k ys 2k ~ 
where p,/2k and p,/2k are the function of 7, and r, respectively. 
It has already been observed that in extruding through a smooth die 
at high reductions, the most suitable velocity field under the die face 


is that shown in Fig. 4(a). This type of field when applied to regions [1] 


= 
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and [2] vields no interference between them and, accordingly, the upper- 
bound values as determined for the extrusion with a single orifice are at 
once applicable to each extrusion unit. 

If the container is smooth in Fig. 6(a), or if both sides of the container 
are equally smooth in Fig. 6(b), it transpires that p,/2k and p,/2k are the 
same function of reduction r, and r, respectively. Equation (9), therefore, 
has @ minimum value 

= (2), 40 
when 


ry Is R, or 0 nd - (11 ) 


if p,/2k and p,/2k are concave with respect to reduction. In the above 


equations 

(12) 
represents the total reduction in the present problem. Equation (10) 
indicates that the extrusion pressure depends only on the total reduction 
when the container is smooth. An example of a velocity field for a smooth 


container and die is shown in Fig. 7(a). 


Most suitable velocity fields in three-orifice extrusion. 
(a) Smooth die and container. 
(b) Rough die and smooth container. 


¢c) Small reduction. 


When the die is rough, the application of the most suitable velocity 
field as determined already for single orifice extrusion, Fig. 4(b), requires 
a slight modification of equation (9) owing to the relative slip between 
the two unit regions, Fig. 7(b). The correction term which is added 
to equation (8) is m2 and is very small when R,; is large. The same con- 
clusion regarding equations (10) and (11), therefore, also holds for the 
present case with a high total reduction if the container is smooth in the 
case of Fig. 6(a), or if both sides of the container have a frictional resi- 
stance identical with that in case Fig. 6(b). When the reduction is small, 
a velocity field of the type shown in Fig. 7(¢) results in a better upper 


bound. 
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The speeds of flow of the material through the orifices are given by, 


respectively, 


and ip P, (13) 


When o is found from equation (11), it follows that 


U, = U,. (14) 


For a stepped extrusion as shown in Fig. 8 an upper bound for the 
steady working pressure is easily obtained if the whole vertical surface 


Fic. 8. Stepped extrusion. 


of the container is smooth and if the depth of step 7, is large compared 
with the width of the first die hole W;. In such cases, the whole process 
is regarded as two independent extrusion processes, of reduction R, = 
= 1—(W,/W.) and R, 1—(W;/W,). Denoting the upper bounds for 
the extrusion pressure ratio in the two extrusion units by p,/2k and p,/2k 
respectively, an upper bound for the present stepped extrusion is easily 
shown to be given by 
) ) do i 
P_ Pr, Pr (15) 
2k 2k 2k 
As has been seen already, the relation of normal stationary extrusion 
pressure to reduction is expressed approximately by 
) . 
Pi m—nin(1—R). (16) 
2k 
If the frictional conditions on the first and second die surfaces are identi- 
cal, p,/2k is also expressed by equation (16) using R, instead of R,. It 
follows then that 


- = 2m —nin(1—R) (17) 
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where R, denotes the total reduction, 1—(W,/W,). Thus, p/2k exceeds that 
for stepless extrusion with the same reduction R, by an amount in m 
which ranges between 0:3 and 0-5. This excess appear to reduce as the 
depth of step 7, decreases below a certain amount. 

Several sideways extrusion problems have been treated by GREEN” 
and JOHNSON et al. In the present study a simple treatment of 
sideways extrusion will be illustrated for a case in which the orifice 
is located at the end of the container. This process, as shown in Fig. 9, 


Top die 


Fic. 9. Sideways extrusion. 


will be seen to be quite similar to that of reverse-heading which has been 


discussed in Part I. The only difference lies in the condition of constraint 


at the orifice. However, from Figs. 19 and 21, Part I, the most suitable 
velocity field for the initial stage of heading, with its related upper bound, 
can be taken over for the present problem without modification. 


Fic. 10. Comparison of pressures for sideways and end extrusions. 
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Regarding {1—(W,/W,)} as the sideways extrusion reduction, the 
upper bound solution for the container and top die smooth as well as 
for the container smooth and the top die rough are graphed in Fig. 10. 
The upper bounds for ordinary extrusion with the equivalent frictional 
conditions are also reproduced in the figure. It is interesting to see that 
the upper bounds for the sideways and ordinary extrusion nearly coincide 
for a given reduction and frictional condition. 


EXTRUSION-FORGING 


In this section the extrusion and piercing of comparatively short slugs, 
Fig. 11(a) and (b), are treated. Such processes are found in the final stages 


Ext. die 


2M, 


1 


¥ 


Container 
f 
Container 


cu, . 
Bottom die Bottom die 
(a) (b) 
11. Extrusion- and piercing-forging and division of work-piece into 
unit deforming regions. 
(a) Extrusion-forging. 


(b) Piercing-forging. 


of extruding and piercing long billets, when the operations are no longer 
ones of steady state. The term “extrusion-forging’’ was first given to 
these processes by Sachs. Here the term ‘“piercing-forging”’ will also be 
used in order to distinguish (b) from (a) in Fig. 11, when necessary. 

Proceeding in the manner described before concerning Fig. 31(b) 
Part I, the upper bound for the mean working pressure for various condi- 
tions of friction, reductions and height—width ratios are easily calculated 
from equation (1) with the aid of Table 5, Part I. The results are graphed 
in Figs. 12 or 17. These diagrams can also be regarded as pressure-ram or 
die-stroke diagrams during extrusion. The solid circles in these figures indi- 
cate the transition point between steady and nonsteady flow stages. 
In Fig. 3, this transition point is plotted against reduction. It is to be 
noted that the height of the slug at this point equals the depth of the 
deforming region in the stationary stage when the bottom die is rough. 
The mode of variation of p/2k with 7/W, in the non-steady stage will 
be seen to vary considerably with the frictional conditions. 
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ty po; 


Fic. 12. Upper bound for extrusion-forging pressure. All tools are smooth. 


Fic. 13. Upper bound for extrusion-forging pressure. Rough extrusion die 


and smooth container and bottom die. 


Comparison of upper-bound and slip-line field solutions for the working 
pressure is made in Figs. 14, 15 and 16(a); JOHNSON’s™ results and those 
of WANG are inserted. The difference between the upper-bound results 
and those of JOHNSON is generally small and only about 12 per cent at 
most. Several results after WANG, however, differ considerably from the 
present upper bounds. There exists also a large discrepancy in the location 
of the transition points as determined by JOHNSON and the author, for 


forward extrusion with a rough container, top die and bottom die. The 
reason for this discrepancy is not yet clear. 

In Fig. 18, comparisons are made between the shapes of the most 
suitable rigid-triangle velocity fields and the slip-line field after JOHNSON 
for a rough bottom die. The general agreement between them will be seen 
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to be very good. For values of 7'/W, less than those indicated by the 
hollow circles in Figs. 12-17, the velocity fields in which part of the bottom 
surface 46, immediately below the orifice, separates from the bottom die, 


Fic. 14. Upper bound for extrusion-forging pressure. Smooth extrusion 
die and container and rough bottom die. 


Fig. 15. Upper bounds for extrusion-forging pressure. Smooth container 
and rough dies. 


require a lower rate of energy dissipation. More such velocity fields are 
illustrated in Fig. 19 and weil explain the cavity formation on the bottom 
of extruded bars as well as the rounding-off at the bottom edge of pierced 


shells, the latter phenomena being pointed out by Fukur, Kubo and 


= 
‘ 


H. Kubo 


SEINO™ *, JOHNSON®) has also given an explanation of the cavity for- 


mation in sheet extrusion in essentially the same direction. 


a 


0-8 
7, 
Fic. 16. Upper bound for extrusion-forging pressure. All tools are rough. 
a) Forward extrusion. 


b) Backward extrusion. 


\lso observed experimentally by CHanG@) and explained by Johnson in terms 


identical with these in the discussion on the paper by WATKINS et al.(?) 
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From the type of velocity field (a) in Fig. 19, where the bottom die 
is perfectly smooth, it will also be seen that the bottom surface skin of the 
work-piece is included in the centre of the body during non-steady-state 
flow before the onset of cavity formation and thus results in the inclusion 


ae 8 


0-1 


Fic. 17. Upper bound for backward piercing-forging pressure. All tools 
are rough. 


defect of extruded products. This explanation has also been given by 
JOHNSON®®) independently of the author. An experimental verification 
of this explanation has been performed by the author. In experiments 
on the cold extrusion of round aluminium bar, this type of inclusion 
was not observed when a rough bottom die was used, but it was found 


with a thoroughly lubricated bottom die. 


SPECIAL EXTRUSION-FORGING 
The present section covers some special extrusion-forging, e. g. 
extrusion-forging between top and bottom dies which both have orifices, 
Figs. 20 and 23, and that between a top die which has three orifices and 
a flat bottom die, Fig. 26. The former will be termed ‘‘opposed extrusion- 
forging’’. 


In the opposed extrusion-forging, the process is considered as two 


independent steady extrusion processes in the neighbourhood of the top 
and bottom dies, provided the billet is sufficiently long. These two pro- 
cesses, however, interact when the billet length is reduced; the process 


is then no longer steady. 
In the symmetrically opposed extrusion-forging in Fig. 20, the process 
can be regarded as two symmetrically opposed normal extrusion-forgings, 
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18. Comparisons of 


Fie 


slip-line Johnson) 


fields 


(a) Rough extrusion die 


Rough extrusion die 


Smooth extrusion die 


Smooth extrusion die ; 


~— 


s 


Cavity 
(a) 


most 


and 


and 


(d) 
suitable rigid-triangle velocity 
with rough bottom 
R 0-76, T/W, 
R = 0-78, T/W, 
container, R 0-71, T/W, 
R 0-84, T/W, 0-33. 


fields with 

die. 
0-73. 
0-49. 
0-42. 


in extrusion-forging 


smooth container, 


smooth container, 


and rough 


ind container, 


x t 
Cavity 
(c) 


Lift up 
(b) 


Fic. 19. 


stage of extrusion and piercing-forging. 


Cavity formation on the bottom of the work-piece at the final 
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Fig. 11, with a smooth flat bottom die. The upper bounds are then easily 
obtained and are shown in Figs. 21 and 22. Also given in these figures 


(b) 


Fic. 20. Symmetrically opposed extrusion-forging and the most suitable 


velocity fields when all tools are smooth. 


are the upper bounds when one of the two orifices is closed. The comparison 
of these two bounds in the figures shows the pressure drop effect when 
the second orifice is used in conjunction with the first. The two curves, 
however, become one if the value of 7 in the opposed extrusion-forging 
is regarded as half the distance between the top and the bottom dies, 


as long as the cavity formation point is not reached. This point is denoted 


by a hollow circle in Figs. 21 and 22. For values of 7/W, smaller than 


Normal extrusion 


Steady-nonsteody transition 


Fic. 21. Upper bounds for working pressure in symmetrically opposed 


extrusion-forging with smooth tools. 


those represented by this point, a difference between these two will appear, 
since in opposed extrusion-forging cavity formation is usually prevented. 
If a crack is allowed to develop inside the material for the expenditure 
of a very small amount of energy, a cavity may be formed at the centre 
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of the material to reduce the internal rate of energy dissipation required 
for plastic deformation of material, see Fig. 20(b). The upper bound is 
then as given by the dotted line in Figs. 21 and 22, the triangle indicating 
the point of crack formation. This type of crack was actually found by 
the author in opposed extrusion experiments on round bar with aluminium, 
copper and brass. As was to be expected from this velocity field, a defect 
due to skin inclusion along the horizontal broken line in Fig. 20(a) has 


been observed in experiment. 


Fic. 22. Upper bounds for working pressure in symmetrically opposed 


extrusion-forging with rough dies and smooth container 


In the same manner, the upper bound and the most suitable velocity 
field for symmetricelly opposed piercing-forging can be determined. In 
this case, the development of a crack on the outer surface of the product 
is predictable. Such crack formation, however, will be strongly constrained 


in the piercing process, if the extruded material is subject to a frictional 


resistance at the container wall. An alternative velocity field which results 
in a necking on the outer surface is given by JOHNSON), 

In the case of opposed extrusion-piercing-forgings, good upper bounds 
are obtained by using the velocity fields shown in Fig. 23. When the 
billet is comparatively deep, the type of velocity field given in Fig. 23(a) 
is found to yield the best results. The deforming regions are then assumed 
to consist of four rectangular unit regions [1], [2], [3] and [4]; the regions 
236'7 and 2'3'67 are assumed to be rigid. Using the directions shown in 


the figure, the height—width ratio, the pressing area and the pressing 


speed for each unit region can be listed as in Table 1, where 


W,, W, 


R, = 7, : ik 
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R, and R, are the reductions when the orifice provided either in the bottom 
die or the top die, is closed. 
From equation (6), Part I, the upper-bound ratio is given by 


(e, + €,)(R,— 0) +(e, + €,)(0o —1+R,). (19) 
When the container is smooth, e, and e,, eé, and e, are identical functions 


of the height—width ratio respectively. Equation (19), then, can be proved 


to have a minimum value given by 


when 
(21) 


and where RF; is again defined by equation (12) and can be regarded as 


the total reduction for this process. 


1" 4 


(d 


Fic. 23. Opposed extrusion-piercing-forging with smooth container. 


Its 
division into unit regions and examples of the most suitable velocity fields. 
Equation (21) indicates that the velocity fields in the two unit extrusion 
regions are similar. Fig. 23(a) shows the most suitable velocity field 
taken from Table 1, Part I, corresponding to the boundary conditions 
imposed on each unit region. According to equation (21) the two surfaces 
of velocity discontinuity 47 and 4’7 form one straight line. This velocity 


248 H. Kupo 


field can often be used as the most suitable field whether the dies be 
smooth or rough. 

For smaller 7/W,, the kinds of velocity fields in Fig. 23(b) and (ce) result 
in a lower rate of energy dissipation when the tools are all smooth. Thus, 
by dividing the whole of the slug between the dies into three unit rectan- 
gular deforming regions and by denoting the leftward velocity of the 


boundary plane 34 as vV, the expression for the upper-bound ratio 


i ; , a oe 
oD}. “Ly v+e,R,-4 ¢s{ Ri - TA 29 


is obtained. 
When R, R,, equation (22) becomes independent of v, and 


P > R 293) 
oO} \ €o) fy. (20) 

2k 
From Table 1, Part I, it is seen that when one or both of a, and a, are 


less than unity, then e, > e, for R, > R, and e, < e, for R, << R,. Equation 
therefore, becomes least when v 0 or v R,W, T. This indicates 


TABLE 1. HEIGHT-WIDTH RATIO, PRESSING AREA AND SPEED FOR EACH INDIVIDUAL 
UNIT RECTANGULAR DEFORMING REGION IN OPPOSED EXTRUSION-PIERCING-FORGING 


: Height—width Pressed Pressing 
Region 4 
ratio a area A, speed J 


(1—R,)W (R,—o)W.,. 
: (1 »)T ———— 

(l—w)7 “ (l—w)T 

(] w)T 

(R o)W 


wT 


that no positive extrusion of material is done from the narrower orifice. 
At the narrower orifice, then, the speed of flow relative to the die or 
punch is V. When both a, and a, are greater than unity, the conclusion 
obtained for the case of R, R, also holds, since e, = e,, from Table 1, 
Part 1, and because of cavity formation. 

In Fig. 24 are illustrated the upper bounds for the mean working pres- 
sure with smooth tools by a solid line. The dotted line curves represent 


the upper bounds for the corresponding normal extrusion-forgings. When 
R, R, = 0:9, £, R, = 0-75 and R, = 0-8, R, = 0-7, the velocity field 
of type (a), Fig. 23, gave the best upper bound between the solid circle 


(the transition point between steadv and non-steady stage) and the 
cross. For 7,/W, smaller than that represented by the cross, the 
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type (b) and then (c) yields the best results. For R, = 0-85 and R, = 0-95, 
however, the type (a) was never the most suitable velocity field; the 
hollow circle and triangle indicate the cavity formation points. 


hree orifice poralle! extrusion 


Fic. 24. Upper bounds for working pressure in opposed extrusion-piercing- 


forging, and three-orifice parallel extrusion-forging with smooth tools. 


When the difference between R, and R, is very large, it will also be 
possible that the velocity field of type (d), Fig. 23, in which no outward 
flow takes place at the narrower orifice, gives a better upper bound. 

When the dies are rough, the upper bound can be obtained with the 


40 


Fic. 25. Upper bounds for mean working pressure in opposed extrusion- 
piercing-forging, and three-orifice extrusion-forging, with rough dies and 
smooth container. 
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use of velocity fields shown in Fig. 23(e) and (f). In Fig. 25, however, 
only results for R, R, and a smooth container are given. For this case, 
the position of the neutral plane oW, should be 0-5 W, different from the 
case of smooth tools. In Fig. 25, the most suitable velocity fields for 
R, R, = 0-90 were the type (a), Fig. 23, between the solid circle and 
the cross, the type (f) between the crosses and the plus, and the 
type (e) for values of 7 W, smaller than that represented by the plus. 
When R, R, = 0-75, type (a) lies between the solid circle and the cross; 
the type analogous to (b) lies between the crosses and the pluses, and 
type (f) between the pluses and the triangle; the type (e) lies below 
the triangle. 

The broken line curves in the figure indicate the upper bounds for the 
extrusion-forging, in which one of the orifices is closed. From Figs. 24 
and 25 the marked pressure reducing effect of the second orifice added 
to the first orifice is seen. 

\nother type of combined extrusion-forging problem is that in which 
three orifices are provided in the top die, (symmetrical with respect to 
the axis of extrusion) the bottom die being flat and having no orifice 


(Fig. 26). The upper bounds obtained are shown in Figs. 24 and 25. 


ia. 26. The most suitable velocity fields in three-orifice extrusion-forging 


CLOSED-DIE COINING 

\n attempt is now made to treat approximately the process of ‘‘edging” 
associated with closed die coining: see Figs. 27 and 28. It is the final stage 
of closed-die coining and usually serves to form sharp edges on pre-forged 
parts. 

Firstly, the simple case shown in Fig. 27 will be considered, being the 
final stage of upsetting in a closed die. If the horizontal non-contiguous 
length (, at the edge is large as compared with the vertical non-conti- 
guous length C, and if it is very small compared with the width of the 
container W,, the most suitable velocity field already obtained for con- 
strained indentation, Fig. 31, Part 1, or the piercing problem Figs. 1(b) 
and 11(b) with a punch having a width 2(W,.—C,), can be considered 
as giving a good upper bound for the present problem, Fig. 27 (a). 

On the other hand, when C, > C,, the velocity field adopted tor the 
heading process, Fig. 18, Part I, will be suitable if C, is regarded as the 


height of the unsupported part of the work-piece, Fig. 27(b). As was 
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seen from Fig. 10, the upper bounds for piercing (or extrusion) and heading 
were approximately equal for a given reduction. From this it follows 
that the edging pressure for deep rectangular work-pieces depends mainly 


on the frictional condition of the tool and the ratios C,/W, and C,/W,. 
This holds also for work-pieces having a small height—width ratio. 


C, | 


(b) 


Fic. 27. Coining with flat, smooth closed-dies. 


In practice, the non-contiguous lengths C; and C2 or C3 and CY at 
the left and right corners are usually not equal, i.e. the process is not 
symmetrical with respect to the centre axis. According to the discussion 
stated above concerning unsymmetrical piercing, Fig. 6, the upper 
bound for such an unsymmetrical edging process is seen to be given, 
approximately, by that for the corresponding stationary extrusion pres- 
sure with the reduction ratio {1—(C;+Ci/) 2W,} or {1—(Ci+C%)2W,}, 


when the work-piece is deep. 


(b) 


Coining with recessed closed-dies. 


A coining process in which the die contains a cavity, Fig. 28, may be 
treated similarly by dividing the work-piece into two unit extrusion 
regions [1] and [2]. From the discussion above concerning stepped ex- 


> 


trusions, Fig. 8, it will be seen that the upper bound for the coining pres- 


Kubo 


sure is again not much higher than that for the corresponding extrusion 
process with the reduction ratio {1 


(Cy +Cy)/2W,} or {1—(C3 
allowable non-contiguous 


IS 


+ C's’) /2W-}. 

The necessary pressure to fill all corners to within a given maximum 
length is least 

Alternatively, the edging pressure is least 


when (; = Cy or © 
simultaneously. 


when all corners 


= (%, 
are filled 
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WAVE ACTION IN THE EXHAUST SYSTEM 
OF A SUPERCHARGED TWO-STROKE-ENGINE 
MODEL 


S. BENSON * and W. A. Woops fT 
(Received 9 April 1959) 


Summary — The paper describes a theoretical and experimental investigation of wave 
action in a supercharged two-stroke-engine model. The theoretical analysis, by the 
method of characteristics, showed that for an infinite pipe the basic wave form 
consisted of two pulses, one due to the exhaust blowdown and the other due to the 
supercharge air. For a finite pipe the wave form was dependent on the fixings at the 
open end. The theory and the experiments showed that in a pipe with a plain open 
end the infinite pipe wave form was superseded by strong wave action with residual 
waves. With a nozzle at the open end the wave action was damped out, the residual 
waves were suppressed and the infinite pipe basic wave form was observed with some 
modifications due to reflected waves from the nozzle end. 

A study of the boundary conditions at the pipe ends showed that the flow into the 
pipe under unsteady conditions was different from the flow under steady conditions. 
At the outlet end the flow under steady and unsteady conditions was approximately 
the same. 


INTRODUCTION 


IN SUPERCHARGED engines it is desirable to utilize the maximum energy 
available in the exhaust gases to drive the turbo-charger. For this purpose 
wave action in the exhaust pipe should be controlled in order that the 
energy content of the pressure waves can be usefully converted into 
kinetic energy at the turbine nozzle. In a two-stroke-cycle engine the 
problem of wave action in the exhaust pipe is important if the scavenging 
and charging processes are to be efficiently performed. With the possi- 
bility of high-pressure charging of engines in the near future an investi- 
gation was carried out to study the pressure wave phenomenon in the 
exhaust pipe of a two-stroke-cycle engine operating under these condi- 
tions. 

The analytical methods used in the paper are based on the methods 


of characteristics. Since this subject has been extensively discussed, 


only the basic formulae and the corresponding boundary equations are 
given in the paper. 


* Department of Mechanical Engineering, University of Liverpool. 
t Rolls Royce Ltd., Derby. 
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APPARATUS 


special exhaust-pulse generator was constructed to simulate the 


of events in a high-pressure-charged two-stroke-cycle engine (Fig. 1). 


23 
aL 


Fic. 1. Exhaust pulse generator. 1. Exhaust end plate. 2. Inlet end plate. 
3A. Exhaust annular plate top. 3B. Exhaust annular plate bottom. 4A. Inlet 
annular plate top. 4B. Inlet annular plate bottom. 5. Large cylinder (3 in. 
dia.). 5A. Indicator boss. 6. Medium cylinder (2-55 in. dia.). 7. Smail eylinder 
2 in. dia.). 7B. Indicator boss. 8. Hub. 9. Shaft. 10. Exhaust shutter. 11. 
Inlet shutter. 12. Bearing bracket. 13. Bearing housing. 14. Bed plate. 
15. Thrust-bearing housing. 16. Thrust washer. 17. Inlet-bearing retaining 
plate. 18. Exhaust-end bearing. 19. Inlet-end bearing. 20. Thrust bearing. 


21. Exhaust pipe. 22. Chain wheel 23. Spacer. 


Three cylinders of different internal diameter were mounted radially 
between two end plates, into which ports were machined. High-pressure 
air, to simulate the eylinder gas, and supercharge air were admitted at 
one end of the cylinder and “exhaust gas’’ was discharged at the other 
end. The timing of these operations is shown in Fig. 2. The ports were 
controlled by slotted rotating shutters so arranged to give a linear port- 
area—‘crank’’-angle relationship. One revolution of the shutters corre- 
sponded to three working cycles, this was obtained by machining three 
sets of slots in the shutters. The shutters were driven by an electric motor 
through a chain drive with a three to one speed reduction. A Farnboro 
indicator was coupled directly to the motor, thus one revolution of the 
Farnboro drum corresponded to one working cycle. 
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With the above arrangements it was possible to achieve high cycle 
speeds (engine rev/min) at fairly low shutter speeds. The tests described 
in this paper are concerned with the small diameter (2 in.) cylinder only. 


Fic. 2. Cycle of events of equivalent ideal engine. 
E. P.O. exhaust port opening. 

supercharge air port opening. 

high pressure air port opening. 

exhaust port closure. 

supercharge air port closure. 

high-pressure air port closure. 
High-pressure air was supplied to the unit from a compressor at pressures 
up to 100 lb/in? gauge. The supercharge air was taken from the same line 
at a lower pressure. Fitted in the low-pressure line was a large air receiver 
located as near to the exhaust-pulse generator as possible, the pressure 
in the receiver being maintained constant at 15 1b/in® gauge. 

Pressure measurements were taken in the cylinder and at several 
points in the pipe. A modified Farnboro indicator with diaphragm type 
pressure pick-ups and thyratron relay (HEMPSON and ROACH”), BENSON”) 
was used for this purpose. Transient gas velocities were measured with 
a total head pick-up unit (BENSON and Woops®’). 

The exhaust turbine supercharged system was simulated by fitting 
a nozzle at the outlet end of the exhaust pipe, similar to JENNY. Several 


pipe sizes and nozzles were used, and tests were also carried out with 


plain open-ended pipes. The nozzle profiles were made to B.S. 8S. 1042: 
1945. 
NOTATION 

General symbols 
a speed of sound 
a datum speed of sound 

pipe diameter 

D’Arey friction coefficient 

pressure 

entropy 

time 

particle velocity 

co-ordinate of length 

specific heat at constant pressure 


cross-sectional area of exhaust pipe 
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v. 


effective area of exhaust port 

pipe length 

engine speed rev/min 

volume 

mass 

isentropic index (assumed to be 1-4) 


density 


General suf fine 8 
q equivalent port 
qt throat of equivalent port 
t throat of exhaust port o1 throat of nozzle 
atmospheric 
cylinder 
evlinder stagnation 
exhaust port 
in pipe at inlet end or nozzle end 
pipe atmospheric 
supercharge alr 


supercharge air stagnation 


Parameters 
effective nozzle area 
pipe cross sectional area 
effective exhaust-port area 
evlinder cross-sectional area 
effective equivalent port area 
evlinder cross-sectional area 
effective supercharge port area 
evlinder cross-sectional area 
effective exhaust-port area 
pipe cross sectional area 
effective equivalent port area 


pipe cross sectional area 


Characteristic non-dimensional parame ters 
Tse ntropie flow 


a pP 
1 op 


eed of sound corresponding to isentropic expansion from pipe pressure p to atmo- 
| | | | ] 
through field of flow. 


spheric pressure p,. Constant 
P4 


Non-ise ntropie flow 
a p 17 

1 () 

1 
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at 

L 

speed of sound corresponding to isentropic expansion from pipe pressure p to 
atmospheric pressure p,. Variable through field of flow. 


METHOD OF CHARACTERISTICS AND BOUNDARY CONDITIONS 


The unsteady flow conditions in the exhaust pipe can be represented 
by the characteristic equations as given by JENNY”, BENSON® and 
others, which for isentropic flow are (y = 1-4) 

State equation 


aA d(p/p.) 
dl’ d(u/ap4) 


Position equation 
dX 
dZ 
a p ) - r u 7 Gpat o 
ap4 Pa ap4 L L 

The corresponding equations for unsteady flow with friction are given 
in Appendix 1. 

The pulse generator and pipe system were designed to represent as 
far as possible a one-dimensional flow system. For this arrangement the 
sudden-enlargement theory (COLE and MILLS®) may be used to establish 
the boundary conditions at entry to the pipe. The equations relating 
the pressures in the cylinder and pipe and the particle velocity in the 
pipe are: (y = 1-4) 


Sp \* 2 2 7 [UM Up dD 
| > T ~ | | > 0 ‘ (3) 
aco » \deo aco 6 
7 5/7 1/7 
Pp Uy aco Up 
| y , (4) 
Pco aco Up a1) Fava e, 


Sonic flow in ports 


Pp \'? (9 3 aco _ Up \ 1/7 ; 
4 1v(6) | Up af] . (2) 


For outflow from the pipe with a plain open end the pressure at the 
end of the pipe equals the outside pressure. For a nozzle the boundary 
conditions are similar to discharge from a cylinder direct to atmosphere 


(BENSON®). These are for y = 1-4: 
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subsonic flow in nozzle 


sonic flow in nozzle 


Up Ap a, \® a 
: mA , (4) 


ap 4 ap4 ap/ er 


- . {a we , 
The ratio | corresponds to the eritical pressure ratio across the 
up 


} 


* | er é . : ; 
f . This will vary with nozzle size and is given by 
e ta) ‘ 


PP} er 
ap\}% ap\- 
| : 6—5 ") , (8) 
Ay | oy Ay Jor 


If the change in entropy of a gas particle as it enters the pipe is neglected, 


nozzle, 1. e. 


and the flow in the pipe is isentropic, ap, corresponds to the speed of 
sound at atmospheric pressure, following isentropic expansion from the 
pipe pressure pp to pressure py. 

In a two-stroke-cycle engine the gas exchange process is carried out 
in three phases, namely, exhaust blowdown, scavenging and charging. 
In the first two phases the exhaust ports are open to the exhaust pipe. 
In the experiments discussed below these two phases will be referred 
to as the exhaust blowdown and the supercharging phases. In the exhaust- 
blowdown phase the cylinder is in communication with the exhaust pipe 
only and the pressure change in the cylinder can be calculated by equating 
the mass change in the eylinder with the mass flow through the ports. 
These are given bv: 

Mass change in a evlinder of constant volume: 


dWoe Ve 
dpeo 


Mass flow through the ports: 


Sonic flow in ports 


dW, 
at 


Subsonic flow in ports 


dw, ' > 
Mp ‘. (11) 
dt 7 


During the supercharge phase both the air ports and exhaust ports 
are open at the same time. One method of calculating the upstream 


pressures in the cylinder is to consider both the mass balance and heat 
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balance equations (JENNY®, BENSON”). An alternative method, used 
| 


in non-supercharged engine calculations, may be adopted. In this method 


the supercharge air and exhaust ports are replaced by an equivalent port. 


3. Boundary chart. Flow into | in. diameter pipe (experimental results). 
geometric area of exhaust port 
pipe] 


cross-sectional area of exhaust 

static pressure in exhaust pipe near inlet end. 

speed of sound in eylinder corresponding to stagnation conditions 

total head pressure in cylinder. 

gas velocity in exhaust pipe near inlet end. 
The port area of the equivalent port (called the reduced port area) is 
calculated by assuming the air and exhaust ports are in series and the flow 
is at constant density. This method due to HoLD® gives the reduced area as 


®, = (9; + @;*)""” (12) 
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effective port area 
where @ 
cylinder cross-sectional area 
suffix S refers to supercharge air port. 
E refers to exhaust port. 
qj refers to,equivalent port. 


Crank ange, deg after £PO 


Soundary curves for supercharge pulse period. Obtained by experi- 
ment for flow in 1 in. diameter pipe. 
exhaust port opening. 
static pressure in exhaust pipe near inlet end. 
total head pressure ot supercharge air. 
gas velocity in exhaust pipe near inlet end. 
speed of sound corresponding to stagnation conditions of super- 
charge air. 
speed of sound in exhaust pipe near inlet end. 


To caleulate the pressure conditions at entry to the exhaust pipe it 
is considered that flow takes place from the supercharge air system directly 
across the equivalent port to the exhaust pipe. The boundary conditions 
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are developed assuming the sudden enlargement theory. Equations similar 
to (3), (4) and (5) can be derived for this case, but ago, poo, M4, U4, Y 
will be replaced by ago, Pso; Uiqs Ug; Yo, Where suffix so refers to super- 
charge air stagnation conditions, tg to conditions at the throat of the 


Cronk ongie, 


degrees ofter EPO 


Velocity of sound 


Exhaust pipe 


Entropy 


Fic. 5. Leakage boundary curves. 
>. O. exhaust port opening. 
static pressure in exhaust pipe near inlet end. 
atmospheric pressure. 
gas velocity in exhaust pipe near inlet end. 
velocity of sound in exhaust pipe near inlet end. 
velocity of sound following isentropic expansion from pressure pp, 
and velocity of sound a, to atmospheric pressure. 


equivalent port and y, is the ratio of the effective area of the equivalent 
port to the exhaust pipe cross-sectional area 

Characteristic plotting techniques have been described elsewhere 
(JENNY® and BENSON®)). In practice computations have limited quan- 
titative value unless the effective port areas are known. These may be 
evaluated under steady or unsteady flow conditions. In order to ascertain 
whether flow at the pipe ends corresponded to the conditions given 
above, the boundary curves were established by steady-flow experiments. 
By using these steady-flow boundary curves the pressure changes in the 
exhaust pipe were calculated and compared with the measured indicator 
diagrams. The experimental boundary curves corresponding to flow from 
the cylinder to the pipe for the 1 in. pipe are given in Fig. 3; the boundary 
curves for flow from the supercharge air system through the supercharge 
port and exhaust port into the 1 in. pipe are given in Fig. 4. Since there 


262 R. S. Benson and W. A. Woops 


was some leakage when both the supercharge air port and exhaust port 
were closed, the leakage rate was determined and the results plotted 
in the form of a boundary chart as shown in Fig. 5. The nozzle boundary 


curves obtained from equations (6) and (7) are given in Fig. 6. 


Fic. 6. Theoretical outflow boundary chart. 


| 


effective area of nozzle throat 


cross-sectional area of exhaust pipe 
gas velocity in exhaust pipe near nozzle 
velocity of sound in pipe near nozzle. 
velocity of sound following isentropic expansion from pressure Pp 
ind velocity of sound a, to atmospheric pressure 

Static pressure in exhaust pipe neal nozzle. 


atmospheric pressure 


WAVE ACTION IN THE EXHAUST PIPE UNDER 
SUPERCHARGE CONDITIONS 

[t is not possible to obtain generalized solutions by the method of cha- 
racteristics, since the method is essentially numerical. In order to discuss 
the flow development in a general manner unit processes can be used. 
By a combination of numerical solutions and unit processes it is possible 
to examine theoretically the wave development in the pipe. In this section, 
flow into an infinite pipe will be discussed, then the effect of the end 
fixings at the open end will be examined. 


Infinite pipe 
A number of calculations were carried out with the experimental 


Wave action in exhaust system of a supercharged two-stroke-engine model 263 


boundary curves to establish the fundamental wave form in the exhaust 
pipe without wave reflection. A typical result is shown in Fig. 7. It will 
be seen that there are two pronounced pulse forms in the pipe. The first 
is due to the exhaust blowdown and the second due to the supercharge air. 


Finite pipe 

With a finite pipe the reflected waves will influence the pressure de- 
velopment in the exhaust pipe. Space precludes a numerical examination 
in detail of the effect of the reflected waves on the pulse forms shown 


Blowdown 
pulse 


atm absolute 


Supercharge 
pulse 


Pipe pressure, 


100 


Crank angle, degrees 


7. Theoretical indicator diagram. 
. exhaust port opening. 


supercharge air port opening. 


in Fig. 7. It is possible however to examine the wave action in the pipe 
by considering the effect of the end fixings on a simple wave propagated 
along the pipe. In Fig. 8 the passage of an incident wave 01 up and down 
the pipe is considered. For the sake of simplicity it is assumed that on 
arrival back at the inlet end the port is closed. In the case of the plain 
open end the ‘“‘Borda tube” effect for return flow is neglected.* It will 
be clearly seen that with a plain open end a strong ‘“‘standing’’ wave 
system is established. Depending on the length of the pipe the pressure 
at the commencement of each working cycle may be greater or less than 


atmospheric. The persistance of these waves in the pipe after one working 
cycle causes the formation of residual waves. It will take a number of 


cycles before equilibrium conditions are established. 

By fitting a nozzle at the end of the pipe the wave action is damped 
down, the pressure in the pipe drops and for short pipes no residual waves 
will be present at the commencement of a subsequent exhaust cycle. 


* The “Borda effect’’ produces a drop in pressure at the closed end after each wave 
reflection at the open end. This “secondary damping” effect is, however, small compared 


with nozzle damping, except for large nozzle-area—pipe-area ratios. 
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From the practical view point the damping action of the nozzle simplifies 
characteristic calculations since only one cycle need be calculated to 
establish the pressure changes in the pipe. 

Numbers 


Piain Nozzie 
end end 


Distance 
PQSITION DIAGRAM 


STATE 
DIAGRAMS 


Pipe with nozzie ot 
the end 


Pipe with ploin open end 


Illustration of the wave damping effect caused by fitting a nozzle 
to a pipe. 
velocity of sound in exhaust pipe. 
gas velocity in exhaust pipe. 
velocity of sound in exhaust pipe following isentropic expansion to 


atmospheric pressure. 


In the above example the port is considered to be closed when the 
reflected wave arrives at the inlet end. In the practical case the port be 
open when the first reflected wave arrives at the inlet end. The magnitude 
of the reflected wave will influence the pressure at the inlet end of the 
pipe. The effect of the nozzle size on the magnitude of the pressure at 
the inlet end of the pipe is illustrated in Fig. 9. We will neglect here the 
variation in time of arrival of the reflected wave and we will assume that 


the port area and cylinder pressure are the same for each size nozzle 
when the reflected wave arrives at the inlet end. The boundary curve 
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corresponding to a given port area (y) and cylinder pressure is shown 
by a dotted line on the state diagram. Once again a simple incident wave 
01 is examined. The wave point 1 is reflected at the nozzle end at 3 and 


‘ 


State diograrr 


Fic. 9. Effect of nozzle size on amplitude of subsequent pulse. 
effective area of nozzle throat 


cross-sectional area of exhaust pipe 

static pressure in exhaust pipe. 

atmospheric pressure. 

velocity of sound in exhaust pipe. 

velocity of sound in exhaust pipe following isentropic expansion to 
atmospheric pressure. 
- gas velocity in exhaust pipe. 


arrives at the inlet end at 5. The value of A {= (p/p,4)""} at 5 increases 
as the nozzle size is reduced from a plain open end (gy = 1) to a closed 
end (g = 0). 

The magnitude of the reflected wave will depend on the pressure of 
the incident waves as well as the nozzle area. This will be seen in Fig. 10. 
It will be observed that as the magnitude of the incident wave increases 
so the pressure of the subsequent wave at the inlet end increases. Although 
in general a compression wave will be reflected as a compression wave 
at the nozzle, for low incident pressures there might be reflected expansion 
waves; this will be noted in Fig. 10. for the point 1B. 

These general features illustrate the complexity of the wave action. 
By utilizing these simple unit processes it is possible to obtain a general 
conception of the wave action and hence to interpret the results obtained 
in the experiments described in the next section. 
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10. Effect of incident-pulse amplitude on amplitude of subsequent pulse. 
static pressure in exhaust pipe. 

static pressure in exhaust pipe near inlet end. 

atmospheric pressure. 

total head pressure in cylinder 

total head pressure of supercharge air. 

gas velocity in exhaust pipe. 

gas velocity in exhaust pipe near inlet end. 

velocity of sound in exhaust pipe following isentropic expansion 
to atmospheric pressure. 

velocity of sound in cylinder corresponding to stagnation conditions. 
velocity of sound corresponding to stagnation conditions of super- 


charge air 


EXPERIMENTAL INVESTIGATION 


The experimental investigation consisted of three parts: 
1. Steady-flow tests to establish the boundary conditions at entry 


to the pipe and the nozzle end. 
2. A detailed analysis of the pressure changes in the pipe and cylinder. 
laBLE 1. TEST GROUP NUMBERING (Each number represents a series of three tests at 
nominal release pressures of 50, 40, 30, lb/in? gauge) 


Speed Pipe length 40 in. Pipe length 120 in. 
Nozzle details 
rev/min) d=1in. d=i}in. d=2in. | d=1in. |d=1}$in.| d=2 in. 


Nozzle ratio ¢ 750 : 37 49 
0-563 tor d 1 in LOOO ‘ 38 50 
0-34 ford } in 1250 ¢ f y 3f 51 
0-191 ford 2 in 1500 } , 52 
750 2¢ 53 
LOOO 
Nozzle ratio q 25 1250 
L500 
750 
L000 
125 


1500 


ed 
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Cylinder end 


Experimental indicator diagrams. 
exhaust-port opening. 
supercharge air port opening. 

C. exhaust-port closure. 

geometric area of nozzle throat 


cross-sectional area of exhaust pipe 
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3. A systematic investigation of the wave action in the exhaust pipe 
at various speeds, release pressures, with pipes of different diameter and 
length and nozzles of various sizes. A constant supercharge pressure of 
15 Ib/in? gauge was maintained in all these tests. A summary of the test 
programme is given in Table 1 and the pipe indicator diagrams are shown 


in Figs. 11-14. 
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Experimental indicator diagrams. 
. exhaust-port opening. 
. Supercharge air port opening. 
’. exhaust-port closure. 
geometric area of nozzle throat 


cross-sectional area of exhaust pipe/ © 
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Expermental indicator diagrams 


Experimental indicator diagrams. 


exhaust-port opening. 


supercharge air port opening. 

exhaust-port closure. 

geometric area of nozzle throat 
cross-sectional area of exhaust pipe 
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Experimental indicator diagrams. 
. exhaust-port opening. 
supercharge air port opening. 
. exhaust-port closure. 
geometric area of nozzie throat 


cross-sectional area of exhaust pipe 
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COMPARISON OF CHARACTERISTIC CALCULATION AND MEASURED 
PRESSURE IN THE EXHAUST PIPE 
The results of the characteristic calculations based on the steady-flow 
boundary curves (Figs. 3—5) are shown in Figs. 15 together with the measured 
diagrams. It will be seen that although there is fair agreement as regards 


Iniet end 


absolute 


otm 


Middle of pipe 


Pipe pressure, 


Nozzle end 


00 ~ 15C 


Cronk angle, degrees 


Fic. 15. Measured and ealeulated indicator diagrams. I. 
E. P. O. exhaust-port opening. 
supercharge air port opening. 
exhaust-port closure. 
measured diagram. 


- caleulated diagram. 


the trends in the curves the results are not as good as might be expected. 
Although friction effects will contribute to some of the differences between 
measured and calculated diagrams the major difference is due to the 
assumptions associated with the steady-flow boundary curves. 

In the steady-flow experiments it was observed that the location of 
the point of pressure recovery varied (i) with the ratio of the port area 
to pipe area and (ii) with the upstream pressure. The well-known “ejector” 
action was observed immediately downstream of the ports and the pressure 
at this point was well below atmospheric pressure for small port openings. 
In the unsteady flow test no sub-atmospheric pressures were measured 
at the same position. It was evident that the flow at the pipe entry was 
different under unsteady conditions from that under steady conditions. 
This was clearly illustrated by a simple experiment performed in a shallow 
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water tank (Fig. 16). This experiment indicated that when unsteady flow 
was initiated through a sudden enlargement, a hemi-spherical wave was 
propagated from the smaller pipe. The pressure wave rapidly filled the 
enlargement and a short distance downstream a plane wave was formed. 


Normal one dimensiona 


low wove 


estabdlisned here 


Fic. 16. Two-dimensional shallow water wave analogy for a sudden enlar- 


gement. 


[t would appear from this experiment that the recovery zone was shor- 
tened under unsteady flow conditions. 

For outflow through the nozzle at the open end the transient total 
head pressure was measured with an impact tube located just down- 
stream of the nozzle. The impact tube was calibrated under steady- 
flow conditions. By assuming steady flow between a plane just up- 
stream of the nozzle and the impact tube a comparison was made 
between the measured total head downstream of the nozzle and the total 
head calculated from the indicator diagram taken upstream of the nozzle, 
(BENSON and Woops), using the nozzle steady-flow boundary curves. 
The results are shown in Fig. 17. It will be seen that the assumption 
of steady flow across the nozzle is reasonable. 

On the basis of the above tests further calculations were made using 
the indicator diagram at the cylinder end of the pipe to obtain the boun- 
dary conditions at the pipe entry. The steady-flow boundary curves 
were used for the open end. The results of these calculations are shown 
in Fig. 18 where both the measured and calculated pressures are shown 
for the mid-point in the pipe. 

From this analysis we may conclude that the conditions at pipe entry 
are different under steady flow from those under unsteady flow. At the 
pipe outlet the nozzle boundary curves for steady flow give good agreement 
with the unsteady-flow measurements. This latter conclusion confirms 
experiments by BENSON®® where it was shown that for large pipe- 
length diameter ratios the steady-and unsteady-flow coefficients of dis- 


charge are very close. 
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absolute 


atm 


Total pressure , 


degrees 


Total head pressure indicator diagrams at nozzle outlet. 
E. P. O. exhaust-port opening. 
supercharge air port opening. 
exhaust-port closure. 
(a) Diagram measured with ‘total head pressure unit ap- 
paratus’’. (b) — Diagram calculated from an indicator diagram 
taken in exhaust pipe upstream of nozzle. (ce) —— Diagram cal- 
culated from the indicator diagram used in (b) together with an allowance 
for blockage caused by the ‘total head pressure unit apparatus”. 
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Measured and calculated indicator diagrams. 
Exhaust-port opening. 
Supercharge air port opening. 

E. P. C. Exhaust-port closure. 


Measured diagram. 


Diagram calculated using measured diagram at the cylinder end for 


boundary conditions. 
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DISCUSSION OF RESULTS 


Inspection of the pipe indicator diagrams, Figs. 11-14, shows two cha- 


~ 


racteristic wave forms in the exhaust pipe. One wave pattern is 


associated with the plain open-ended pipe and the other with a_ par- 
tially open-ended pipe (i.e. nozzle). The strong wave action in the 
pipe with a plain open end is clearly seen. The influence of the res- 
idual waves on the pressure development in the pipe is illustrated 
qualitatively in Fig. 19. In this figure the results of the plain open-end 


tests at different speeds are combined together. The shaded area shows 


under con 


the positive pressures und the plain area 1 » negative pressures. The 
peaks and troughs are shown as broken lines. A vertical line will give the 
jualitative pressure distribution at any one speed. On the same diagram 
the point of maximum blowdown pulse pressure without open-end reflec- 
tion is shown by a chain dotted line. If this peak coincides with a positive 


residual wave the blowdown pulse will increase in amplitude; if it is asso- 
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ciated with a negative residual wave it decreases in amplitude. An arrow 
shows a typical result at 1250 rev min in the 1 in. 10 in. pipe in which 
the peak pressure was lower at 1250 rev min than at 1000 rev min. 

The basic effects of a plain open end on the wave action are given in 
Table 2. 


TABLE 2. GENERAL EFFECTS OF A PLAIN OPEN-ENDED PIP! 


Variable Respondent 


increase Increase Decrease 


Release pressure Wave-action amplitude Angular wave tra- 
vel time (slight) 
Speed Wave-action timing, 
amplitude and wave 
length. 
Pipe length Wave-action timing and 
wave length. 
Pipe diameter Prominence of superim Wave-action am 


posed secondary waves. plitude. 


by fitting a nozzle at the open end the residual waves are suppressed 
even when high supercharge air pressures are used. The conditions in the 
pipe at the commencement of exhaust blowdown are quasi-steady. Hence, 
except for very long pipes, the assumption of zero particle velocity before 
discharge may be used. Since the residual waves are suppressed the wave 
protile is similar to that given for the infinite pipe although the magni- 
tudes of the pressure pulses will depend on the reflected wave effects. 

The basic wave-action effects of a system with a nozzle fitted at 


the pipe outlet are given in Table 3. 


3 I I PIPE WITH NOZZLI 


Re spondent 


nerease 


nozzle 


Pulse amplitude at 


nozzle end. 


The effects referred to in Tables 2 and 3 can be predicted by the use 


of unit processes in characteristic calculations as pointed out earlier in 


the paper. 
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Pipe friction 

In the theoretical discussion pipe friction was neglected. The effect 
of pipe friction is to produce a train of diffusion waves running in the 
opposite direction to the primary wave. Calculations were made of the 
effect of friction on the pressure at the nozzle end. The friction factor 
for the pipe was determined by steady-flow tests and the pressures calcu- 


Peak pulse pressures at inlet end — nozzle end. 


{rea of nozzle throat 


: 0-25. 
Cross-sectional area of exhaust pipe 


results from lin. diameter exhaust pipe. 
results from 14 in. diameter exhaust pipe. 
results from 2 in. diameter exhaust pipe. 
theoretical relationship without friction. 


theoretical relationship with friction for 1 in. diameter pipe. 


lated by the method of characteristics (Appendix I). A comparison of the 
measured peak pressures at the open end and the peak pressures at the 
cylinder end of the exhaust pipe are given in Fig. 20(a) and 20(b). On 
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the same graph the theoretical curves without friction and, for the 1 in. 
diameter pipe with friction, are given. As would be expected the effect 
of friction is more marked in the smaller-diameter pipe and with the 


longer lengths. 


te 


otm. abdsolute 


Fic. 20(b). Peak pulse pressures at inlet end nozzle end. 


| Area of nozzle throat 0. 95 
Cross-sectional area of exhaust pipe a 
results from 1 in. diameter exhaust pipe. 

results from 14 in. diameter exhaust pipe. 

results from 2 in. diameter exhaust pipe. 
theoretical relationship without friction. 


theoretical relationship with friction for 1 in. diameter pipe 


Shock-wave formation 
As the compression waves travel along the pipe the wave front steepens. 
The reflection of the Compression wave at the nozzle end produces a com- 


pression wave which is propagated back along the pipe. If the pipe is 
long enough shock waves will form. Calculations showed that these might 


be expected in the small-diameter long pipes and this was confirmed in 
the experiments. It will be seen that in tests 41-44 (Fig. 13) shock waves 
were recorded at both the cylinder and nozzle ends of the exhaust pipe. 
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CONCLUSIONS 

The wave profiles in the exhaust pipe of a turbocharged two-stroke- 
engine model showed two basic pulses one corresponding to the exhaust 
blowdown and the other to the supercharge air. These profiles were modi- 
fied by the pipe dimensions (length and diameter), engine speed and 
nozzle size. 

With a plain open-ended pipe under the same supercharge air conditions 
the basic wave form described above was superceded by a strong wave 
system. This produced residual waves. With this system a number of 
cycles are required before the wave form is in equilibrium. The effect 
of a nozzle at the open end is to damp out these residual waves. 

The method of characteristics may be used to calculate the pressure 


development in the exhaust pipe. For accurate calculations unsteady- 


flow boundary curves are required for the entry to the pipe. For outflow 
through nozzles, steady-flow boundary curves may be used and for systems 
incorporating a nozzle-ended pipe equilibrium conditions are established 


in one cycle. 
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\PPENDIX 


UNSTEADY PIPE FLOW WITH FRICTION 


The basi equations fo! unsteady flow with friction (JENNY@) -and SHAPIRO())) 


lor a constant-area pipe are 


C'ontinurity equation 


Eule , n omentum CY satio? 


where 


D'Arcy friction coefficient. 


Ene rqy equation 


L)oulk . 


The characteristic solutions expressed in non-dimensional form are: 
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Disturbance characteristic direction condition 


dX 
dZ 


datum speed of sound, i.e. a constant 


Disturbance characteristic compatability condition 


- da, 4fl, u 
a0 = $—-dA-U a 


l a, 2d ou 


where 


speed of sound at atmospheric pressure following isentropic expansion from pres- 


sure p (see below). 


line characteristic direction condition 


dX 
dZ 


Path line characteristic compatability condition 


da ‘ y—l1 4fL 
;. . ° 
Entropy change 


(A9) 


The non-dimensional forms given in equations (A5)—(A8) are slightly different from 
those suggested by JENNY). By selecting an arbitrary datum contidion a in the position 
diagram and a variable reference condition a, in the state diagram only one boundary 
curve need be plotted for the nozzle conditions. It should be noted that the value a , 
will vary along the path line owing to friction and corresponds to the change in entropy, 


equation (AQ). 
PLOTTING PROCEDURE 
Equation (A6) can be rewritten in form 
dU , . (A10) 


where 


]. 


For a wave travelling to the right the suffix R is used and to the left suffix L. 
The application to the case of an incident wave 01 reflected at a nozzle is illustrated 


below. 
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Pant 2 without 
friction 


First 
approximation 
to 2 

Secona 
Approximation 
to 2 


First 
Opproxmmneation 
to lo 


Second approximatior 
to lo 


(b) State diagram 


Calculation for chorocteristic !—1o 


Compotibility condition for chorocteristic 1-10 


at = dA-4,~ Gon 


; 
(c) State diagram (d) State diagram 


Fic. 21. Caleulation with friction. 
t Time. Z = at/L dimensionless time. x = Cartesian co-ordinate distance along 
pipe. X = a2/L dimensionless length. L = Length of pipe. a Reference velocity of sound 


(i. e.) speed of sound at atmospheric pressure on the reference isentrope. a = Velocity 


of sound in pipe. a, = Velocity of sound at atmospheric pressure following isentropic 


expansion from pressure p and velocity of sound a. u= Particle velocity of gas. 
p = Statice pressure in pipe. p, = Atmospheric pressure. \,, 4,, and A,, = characteristic 


displacement factors 
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Isentropic flow 

A simple incident wave 01, Fig. 21(a) and (b), is reflected at the nozzle end to the 
point 2 (without friction). The slope of the position characteristics being obtained 
by the substitution of the mean values of a/a and u/a along a characteristic into 


equation (A5). 


Flow with friction 

Starting with isentropic points 0, 1, 2 the displacement factors A, and A, are applied 
to allow for friction. Referring to Fig. 21(a) let the point 1A (with friction) be the same 
as point 1. Using the mean values of A and U for the characteristic 0-1 [Fig. 21(b)] 
the pathline 0-14 is drawn and the entropy change da,/a, evaluated from equation 
(A8). The first approximation to point 14 in the state diagram is then obtained as 


follows: 
Characteristic 0-14 
dU 
Caleulate the numerical values of 4, +4,, from the mean values of A, U and da,/a, 


dA 
dU 


along 01. From point 0 |Fig. 21(¢)] set off On = A,+A,, and draw np with slope 


the point 14 will lie on this line. 


Characteristic 1-1A 


dU ay . 2R 


As before calculate numerical value of 4,+4,, from the mean value of 4, U and 
da ,/a, along 1-1. From point 1 [Fig. 21(d)} set off 1] = 4,+4,, and draw Im with slope 
dA y 
dU 2 
the first approximation. 

The correct position of 14 in the position diagram is now obtained and the procedure 


the point 14 will lie on this line. Intersection of np and lm locates 14 to 


repeated with 14 replacing 1 to obtain a closer approximation. The orders of magnitude 
of the successive approximations for a typical calculation are given in Fig. 21(b). 
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SOME ASPECTS OF PRESS FORGING 


S. KOBAYASHI, * A. G. MACDONALD.T and E. G. THOMSEN TF 
(Received 13 April 1959) 


Summary \xially symmetric billets in the form of cylinders of commercially pure 
lead (99-9 per cent) were forged between flat parallel dies and in closed dies at low hy- 
draulic press-ram speeds of the order of 0-10 in/min. It was found that average forging 
pressures predicted by approximate theories based on simplified states of stress were 
in substantial agreement with the experimental observations. Local pressure measu- 
rements were also made by the use of pressure sensitive elements imbedded in the forging 
dies. It was found that the local pressure distribution in the deformed cylinders between 
flat dies was also in substantial agreement with the simplified theories, but that adjust- 
ments by plastic flow appeared to equalize the local pressures in the body of the forgings 


in the closed dies 


INTRODUCTION 

THE problem of press forging of slabs and discs between parallel dies or 
platens as in up-setting or in edging and fullering has been discussed by 
a number of investigators. The important theoretical papers are those 
of PRANDTL”, HILL, LEE and TUPPER®, GREEN® and SHIELD”, 
while more approximate treatments are given by SIEBEL®, Sacus®, 
STONE and GREENBERGER” and SCHROEDER and WEBSTER®). Compari- 
sons of approximate solutions with slip-line solutions in plane strain are 
given by ALEXANDER®, and by BisHop®® who extended the analysis 
to include such shapes as cylinders and squares. Experimental verification 
of some of the theories are due to WaAtTTs and Forp® for overlapping 
slabs, and to KOBAYASHI et al.“) and KOBAYASHI and THOMSEN®® for 
more complex forging processes of slabs and cylinders. It is the purpose 
of the present investigation to extend the comparison of experimental 
data with theories and to include local pressure distributions for the 
compression of cylinders of commercially pure lead (99-9 per cent) between 
parallel dies (up-setting) and for forging of cylinders in closed dies. 


FORGING OF CYLINDERS BETWEEN FLAT DIES 


Shaping of cylinders into dises between flat and overlapping dies is 


called up-setting and is one of the simpler forging operations. In spite 
of the simplicity of the operation, however, this problem has defied analysis 


and apparently no exact solution has been found. It is for this reason 
that a number of investigators as for example, SIEBEL®, STONE and 


* Dept. of Mechanical Engineering, Doshisha University, Kyoto, Japan, and pre- 
sently University of California, Berkley, California. 
+ University of California, Berkeley, California. 
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GREENBERGER™, HILL®, and SCHROEDER and WEBSTER®), have simpli- 
fied the problem and have considered approximate solutions. These solut- 
ions were recently critically reviewed by BisHoe®® who came to the 
conclusion that theoretically the approximate solutions are possible. 
BIsHOP bases his conclusion on the following reasoning. 

The approximate equation describing equilibrium in the radial direction, 


given by 


(1) 


where yw is the coefficient of friction on the die surfaces, h is the instan- 
taneous height of the disc and o, and o. are the radial and axial stress 
components respectively. The solution seems valid wken yw is small, since 
it is reasonable to assume that the axial hoop stress component o, from 
consideration of symmetry is equal to the radial stress component o,. 
Hence the yield condition to be satisfied reduces to o.—o, o where o 
is the instantaneous yield stress and is not a function of z and r; it follows 
co CO; . : ° . 
at once that oe — Consequently, equation (1) can readily be inte- 
grated and, by analogy of similar results for the plane strain case with 
slip-line solutions, one can infer that this solution is valid to at least 
a first approximation. 

For the case where the friction force at the die surface is large, the 
foregoing criterion breaks down and some modification of equation (1) 
is required. Thus when sticking occurs at the die surface, the shearing stress 

h — P COr CO- 
at 2 , reaches a critical constant magnitude and ms = «1s 
again satisfied. In this case, uw takes on a value of 0-577 according to the 
SCHROEDER and WEBSTER ®) criterion or a value of 0-39 in accordance 
with the Haar—Karman hypothesis. At the mid-section of the dise, 
where 2 0. o% yr at r 0 and og ~ o, atr r;, Where 7; is the radius 
of the disc. It is evident then, that for the yield condition o,—o, =o, 

CG.- 


the relationship > —""" must be substantially true at z= 0 for all 
cr i 


values of r. Consequently it cannot be too incorrect to assume that 
cr 


COr 


; : l 
is not only true for all values of r at =: = 0 and : >> but for 
cor ~ 


all values of z as well. 
Equation (1) under the foregoing assumptions can be integrated to yield 
the axial stress component in dimensionless form 


exp | — 
» | 
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for the case of sliding between the surfaces of the dies and the dise, when 


ry and u O-D77. 


The radius r = 7, provides the condition under which metal sticking 


ro 


occurs, which is given by 
h l ‘ 
In | ; (3) 
Zu uy 3 
Hence the axial pressure distribution for the condition of sticking, i.e. 


} ry 18 given by 


0 


(4) 


From these equations the average forging 


evaluated in the following manner: 


In order to illustrate the rise of the average forging pressure with 
increase of the ratio of the radius to the height of the disc, equations (5) 


iG. 1. Theoretical dimensionless average forging pressure as function of 


radius to height ratio of dise, forged between flat parallel dies. 


for several uw are shown in Fig. 1 in graphical form. It is of interest to note 
that the criteria. u O-D77 and u 0-39, lead to almost identical limiting 


it appears that there is little choice between these two limit 


lines. Hence. 
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criteria; this is so, especially in view of the fact that ScHROEDER and 
WEBSTER® showed that some of their experimental points fell beyond 
the uw = 0-577 line. 

There appears to be little or no experimental confirmation for the 
approximate equation of Fig. 1. The data of SCHROEDER and WEBSTER®) 
previously referred to, showed some agreement but because of the fact 
that the data for continuous tests at constant w were not included, a eri- 
tical comparison is not possible. It is for this reason that the experimental 
investigation to be discussed was undertaken. The experimental equipment 
consisted of hardened parallel flat dies lapped to a finish of 3 win. r. m. s. 
values of roughness. The lower die, as shown in Fig. 2, was equipped 
with pressure sensing elements in order to determine not only average 


Fic. 2. Diagrammatic sketch of forging dies for up-setting lead cylinders. 


but also local forging pressures. The pressure sensing elements were Cali- 
brated with both a rubber pad and a commercially pure lead billet under 
hydrostatic conditions. A typical calibration curve during a test run with 
continuously increasing pressure is shown in Fig. 3. The curve for lead 
with decreasing pressure is not shown, but would be below that for 
increasing pressure since the pressure sensing element will not respond 
until the plasticity conditions are reached. As a consequence of this, a com- 
plete calibration test would show a hysteresis loop. Furthermore the 
position of the pin of the pressure sensing element is of importance for 
assigning a zero reference reading to the instrument. If the pin of the 


pressure element extends beyond the surface, as shown in Fig. 5, the 


lead calibration curve at the start is below the rubber curve; the converse 
is true if the pin is below the surface of the die. In the dise experiments 
to be discussed, all pins extended at zero load a distance of 0-004 in. 
above the die surface. 

The commercially pure lead billets, which were tested in the present 
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investigation, were prepared from 6 in. castings which were extruded at 
atmospheric temperature into 2} in. diameter round bars in order to 
break up the cast structure. These bars were then machined to 2 in. dia- 


meter specimens having four initial heights ranging from } to 2 in. The 


3. Typical calibration curve of pressure sensitive element installed 


in forging dies to measure local pressures. 


lie surface and specimens before each test were either completely cleaned 
of all foreign matter and washed with acetone in order to induce appre- 
‘iable friction or they were well lubricated with petroleum jelly in order 
to reduce the frictional drag between specimen and dies. The specimens 
were centered on the flat forging dies and a load was applied at an approxi- 
mate crosshead speed of 0-10in min. The load was then increased at 


syproximately constant speed to a maximum load of approximately 


lead evlinders forged between over 


parallel dies 


ns. The final shapes resulting from the forging of the cylinders of 
ig initial heights are shown in the photographs of Fig. 4. The dises 


the left, which are circular in shape, were the result of forging the 


cylinders at high friction, while those to the right having shapes of 
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varying configuration were those obtained with low friction. It is evident 
from this photograph that the degree of friction can affect greatly the be- 
haviour of metals in a forging operation. It is of interest also to observe, 
that all cylinders were forged at an approximately equal final load, hence 
the varying sizes of the final forgings give a pictorial story of the effect 
of h and uw on the forging pressure. 

The results of the foregoing experiments with lubricated and unlubri- 
cated cylinders are shown as maximum or final conditions in Table 1, 
while each complete test with running average forging pressure ratios p,/o 


TABLE |. FORGING OF 2-IN. DIAMETER CYLINDERS OF COMMERCIALLY PURE LEAD (99-9 PER 
CENT PURE, EXTRUDED CASTINGS) BETWEEN PARALLEL AND FLAT DIES. DIE SURFACES 
WERE FINISH-LAPPED TO A ROUGHNESS OF 3mIN. R. M.S. VALUES 


Equivalent 


Initial Final Maximum 


No. of , : ; final Maximum Maximum 
Lubrication height height load 


specimen - radius 
I hy (in.) h(in.) (Ib) 
r(in.) 


petroleum 2-0815 0-144 3-76 355,000 
elly 
53605 0-094 ‘OF 380,000 
1-010 0-O775 3-6: 380,000 
0-516 0-0635 2-8: 340.000 
2-081 0-212 , 380,000 
1-538 0-165 y 377.000 
L-OLLS 0.] 22 , 390,000 ) 23-6 


0-517 0-081 2-58 380.000 ? 31-2 


calculated values by use of heights / and refer to radii of equivalent areas of 


aisecs Tor the lubricated dies 


as a function of 7;/h is shown graphically in Fig. 5. All experimental points 
throughout the paper are shown by symbols. The effective stress o at 


each forging condition of strain and strain rate was evaluated from typical 


compression tests of lin. diameter by lin. long cylinders at various 


constant strain rates shown in Fig. 6. The test cylinders were provided 
with concentric grooves at their end surfaces to retain the lubricant and 
did not barrel during compression. Each test was carried out in such 
& way that the speed of the testing machine was continuously adjusted 
to maintain a constant strain rate. The undulations in the resulting curves 
shown by way of example were thought to be due to alternating effects 
of cold work and recrystallization and required averaging of the curves 
as Shown. The effective stresses o were then evaluated from the correspond- 
ing strains and strain rates as computed from the forging tests. A typical 
test run of the instantaneous height of the forging as function of time 


and the computed values of «€,¢ and o is shown in Fig. 7. 
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FIG 


5. Theoretical and experimenta] dimensionless average forging pressure 
as function of radius to height ratio for commercially pure lead. 


Fig. 6. Typical effective stress vs. effective strain curves of commercially 


pure lead at relatively low strain rates. 


n comparing the average experimental forging pressure ratios p,/¢ 
with the approximate theory (see Fig. 5) it is evident that agreement 
is generally good, except at the beginning of each test, where some barreling 


occurs, if it is assumed that uw ~ 0-05 and uw > 0-2 with lubricated and 


unlubricated surfaces respectively. This was confirmed in an independent 
friction test (see KOBAYASHI et al.“?) where it was found that uw was 0:08 
and 0-21 for the two test conditions respectively. 
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Typical test run of 2 in. diameter lead cylinder forged dry between 
parallel dies. 


Fig. 8. Local axial pressure distribution for the condition of forging 2 in. 


cylinders dry between overlapping flat and parallel dies. (Roman numerals 


refer to location of local pressure sensitive element shown in Fig. 2.) 
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In order to compare the individual gauge pressures —o,/o during the 
several tests without lubrication, it was necessary to plot equations (1), 
(3) and (4) as function of 7,/h as shown in Fig. 8(a—d) respectively. The 
roman numerals identifying the individual curves refer to the radial 
positions of the individual pressure sensing elements (see Fig. 2) where 
the measurements of the local pressures, —o,, were made. It is apparent 
that the local pressures of the individual test runs for the four test condi- 
tions (hy ~ 2-0 to 0-5 in.) evaluated, agree quite well with the approximate 


theory as given by the limiting line, « = 0-577, which closely approximates 


the line u (0-2. 


FORGING OF CYLINDERS IN CLOSED DIES 


KOBAYASHI et al.(2) suggested that a complex forging in closed dies 
when making a final impression could be analyzed by a simplified scheme. 
They suggested that, instead of dealing with the complex body of the for- 
ging itself, an approximate solution could be obtained by treating the 
forging as a fictitious disc. Thus for example in the over-lapping dies 
of Fig. 9 shown schematically, the major deformation is assumed to take 


lic. 9. Schematic diagram of fictitious dise during press forging of cylinder. 


place in the flash which extends into the body of the forging and is enclo- 
sed between the dotted lines. The remainder of the body of the forging, 
except for small adjustments of contour occurring in actual practice, can 
be imagined to remain rigid. Experimental incremental forging steps were 
made and it was shown that this assumption is approximately correct. 

In the development of the approximate theory it was assumed that 
the deformation process was not unlike that assumed for the process 
of forging a disc between flat and overlapping dies, but that the condi- 
tion of friction at the boundary between the rigid body of the forging 
and that of the fictitious dise was that of shear deformation under a maxi- 
mum shearing stress. Hence this is similar to the problem of deforming 
a dise under the conditions (1) sticking up to the die radius rg and (2) sliding 
in the flash between rg <— 7 — r;. The equations developed by KOBAYASHI 


et al.@?) are given below. 
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In the event that the frictional resistance in the flash becomes so great 
that sticking occurs, then equation (6) reduces to those for a dise given 
by equations (5). Typical experimental data for forging a 11% in. dia- 
meter lead cylinder, having an initial height of 1:50in., are compared 
with theoretical curves in Fig. 10, and were reported earlier by Ko- 


jo EXPERIMENTAL POINTS 


Fic. 10. Dimensionless average forging pressure as function of instantoneous 


height to initial height ratio. 


BAYASHI and THOMSEN“®), It is seen at once that the theory predicts 
average forging pressures which appear to be in good agreement with 
experimental observations. 

In a complex forging, such as that under discussion, it would be of 
interest to study (i) the local pressures, similar to that of the dises forged 
between flat dies, and (ii) the effect of fixed flash radius on the local 
and average forging pressures. The latter condition is one that is encoun- 
tered in practice and causes overhanging of the flash metal since the die 
lands are usually of a given width. Consequently, excess metal is allowed 
to flow beyond the die lands into the so-called relief trough in order 
to permit continued ejection of metal without increasing the total flash 
area. A schematic diagram of the experimental set-up which was used 
in the present investigation is shown in Fig. 11. The same platen con- 
taining the pressure sensing elements, such as was used earlier with the 
flat die forging tests, was also used here. This permitted the location of 
two pins of the pressure sensing element in the body of the forging and 
one in the flash. An additional element was located so as to measure the 


wall pressure. The whole assembly of air hardened dies (with three-part- 


die-shrink assemblies for future tests with work-hardening metals) are 
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mounted in an anti-friction die set for accurate alignment. In order to 
study the local pressure distribution as a function of distance from the 
interface of the fictitious dise, with the rigid body of the forging, re- 
movable hardened spacers and gauge pins were inserted in order to permit 
pressure measurements at variable heights. The spacers are shown in the 
diagram of Fig. 11. It was possible thereby to make pressure determi- 
nations at distances of 1/8in., 7/8in. and 13 in. from the interface. 


eaiaiaee 


¢ z. U “a 


Fie. Ll. Diagrammatic sketch of closed-forging dies. 


In the event that an overhanging flash develops, it is necessary to 
modify the average forging pressures given by equation (6). This can be 
accomplished by considering the following. If the radial stresses and 
hoop stresses are assumed to be zero at the instant when the flash of the 
forging reaches the die-land edge at radius rp, then the radial pressure 
must rise gradually from zero since the excess metal leaving the die induces 

hoop tension stress. This pressure should not at any time become larger 
than the effective stress o, since a condition for vielding would then be 
satisfied in a different co-ordinate direction at the radius rp by the fact 
that the maximum shearing stress is now at 45° to the axial di- 
rection z and the radial direction r. It appears that this latter condition 
requiring relatively large values of h,/h will probably not be reached, since, 
as actually observed in the experiments, the radial stress relieves itself 
by buckling of the flash. The correction term for the total pressure is 


approximately given by 


dhe 
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where h hp, when rj = re, which results in the following equation 


mf (2), HEC [Patten (er — ra) 


G O | rp \2 bry 


\2 9 91/2 /r.\2p 
+ (—*) exp (FE (ry — ra) b= = (4) _. (8) 

ry h j 9 \r,) h 
In order to illustrate the theoretical relationships, the average pressures 
were calculated and are shown in Fig. 12 as function of h,/h for three 
conditions of forging and for two values of uw. Curves (a) are those appli- 
cable to overhanging dies and were calculated by means of equation (6). 
These are the same calculated values as shown in Fig. 10, but given there 
as semi-logarithmic co-ordinates of log p,/a vs. h/h,, instead of log-log coordi- 
nates of log py/o vs. logh,/h. The present method of representation was 
chosen since it has the advantage of flattening the curves at larger values 
of hy/h. Curves (c) were also calculated from equation (6), but under the 
assumption that the hoop stress and the radial stress components were 
zero. It is to be noted that the curves (a) and (c) depart from each other 
at ho/h = 3-06, for the particular die dimensions employed in the present 
investigation. This is due to the fact that the flash-land radius ry = 1-75 in., 


and the die radius rg = 1-0 in.; hence h,/h = (rp/ra)? = 3:06. Finally curves 


Fic. 12. Theoretical approximate forging pressures for two conditions of 


surface friction, for h, 0-516 in. 


(b) were obtained by applying the corrections given by equation (8). It is 
seen that the curves (b) and (c) for overhanging flash depart appreciably 
from those of overlapping dies given by curves (a), but that the difference 


between (b) and (c) is relatively inconsequential. Hence, all experimental 


data to follow are only compared with type (c) theoretical curves. 
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The results of the present investigation using the forging shapes shown 
in Fig. 11 are summarized in Table 2 for the maximum condition of load 
and pressure encountered in each of the tests. In all cases duplicate tests 


TABLE 2. FORGING OF 2-IN. DIAMETER CYLINDERS OF COMMERCIALLY PURE LEAD 
(99-9 PER CENT PURE EXTRUDED CASTINGS) IN CLOSED DIES 


Initial Final Maximum 
No. of Maximum 
height height load A 
specimen P_l¢ 
h, (in.) h (in.) (lb) « 
2-080 0-106 190,000* 10-3 
1-539 0-063 270,000 14-2 
1-011 0-050 270,000 13-6 
0-516 0-049 270,000 15-0 


Note: All specimens lubricated with petroleum jelly. 


* Maximum load was limited because flash expelled from die lands contacted die 


surtaces. 


were made for each test condition and are compared with the prediction 
based on the approximate theories in Figs. 13-16 inclusive. It is evident at 


Fig. 13. Dimensionless average forging pressures as function of initial 
height to instantaneous height ratio of flash, for h, = 0-516 in. 


once that the correlation is good but not perfect. Much of the departure 


of the experimental points from the theory, however, can be attributed 
to barrelling of the flash at the beginning of each test. This condition 
is minimized when the initial height of the flash, h,, is small. In this case 
the agreement in the first part of each test with the theory is relatively 
good. It is also to be noted that the condition of ~« = 0-2, which as seen 
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in Fig. 10, correlated with the theory for overlapping dies, while in the 
present case agreement for the condition of « = 0-2 does not exist for 
the entire test. This anomaly may be due to the fact that the corrections 


Fic. 14. Dimensionless average forging pressures as function of initial 
height to instantaneous height ratio of flash, for h, 1-011 in. 


Fic. 15. Dimensionless average forging pressures as function of initial 


height to instantaneous height ratio of flash, for h, 1-539 in. 


applied to the forging pressure because of the overhanging flash are not 


entirely sufficient, or that the petroleum jelly was not as effective through- 


out a test as was assumed. 
In order to compare the experimental local forging pressures with the 
approximate theory, the following equations are applicable 
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for ra =< % | 


2, . 
(fg-— rf) -+ exp i-— (F ra) for 0 r Ya | 
hy 3 h 


and when sticking occurs in the flash, equations (2)-(4) must be used. 
These calculations have been carried out and the theoretical curves 


Fic. 16. Dimensionless average forging pressures as function of initial 


height to instantaneous height ratio of flash, for h, 2-080 in. 


Local theoretical dimensionless pressure distribution as function 


height ratio for / 0-516 in. and two coefficients of friction. 
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(not corrected for overhang) for the four gauge positions are shown in 
Figs. 17 and 18 for rg/hg=0-48 and 1-94, and wu = 0-2 and 0-577. It is evident 
from these curves that the local pressures increase as one travels from 


Local theoretical dimensionless pressure distribution as function 


height ratio for h, 2-080 in. and two coefficients of friction. 


the flash toward the center of the forging and that for high friction 
between uw = 0-2 and 0-577 relatively little variation in pressure results. 
It is for this reason that it seems advisable to compare the experimental 
results with theoretical pressures for « = 0-577 only. The results are shown 
in Figs. 19(a-d) inclusive. It is seen that the local pressures in the flash 
(gauge IV) are in agreement with theoretical predictions, while in the 
center of the forging the several pressure readings are more or less uniform 
and do not increase toward the center as predicted. This anomaly is attri- 
butable to the fact that the material in the body of the forging is not 
rigid and that readjustments by plastic deformation occur, which appear 
to have the effect of equalizing the pressures. This is of course a fortu- 
nate circumstance, since it is most desirable from a practical standpoint 
that a uniform pressure distribution in the die cavity prevail in order 
that a good impression of the dies may be obtained. 

The experimental results for the pressure distribution obtained with 


a spacing of only 1/8 in. between the fictitious dise and the bottom of 


the die are shown in Fig. 20. The method of changing the depth of the 
die cavity employed is shown in Fig. 11 and consisted of inserting die 
spacers and gauge pins. It is seen that moving the gauge pins closer to 
the fictitious dise did not result in a substantial variation in local pressure 
in the forging. It must be concluded from this that the local pressures 
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Fig. 19. (b) 


Fic. 19. Local dimensionless pressure distribution as function of height 


ratio for several test conditions. 


in the die cavity of a forging tend to equalize as long as there is sufficient 
bulk of material available to permit such readjustments. 


CONCLUSIONS 


A comparison of the average and local forging pressures of commercially 


pure lead cylinders compressed between flat parallel dies as in up-setting 
are in good agreement with a simplified forging theory. Hence, the theore- 
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h./h 


\o/t 
Fig. 19. (d) 


tical proofs that BisHop®® advanced for the applicability of a simplified 
theory are appararently substantiated. 

Similar comparisons of average forging pressures with theoretical 
values based on a dise theory for forging of cylinders in closed dies also 
show substantial agreement. The reasons for departure of the experi- 
mental forging pressures from the theory were thought to be due to bul- 
ging of the flash, failure of lubricant to retain its lubricating ability through- 
out a test, and possible failure to correct completely for stresses due to 


flash overhang. The local pressure distributions in the flash appear to be 
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Fic. 20. Local dimensionless pressure distribution as function of height 
ratio, with pressure sensitive elements located 1/8 in. from fictitious disc, 
for h, 1-010 in. 


as predicted by the theory, but adjustment by plastic flow of the metal 
within the body of the forging apparently permits readjustment of the 
local pressure to yield a more or less uniform pressure distribution. 
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Summary The design of pressure vessels that are subjected to a sudden maintained 


change of temperature at one wall is discussed. 


lL. INTRODUCTION 

IN THE first paper of this series (WHALLEY), the mechanical behaviour 
of spherical and cylindrical vessels under the action of both pressure 
and thermal stresses was discussed for an arbitrary temperature distri- 
bution. In the second paper (WHALLEY®)) the theory was applied to 
a steady-state temperature distribution, and design curves were given 
for pressure vessels made both of brittle and of ductile materials. During 
the build-up of a steady temperature gradient in a vessel, transient thermal 
stresses are obtained that must at some time be greater than the steady- 
state thermal stresses. Consequently, it is desirable to investigate transient 
stresses and to determine the effect they will have on the use of a pressure 
vessel. 

In this paper we consider the behaviour of a vessel initially at constant 
temperature that is subjected to a sudden temperature change at one 
wall. It was shown in Ref. 1 that the ultimate pressure is independent 
of the thermal stress. The proof of this assumes, that, among other things, 
elastic waves caused by the application of stress can be neglected. This 
may no longer be true when elastic waves must be considered, particularly 
if the material is not perfectly ductile, but it is retained in this paper 
to avoid excessive complication. We here discuss a sudden thermal shock; 
in practice the shocks are never quite sudden, but the possibility that 
elastic waves may cause cracking must always be borne in mind, and the 
shock should be as gentle as practicable. Only experience will guide one 
in this matter. 

The yield condition and the shakedown condition are important. The 


yield condition is readily calculated from the stresses in an elastic vessel. 


The stresses in a partly plastic vessel would be very difficult to calculate 
for transient temperatures, but fortunately, as was shown in Ref. 1, 
if the vessel had no residual stresses before the temperature and pressure 
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were applied, and if the maximum residual stress occurs at the same place as 
the maximum working stress, then the conditions for shakedown are the 
conditions for yielding with twice the tensile yield stress substituted for 
the tensile yield stress. It is, therefore, necessary to calculate the stresses 
of only an elastic vessel. Only cylindrical vessels are treated. 

The conditions for fracture yield or shakedown will be calculated. 
For use in design the yield stresses and the ultimate stresses in the equa- 
tions will usually be replaced by the stress multiplied by an appropriate 
safety factor. The discussions of Refs. 1 and 2 are also relevant to this 


paper. 


2. THE STRESSES 

We consider a concentric cylindrical vessel that is sufficently long 
that end effects are unimportant. It is subjected to pressure p; inside and po 
outside, is initially at temperature 7 and has no residual stresses. It is 
subjected to a temperature increase of AT applied suddenly to either 
the outer wall or the inner wall. The application of the temperature 
does not change either p; or py. No heat is lost from the wall that is not 
heated. The inside radius is a and the outside is b and 


ba. (2.1) 


(i) Shock at the outside wall 

Let the outside wall be suddenly heated at time t = 0 to AT above the 
rest of the vessel and maintained at this temperature, and let no heat 
be lost from the inner wall. The maximum thermal stresses are at the 
outside wall at time zero, and are obtained by inserting the conditions 


(2.2) 
at all other r 


into the general equations.“ We find for the radial, tangential and 
longitudinal stresses at the outer wall, o,9, oj and oj respectively, when 
the end load due to the pressure is carried by the walls, 


(2.6) 


a is the thermal expansivity, EF is Young’s modulus, rv is Poisson’s ratio 


and the subscripts 0 and i refer to the outer and inner wall respectively. 
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The thermal stresses are a maximum at the outer wall at zero time, and 
frequently the total stress will be a maximum at this point. However, the 
maximum pressure stresses are at the inner wall and it is possible that 
the sum of the pressure and thermal stresses at the inner wall may become 


greater than the stresses at the outer wall. It is necessary, therefore, to 


examine the stresses at the inner wall. According to JAEGER the thermal 
tangential stress at the inner wall at time t is 


Dr at ik 2(#t\\ a), 2 - 
Z2, XP) ws (F3)4 (2s) yz y Halts) H(Xs)i » 


where + 2, 8 2,3..., are the roots (all real and simple) of the equation 
J (x) Yi(a/k)—J (v/k)Yo(7) = 0, (2.8) 
and hence are dependent only on k; z is the thermal diffusivity, 


G (ag) = a (as) I y(as/k)/ fJolas) —Ty(as/k)} (2.9) 

Hag) = {Jy(a@s) Yy(a@s/k) —Jy(a5/h) Yy(as)}/ 2s , (2.10) 

H (a@s) =o o(Xs/k) Yy(25/k) —J4(25/k) Y o(25/k) , 2.11) 

where J, and J, are Bessel functions of the first kind, zeroth and first 

order respectively, and Y, and Y, are Bessel functions of the second 

kind, zeroth and first order respectively. It should be noted that because 

the size of the vessel and the thermal diffusivity enter only in the term 

xt/b? the maximum stress is independent of the size of the vessel and 
of its thermal diffusivity. 


TABLE 1. SOLUTIONS TO THE EQUATION J,(x) ¥,(a/k) —J,(ax/k) Y o(x) 0 


8-212 5-104 3-588 2-879 2-668 
23-689'14-281 9-603 7-311 6-580 | 6-23: 
23-649 15-818 


The roots of equation (2.8) were obtained numerically and graphically 
for various values of k and are given in Table 1. Solutions could not be 
obtained for k< 1:25 because tables of the Bessel functions® stop at 
x = 25 and the solutions x, to equation (2.8) could not be obtained. We 
write the maximum value of co, as 


> 


o(Max) = p; a : : (2.12) 


Values of f,, obtained numerically and graphically using the values of 7, 


») 


in Table 1, are given in Table 
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TABLE 2. VALUES OF f., FOR OUTSIDE HEATING 


0-401 0-419 0-433 0-440 


(ii) Nhoek at the inside wall 

Let the inside wall be suddenly heated at time t = 0 to 17 above the 
rest of the vessel and let no heat be lost from the outer wall. The maxi- 
mum thermal stresses are at ? bt 0, and are obtained in the same 
way as for outside shock. When the end load is carried by the pressure 
the stresses are 


(2.13) 


(2.14) 
(2.15) 


where the subscript ¢ indicates the inner wall. At the outer wall the thermal 
stresses reach a maximum at some later time, and it is necessary to examine 
the stresses at the outer wall because they may become greater than 
those at the inner wall. According to JAEGER the thermal tangential 
stress at the outer wall at time ¢ for inside shock is 


xt 
et 


vole 


where 


iF Peel ods k) m 


are the roots of the equation 
J (xr) ¥o(rik)—J ola ky) ¥y(2r) 0. 


\t the time when the tangential stress given by equation (2.16) is a 
mum we ¢an write 
l 


»( max) for PB , 2.20) 
2 2 1 J2k} 


OF 


where f., is a function of k only and is equal to the maximum of the summed 
term in equation (2.16). For k 1-25, x, and «, were found numerically 


and graphically to be 
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and from equations (2.16)-(2.19), 
fox = 0-23 


We shall see later that there is no need to be concerned with f/f. for higher 


values of k. 


3. DESIGN FOR OUTSIDE SHOCK 
The pressure and thermal stresses at any given surface can either 
reinforce or oppose. If they reinforce at one surface then they oppose at 
the other surface, and vice versa. Consequently, when discussing design it 
is convenient to discuss first conditions that must always hold, and then 
discuss further conditions that must hold when pressure and thermal 
stresses reinforce at the surface that is shocked, and when they oppose. 


(i) Brittle vessels 

Brittle vessels are assumed to fracture when the maximum principal 
stress reaches the fracture stress in tension or compression. For most 
brittle materials the fracture stress in tension is numerically quite different 
from that in compression. In the following equations the numerical value 
of the fracture stress will depend upon whether failure is occurring in 
tension or in compression, and this must be determined by inspection. 

For simplicity we will consider that the outside pressure is zero. All 
vessels must, of course, obey the condition that fracture (at the inside 
surface) does not occur under the influence of pressure alone. Consequently, 
from equation (2.12) with 6 = 0, the condition that 


Pi < Oy( kh? 2 4 (3.1) 


must hold, independently of the thermal stress. 

(a) When the pressure and thermal stresses act in the same sense at the 
outer surface, i.e. when the outer surface is cooled, the condition that 
fracture does not occur at the outer surface must be imposed. From 
equations (2.3)-(2.5) the maximum principal stress at the outer surface 
is the tangential, and consequently, 


2pPi Q« 
"a a2 
i: ’ \ 


If equation (3.2) holds then fracture will not occur under the thermal 
stress alone because tlie thermal stress is necessarily less than the ulti- 
mate stress. At the inner surface the thermal stress opposes the pressure 
stress and so no account need be taken, other than by equation (3.1), 
of the stresses at the inner surface. 

(b) When the pressure and thermal stresses act in opposite senses at 
the outer wall, i.e. the outer surface is warmed, the stress at the outer 
wall when both act is less than when either act alone. So we must set 


11 
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the maximum thermal stress as that that will cause fracture in the 
absence ot pressure Stresses, 1. e@. 


(3.3) 


Equation (3.1) will, of course, also hold. When the pressure and thermal 


stresses are in opposite senses at the outer wall they are in the same sense 
at the inner wall. So we must insert the condition that fracture does not 
occur at the inner wall, i.e. from equation (2.12), 
p(k? l ) (k? ] ) fiuepb 07; e (3.4) 
(ii) Duetile vessels 
A ductile material is assumed to yield without strain-hardening when 
the maximum shear stress t reaches a limiting value t,. It is necessary 
that yield (at the inner surface) does not occur under the influence of 


pressure alone. Consequently, since 
(3.5) 
o, is given by equation (2.12) with § = 0, and a,,; pi, the condition 


1)/k?, (3.6) 
where 


Ip Pi— Pos (3.7) 


must hold independently of the thermal stress. The maximum shear stress 
at the outside surface, t,, is, from equations (2.3)-(2.5), 


T Ip /(k®2—1)— 43). (3.8) 


0 
(a) When the pressure and thermal stresses act in the same sense at the 
outer surface, i.e. when dp and # are of opposite signs, the condition for 


no yielding at the outer surface is, from equation (3.8), 
Ip /(k?—1)— 46 Ty « (3.9) 


Equation (3.6) must, of course, also hold. 
b) When the pressure and thermal stresses act in the opposite senses 
at the outer surface, i.e. when 4p and f are of the same sign, the shear 
stress when both act is less than when either act alone. So we must set 
the maximum thermal stress as that that will cause yielding in the 
absence of pressure, i. e. 

Tes (3.10) 
and equation (3.6) will also hold. As well as ensuring that equations (3.6) 
and (3.10) hold, we must ensure that yielding does not occur at the inner 
surface. The maximum shear stress at the inner surface is easily obtained 
from equation (2.12) and the radial stress at the inner wall, — p;. If yield- 


ing is not to occur at the inner wall then 


| pk’ (k? 1) Ship Ty . (3.11) 
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As was shown in Ref. 1, if one wishes to calculate the conditions for 
shakedown it is necessary only to substitute 27, (or o,, where o, is the 


yield stress in tension) for t, in equations (3.6)-(3.11). 


4. DESIGN FOR INSIDE SHOCK 
(i) Brittle vessels 
We again consider for simplicity that the outside pressure is zero. 
The maximum principal stress is the tangential, so, from equation (2.14), 
fracture will occur when 


p(k? 4 : +B = oy. (4.1) 


(a) If the thermal and pressure stresses act in the same sense at the inner 
wall, i.e. the inner wall is heated, then equation (4.1) is a sufficient 
condition for defining fracture. 
(b) If the pressure and thermal stresses act in opposite senses we must 
usually ensure that neither pressure nor thermal stresses acting alone 
will cause fracture. Consequently both equations (3.1) and (3.3) hold. 
It is also necessary to ensure that fracture will not occur at the outer 
surface since at t> 0 the pressure and thermal stresses are in the same 
sense there. The maximum tangential stress that is consistent with equ- 
ations (3.1) and (3.3) is obtained by putting equations (3.1) and (3.3) 
into (2.20). We find 

O(MAX) = oy {2/(k? + 1)+ fax} , (4.2) 


where we have assumed that the maximum stresses allowed in tension 
and in compression are the same. For k = 1-25, the quantity in brackets 
in equation (4.2) is 1-06, and as k increases it decreases rapidly. The stresses 
are usually less than the fracture stress by a large safety factor, and 
consequently, condition (4.2) is unimportant for k > 1-25. Consequently 
the limiting conditions are equations (3.1) and (3.2) only. If these hold 
then fracture will not occur at the outer surface. 


(ii) Ductile vessels 
The maximum shear stress at the inside wall occurs at ft 0 and is, 
from equations (2.13)-—(2.15) 


T;(max) Ipk?/(k?—1)+ 432). (4.3) 


(a) If pressure and thermal stresses act in the same sense at the inside 
wall, i. e. if Ap and # have the same sign, then this is the maximum stress 
that occurs in the vessel. The necessary and sufficient condition for no 
yielding is then 

Ipk?/(k°—1)+ 432 Sy (4.4) 


° 


(b) If the pressure and thermal stresses act in the opposite sense at the 
inside wall, i.e. Ap and # have opposite signs, it is usually necessary to 
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ensure that yielding does not occur when either pressure or thermal stresses 
are present alone, i. e. conditions (3.6) and (3.10) hold. It is also impor- 
tant that no yielding should occur at the outer surface. From equation 
(2.16), substituting into it equations (3.6) and (3.10) and o, Po We find 


(4.5) 


The quantity in brackets in equation (4.5) is always less than unity, at 
least for k > 1:25, so 7’, must always be less than 7',. Consequently there 
is no need, if equations (3.6) and (3.10) hold, to consider yielding at the 
outer wall. 

In order to facilitate reference, the numbers of the equations that are 
to be used for design for the various conditions are summarized in Table 3. 


> 


TABLE 3. DESIGN EQUATIONS FOR THERMAL SHOCK 


Surface of shock Inside Outside 


Sense of stresses Same | Opposite Same Opposite 
at surface of shock 
Brittle 4-1 3-1, 3:3 | 3-1, 3-2 | 3-1, 3-3, 3-4 
Ductile 4-4 3-6, 3-10 3-6, 3-9 | 3-6, 3-10, 3-11 
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BOOK REVIEWS 


Power Reactors 1959. A.S.M.E. Nuclear Reactor Plant Data, Volume One. McGraw-Hill, 
New York, 1959. 126 pp., 29s. 


THe A.S. M. E. 1959 edition of Power Reactors presents information about types of 
reactor plant and their experimental prototypes which are intended to produce electrical 
power. The edition of 1958 referred only to U.S. reactor plants, but the current one 
contains both revised data concerning twenty-one U.S. plants and data on eleven 
others; these are made up of six British, three French, one Canadian and one Swedish. 

This very useful reference volume presents its data, i.e. statements of sizes and 
magnitudes, ete. under the following heads: Power Data, Nuclear Data, a System Flow 
Diagram, details about the Fuel Elements and Blankets and the Reactors, Reactor 
Control, Primary and Secondary Coolant Systems, Steam Systems, Description of 
Plant Containment and Miscellaneous Remarks. 


Wawa 


Proceedings of the Third U.S. National Congress of Applied Mechanics. Pergamon Press, 
London, 1958. 864 pp., 120s. 


THE aim of this series of conferences is to maintain U.S. interest in applied mechanics 
in the intervals between international conferences. This aim has apparently been realized, 
for this volume contains, in addition to four general lectures, ninety-seven technical 
papers. These are divided into four sections: 

(i) Dynamics, Vibrations and Elastic Waves (23 papers) 

(ii) Elasticity and Elastic structures (30 papers) 

(iii) Plasticity, Viscoelastic Flow & Fracture (27 papers) 


(iv) Fluid Flow, Aerodynamics & Heat Transfer (18 papers) 


The first general lecture, “Linear Thermodynamics and the Mechanics of Solids’, 


by M. A. Bror, is an extremely interesting exposition on a subject not generally treated 
in books on solid mechanics. The concepts of irreversible thermodynamics for systems 


departing slightly from equilibrium are first discussed. These concepts are then applied 
to the subjects of thermoelasticity and linear viscoelasticity. As a by-product of these 
studies the relations between the adiabatic and isothermal moduli in elasticity theory 
are clarified. 

A review of boundary layers in subsonic and supersonic flow is given by H. L. DRYDEN 
in the second general lecture, followed by a well-presented survey of theories of 
creep buckling by N. J. Horr. In the latter paper the defects of linearized theories for 
predictions of useful life are pointed out. 

The final general lecture, on ‘‘Rotationally Symmetric Problems in the Theory of 
Thin Elastic Shells’ by E. ReIssNER, contains, as one would expect, an interesting set 
of problems and their solutions. 

Clearly, it is impossible to give a survey of every paper presented. The following 
three were among those that interested the reviewer. A paper on the Application of 
Root-Locus Methods to Vibration Analysis, by R. H. CANNON, JR., represents a welcome 
diffusion of a well-established method of analysis in one technology (control theory) 

another field. 

The ‘Response of Tall buildings to Random Earthquakes’, by A. C. ERINGEN includes 

analysis of the motion of a ten-storey building. Indications of a method for assessing 
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the probable number of times the stresses in the structure will exceed safe values are 
given 
SHieLp and DrRucCKER’s paper on the “Limit Strength of Standard ASME Thin- 
walled Pressure Vessels” points out that for pressures below 40 1b/in? where a possibility 
of brittle fracture exists, the standard ASME torispherical head is apparently unsafe. 
In a publication of this kind one notices occasional unwitting duplication of earlier 
efforts. However, the whole forms an interesting volume and the standard of work is, 


in the main, high 


High Temperature Effects in Aircraft Structures. Pergamon Press, London, 1958. 357 


PROFESSOR Horr is the editor of a very useful and interesting volume devoted to 
the effects in aircraft structures of aerodynamic heating accompanying supersonic 
ght 
The book is published for and on behalf of the Advisory Group for Aeronautical 
Research and Development of N. A. T. O. with the aim of disseminating information 
on this particular topic. It consists of sixteen chapters, each having its own author, 
whose duty has been to write a review article primarily for the use of other researchers. 
Essentially the material falls into four major groups; these are: heat transfer, the 
description of material behaviour at elevated temperatures, stress analyses and experi- 
mental methods available for investigation in this field. 
The scope of the volume is best indicated however, by quoting the chapter titles 
and their authors: 
External Sources of Heat MarTIN H. BLoom 
Heat Transmission in the Structure FREDERICK V. POouLE 
Materials for High-temperature Aircraft Struc- 
tures Pot DuweEz 
Non-metallic Structural Materials at High Tem- 
peratures '. GURNEY 
Glass-like Structural Materials at High Tem 
peratures IvAN PEYCHES 
Creep and Relaxation in Metals N. P. ALLEN 
Creep and Stress Relaxation of Plastics WILLIAM N. FINDLEY 
Fatigue of Structural Materials at High Tem- 
perature B. J. LAZAN 
Thermal Stresses L. BroGiio and P. SAn- 
TINI 
Buckling Caused by Thermal Stresses A. VAN DER NEUT 
Stress Distribution in the Presence of Creep N. J. Horr 
Creep Buckling B. FRAEWS DE VEUBEKE 
Influence of Aerodynamic Heating of <Aero- R. L. BIsPpLINGHOFF 
elastic Phenomena and Joun DUGUNDJI 
Experimental Methods in High-temperature 
Structural Research J. TAYLOR 
Models and Analogues RicHARD R. HELDEN- 
FELS 


The standard of each contribution is uniformly high and the material presented should 


ippeal to a far wider audience than that section engaged directly in problems of aircraft 


structures. The book embodies results which are new and which have, hitherto, not been 
published. It gives concise summaries of information which is in general widely scattered 


and known only to the specialist. 


We 
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J. SMALL: First Steps in Heat Transfer. Blackie and Sons, Glasgow, 1959. 86 pp., 12s. 6d. 


PROFESSOR SMALL has produced a short book of notes to introduce the subject of heat 
transfer to students and designers who have not hitherto studied it. 

With the aid of numerous examples, the customary elements of thermal conductivity, 
convection and radiation are presented in a commendably clear, simple and straight- 
forward manner. 

The subject matter of the book might have been carried further at several points, 
still retaining its character of ‘‘first steps’: e. g., Schmidt’s graphical method for finding 
temperature distribution in a wall in unsteady heat flow. It may be that, owing to the 
rapid growth in importance of this subject, to-day’s first steps may prove rather short for 
future readers. The fact remains that this book contains an amount of knowledge which 


is the minimum that any engineering graduate should possess, and presents it with 


admirable clarity. 
W. J. 


n Press Ltd. 1960. Vol ) 313-32 ’rinted in Great Britain 


ON THE THEORY OF VENTILATED WIND TUNNELS 


Bi. i Woops 
University of New South Wales, N.S.W., Australia 


Rece 9 July 1959 


Summary his paper gives a new and more accurate treatment of the theory of 
rectangular wind tunnels that are ventilated by means of longitudinal slots on one pair 
of opposite wal \n aerofoil is placed at zero incidence midway between the slotted 
walls. The cross-flow, which is induced by the slots on the basic two-dimensional flow, is 
calculated accurately This permits an averaged boundary condition to be obtained 
which is more accurate than those previously published 

In the final section of the papel! the wake and solid blockage caused by the slotted 
walls is caleulated. Let the slots have a width 2c¢a and be spaced 2a apart and let the 
tunnel height be H. Then the theory vields the o, 2a/H relation for zero blockage without 


any limit on the ratio 2a/H, which in earlier treatments is required to be small. 


lL INTRODUCTION 


THE exact mathematical treatment of the flow past aerofoils in ‘“‘two- 
dimensional”’ wind tunnels, ventilated by means of longitudinal slots in the 
walls. is rather difficult. This is because the gaps or slots render the flow 
three-dimensional by imposing a periodic circulating “‘cross-flow”’ on the basic 


two-dimensional flow. This is illustrated in Fig. 1, which shows a symmetrical 


aerofoil at zero incidence on the axis of a slotted tunnel. The slots are uniformly 
spaced on the roof and floor of the tunnel, and this induces a flow pattern 
which is periodic in the z-direction. Efforts have been made to find exact 
solutions of this three-dimensional problem,! but even for the simple case 
shown in Fig. | the result is a very complicated set of equations which require 
numerical methods for their exact solution. 

A much simpler treatment of the problem can be obtained if it is assumed 


that the flow is quasi-plane, i.e. that the cross-flow produced by the slots is 


only a small perturbation of the basic two-dimensional flow. These flows are 


assumed to be independent, except for a linking through the boundary condi- 
tions at the wall. The method thus has much in common with slender-body 
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theory. When the cross-flow problem has been solved an average boundary 
condition for the mean or basic two-dimensional flow can be deduced. Several 
authors have given various derivations of this averaged boundary condition 
(see Maeder and Wood,? who give references to the work of Guderley, Goethert, 
Davis and Moore on this topic; also see Baldwin et al.*), but these derivations 
are not very satisfactory for the following reason. The averaged boundary 
condition is calculated on the assumption that 2a/H~z0, where 2a is the 
distance from the centre of one slot to the next, and H is the tunnel height 
(this assumption is wrongly accepted by some authors as being essential to the 
validity of using averaged boundary conditions), but later this boundary 
condition is used to derive a relation involving 2a/H and o, the ratio of open 
to total boundary (see Fig. 1). We shall give a new derivation, which over- 
comes this defect. 
2. MATHEMATICAL FORMULATION 

Let the axes Ox, Oy, Oz be chosen as shown in Fig. 1, and let (w,v,w) be the 
velocity components in these directions. The velocity upstream at infinity 
will be l’, and that downstream at infinity, V. We shall adopt linear perturba- 
tion theory and ignore second-order terms in u—U, v and w. In steady 


irrotational three-dimensional flow we have 


dp ( 


12 
ind dp qdq, 


p p 


where p, p, g and a are the density, pressure, fluid speed and sound speed 
respectively. In linear perturbation theory the last two terms of (1) can be 


ignored, while by (4) the fourth can be written 
“icp 
DCL 


WV, being the Mach number upstream at infinity. Therefore, with f? 


| hecomes 


\s we are assuming the slots to be all of equal width, and to be uniformly 
distributed across the tunnel wall, the flow pattern must be periodic in the 
Oz-direction. Let (a, %,@) denote average values over one period <z<a, 1.e. 

1 a 
) 


-U a 


wdz. (6) 


then these quantities will depend only on 2 and y. It is clear from Fig. 1 that 
if we chose the Oz-axis to lie on a line of symmetry passing through the centre 
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of a slot, then w will be an odd function of z. Thus 


If the first of (2) and (5) are now 


Let = B - — —, (9) 


then as 7@~q, 2 and @ are the speed parameter and the flow direction of the 
mean two-dimensional flow, and it follows from (8) and (9) that for this flow 
r=7(Z), (2=2x+1B,y). (10) 
This equation, plus the corresponding averaged boundary conditions, deter- 
mine the mean flow. However, before these boundary conditions can be 
obtained it is necessary to calculate the cross-flow. 
To find a suitable equation for the cross-flow, let 
u ul. wv o+0, w w. d b+. 


Substituting these into (5), and taking (8) into account, we get 
(12) 


We now introduce the approximation that ca%/¢x is small compared with 
cb/cy and ¢éw&/cz. This is the usual approximation of slender-body theory, and 
is valid if a typical downstream distance is much greater than a typical cross- 
stream distance, e.g. if 2a/H is small. In the present case, however, this 
restriction is not really essential; this can be shown as follows. The velocity u 
has two distinct components, viz. u, due to the aerofoil alone, i.e. with the 
walls at infinity, and w,, the increment to uw caused by the walls. This incre- 
ment w,, can be written u,,= @,,+% as u, is obviously independent of z. With 
walls that are either completely solid or completely open, ¢@u,,/ex is a very 
small quantity over the aerofoil surface. In fact, if C, is the aerofoil drag 
coefficient and ¢ is the chord length, this gradient can be expressed as 
k(aclC,,/B3 H*), where k = ;'5 with solid walls and 35 with open “walls”. 
Thus with slotted walls the variations in @u,,/é2 with z will certainly not exceed 
(rcl’C),/ 168% H*), and will, in fact, be a good deal less. This means that 0eu/éx 
is quite small, regardless of the magnitude of the ratio 2a/H, and as the varia 
tions we have described are greater at the aerofoil than elsewhere in the tunnel, 
this remark applies generally. 


We are now able to replace (12) by 


) 


which by (3) and the last of (12) is equivalent to 


9 7 » 7 

o* hd o* d 
em (0. 

Cy* oz 


This is the equation governing the cross-flow. 


Woops 


Che boundary conditions for the cross-flow are: 


(i) On the solid sections of the walls, 0 v Ch cy Old + d) cy, or 


(14) 


ii) In the gaps the pressure is constant, hence l’, or ignoring second-order 
| | / 


terms, u o(d+¢0)/éa Let the origins of 4 and 2x coincide, then this 


boundary condition can be written 


d @+Ua (15) 


a the periodicity of the flow (see Fig. 1) and resulting symmetry 


(16) 


On the aerofoil surface 7 U’é., where @, is the slope of the surface. But 


s independent of 4.. whence 0 0. o1 


lhis completes the mathematical formulation of the problem. 


3. THE MEAN BOUNDARY CONDITIONS 


The first step mm determining the mean boundary conditions is to calculate 


the cross-flow. Fig. 2 shows the A( iy) plane, and the boundary conditions 
in this plane. It will be noticed that the normal derivative is specified every 
where, except on the gap E’E. 

The A-plane is mapped on to the upper half of the ¢-plane shown by 


t = sn(AA, k), 
the modulus /& and parametel A are determined by 


K kK’ 
LHe 


where 


Le and A 


l : 
(Aca) j ns (Ko), 


The ¢-plane is mapped into the ¢-plane shown in Fig. 2 by 


t = t, sin 3f, (21) 


as is readily verified from the Schwarz—Christoffel mapping theorem. Combin 
ing (18) to (21) we now have 


sin 3 ksn(Ko)sn(KA/a). 


¢ 


The points B and A at Z a and A =a+ik’a/K map on to ¢ = y, and ¢ 


and hence ; 
sin dy, = ksn (Ko) 


and sin $y sn (Ko). 
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Let y% be the harmonic conjugate of ¢, then 
b 7 cos $¢ | *7 u(y) dy x d (7) ) (7) j | 
+ oe ——- + —— + anes BT 
27 \J_,sindy—sin}{ Jo \cosh}yn—sin}f cosh4y+sin 3¢ ‘| 
(see Woods‘). Now on y = +7 both $*(y) and ¢-(y) have the value —4+Uz, 
which is independent of yn. Substituting this value in (25), and integrating the 
first term by parts, we get 
ae l , eb sin 4(y y* , 
d(y*) | ) In | — —|dy—o+ U2, (26) 
7 7 cy r 


| COS h(y . 


. 


at a point y y* ) (0. 


By a Cauchy—Riemann equation, on 7 . we have 
(“—) 
7) 
where » is measured along the normal to the boundary in the x-plane. It is 


apparent from Fig. 2 that @/¢ey vanishes except in T<Yy- Vi ¥1<V¥<7; 


/ / / 


where 


Differentiation of (22) gives 
dA ans (Ko) cos $f 
di 2K ken(KA/a)dn(KA/a) 


and on €= y, A= x+4iH, this becomes 


l 


5) 


as 
y 


cy ans (Ko) cos 


on itis 2K ds (Kx/a) es (Ka/a)’ 
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where by (22) and (24) ns(K2/a) = sin }y/sin }y,. Hence 


J; Ch ans ( Ko) cos ty 


CY 2K i sin by ) 


sin dy 


Substituting this value in (26), we obtain 


ans (Ko) 


sin $4 


27K {/ sin} 
\ 


AF 
2/ he 
sin dy (sing 


From the definition » its average value over <z<a is zero, so the 


vverage of (28) with respect to z 1s 


(30) 


where 


(24) and (27) 
The required averaged boundary conditions now follow by differentiating 


3) with respect to x 


where (33) 

The published work cited in the second paragraph of the introduction 
applies only to the limiting case 2a/H = 0. By (19) this is the limit K/K’ = 0, 
K 7/2, k= 0 and snoK = sin(za/2). It now follows from (23), (24), (31) 


and (29) that in this limit 


whence (34) 

A more useful special case is obtained by assuming o to be small, for it is 
shown in the next section that the values of o which eliminate tunnel blockage 
are always less than 0-1 regardless of the value of 2a/H. If o is small it follows 
from (13) and (14) that y, and y, are small. Then by (29) and (31), A = A(0), 


} 
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which reduces to the same integral as obtained in the derivation of (34), 
except that K +7/2 and }y,~ Ko. Thus in this case 


InoKk |, (35) 


4.9 BLOCKAGE IN A SLOTTED TUNNEL 
The problem of determining the flow past an aerofoil in a slotted tunnel is 
now reduced to that of finding 7(Z) in the strip —2 <a<a, 0<y< 4H, subject 
to the boundary conditions 


0 
6 = 6,(x) on y = 0, A: Q,=0ony = 4H, (36) 
CXL) p, ? 


where the subscripts 0 and / denote values on the tunnel axis and wall respec- 
tively. This problem is readily solved by the Laplace transform method. 
We shall put g U at x = —o, so that Q 0. Now (see Woods**) 


x 


‘ os 
(),(a*) )0(2) cosech - {2 


2h 


7 


I 
and OG, (a* !4,(x) sech => (s x*)-4 (2, (a) cosech _ 


i 


where b=38,H. 


1 
Let Y denote the two-sided Laplace transform introduced by van der Pol 
and Bremmer,® i.e. al 
= E(x); p} p e pt f(t) dt, 


e x 


then from results given by these authors it follows that 


= leech om : p| 2p sec pb 
b 


2 

ol (* Tr 

and : SF cosech 
7 / l : 


| 
y) dx: Py 


e x 


2pb 


rat | 
Y In | tanh | | 2pb tan pb. 
| 


di 


With these and with the aid of the convolution theorem we can transform 
(#4) RO tan pbY}6,(x); p}4 sec pb F392, (x); ph, 
S}6,(2); p} = sec pb H{6,(x); p}+tan pb H}Q, (x); p}. 
The second boundary condition in (36) transforms into 
pAL YO, (x); pj -LF74Q,(x); p} = 0. 
On eliminating 2, and 6, we get 


pA+tan pb | 
= L}60,(x); p} 
ol) P ] - pa tan pb 


l ’ 
LG (x); p} +; LO (x); pj LiF (x); pj, 


W OODS 


pa- tan pb ) 


d ). (40 
| pAtan pb} f 


c being a real constant chosen so that the integral converges. Van der Pol 
and Bremmer® give /{ 1/2; p 7|p|; consequently on inverting (39) we obtain 


. 


| . O(a" \da* Zt 


a ? r= 


. ny 


G,( v*) F(a —a*) da*. (41) 
\s the first term on the right-hand side is the well known result for an aerofoil 
in an infinite stream, the second term must represent the increment to (2, 
due to the slotted wall 

Equation (40) for F(x) can be expressed in real form as follows. The real 
numbers ¢c and #p must be chosen to secure the convergence of the integral, 
otherwise they are arbitrary. Let c= 0, and p iw/b, where w is real, 


then (40) can be transformed into 


(b wa)e SIN wx h 
- dw. (42) 
J0 hecoshw t wA sinh w 


The “blockage factor” « at a point x on the aerofoil surface is defined by 
é j—q*)/U, where g* is the value g would have at the same point 2 in an 


I 


infinite stream, i.e. with H ©. Hence from (9) and (40), 


on replacing 4, b 
vr) da*, (43) 


» 


as y=Oata , = 0/2 : 2 where 6 is the wake displacement 
thickness ¢c/2C,, (see Fig 
\ useful approximation for e(7) can be found by expanding the integrand 
in (43) in a series in (xw—a H and ignoring terms 0(H~-*). The result is 
5 _/c 
92 F {5 t ). 
a, é 


where trom (3 : a function of A/b given by 


w(wa h lye dw 


, (45) 
7 Jo cosh w + w(A/b) sinh w 


By (33) and (38) the ratio A/b is 2( A)/H. and is therefore independent of 
the compressibility factor 6 With small slots it follows from (35) that 
A be Inok 
bh H K 


With completely solid walls o 0, y (23), (24) and (31) y 
and 3 A A ©. Hence 


f 


. we 
G 
7 Jo sinh w 
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While with completely open “walls”, o ee 23), (24) and (29) give 
7, and B. A A=0. Thus 


Yo= "1 
we” 
dw 
J0 COS €W 12 
The corresponding forms of (44) are the well known standard results. 

Zero average blockage can be obtained by choosing A/b so as to make e(0) 
vanish. Suppose C, is negligible, then the wake blockage term in (44) can be 
ignored, and the condition for zero blockage reduces to G = 0. This equation 
can be solved numerically; let its solution be A/b = r. If o is small, this value 


can be substituted in (46) to give 


by (19). From a graph given by Baldwin et al.’ it appears that r~ 1-2. 


With this value of r in (47) we arrive at the o, 2a/H relationship outlined in 


the following table: 


0-O000 0-000: 0-0143 0-O84 0-047 0-024 


| 
0-0000 | 00-0005 0-0147 0-097 0-255 | 0-423 


The value o* shown in the table is derived similarly from equation (34) which 
is valid only if 2a/H is small. 

There are three conclusions to be drawn from this table: firstly, that the 
approximate theory of previous authors (which gives o*) fails for 2a/H > 4; 
secondly, that a remarkably small value of o is required to eliminate the 
blockage effect regardless of the value of 2a/H; and finally that o has a maximum 


value at 2a/Hz1. 
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THE DETERMINATION OF THE VALUE OF THE 
COLLAPSE LOAD FOR STATICALLY INDETERMINATE 
SYSTEMS UNDERGOING PLASTIC DEFORMATION *+ 


A. A. GVOZDE\ 


TRANSLATOR’S PREFACE 
THE article by Professor A. A. Gvozdev which is the subject of this translation 
contains what appears to be the earliest proof of the theorems of limit analysis 
for proportional loading. In the course of his presentation, Gvozdev introduces 
many concepts now familiar in plasticity theory, notably generalized forces 
und displacements, the principle of maximum plastic work and the equivalent 
normality condition for strain rates at yield. 

The article appeared in a slim volume entitled Proceedings of the Conference 
on Plastic Deformations, December 1936, which was issued by the Academy of 
Sciences of the U.S.S.R. in 1938, under the general editorship of Academician 
B. G. Galerkin.{t Only fifteen hundred copies were made in the first printing 
and the document appears to have remained unnoticed outside the U.S.S.R., 
although frequently referred to by Russian authors.§ 

Gvozdev’s paper is especially notable because of his use of generalized 
forces and displacements. This concept was employed in 1952 by Prager® when 
establishing a general theory of limit design, and Hodge® has given it a central 
place in his recent text on the plastic analysis of structures. Thus the paper 
IS eSst ntially modern in approach, despite its age, and this, together with the 
simple and direct manner of presentation of the material, is considered to 
make a full translation worthwhile. 

Professor Gvozdev has written mainly on aspects of reinforced concrete 
construction. The Additional Bibliography (B) contains all articles by him 


which the translator has seen mentioned in the Russian literature. 


lastic Deformations, December 1936, p. 19. Akademiia 


Professor R. M. HAyTHORNTHWAITE, Brown University, 
of Michigan, Ann Arbor, Michigan.) 


er, recognition appears to have come rather late even in Russia 

oincided with a great outpouring of work on similar lines in Britain and the U.S.A. 
ing developments in plasticity in the U.S.S.R. for the period 1917-47, Ishlinskii! 
entire subject with the single sentence (p. 244) ‘“‘The general idea of the carrying 
structures and the method of computation at the limit load was given by A. A. 
Meanwhile neither Sokolovsky”? nor Leibenson*® had made any mention of his work 
on the theory of plasticity. Nor did Kachanov* or Markov® recognize the limit 


ems as derivable from the variational principles when specialized to proportional loading. 


on, writers interested in structural applications, such as Bezukhov® and Rzhanitsyn’, 


n considerable prominence to this and other papers by Gvozdev. 


322 


Statically indeterminate systems undergoing plastic deformation 


l. GENERAL APPROACH 


One problem of structural construction which must occupy a central position 
is the computation of the carrying capacity, i.e. the determination of the 
largest live load which a structure can carry. Only in the case of brittle 
materials which obey Hooke’s law almost to fracture can this problem be 
solved completely by the methods of the theory of structures and of elasticity. 
Of greater practical importance is the determination of the carrying capacity 
of structures composed of elements which yield on reaching a certain stress state. 

It is more convenient to formulate the plastic relations in terms of the 
elements from which the parts of the structure are composed rather than for 
the material itself, i.e. for an element of length of a beam, for an element of a 
plate obtained by cutting through the entire thickness, for an element of a 
body, for a beam of a framework, etc. Thanks to this approach, the field of 
application of the theory under consideration is broadened appreciably. 

The approach becomes particularly clear when applied to a segment of a 
reinforced concrete beam in bending. It would be incorrect to say that the 
material of such a beam can yield—yielding is possible only in the reinforce- 
ment. However, the relationship between the value of the bending moment M 
and the angle of relative rotation Ad of the ends of the section (Fig. 1) shows 
that, when the moment reaches a certain value M = M/, the magnitude of the 
deformation increases almost without change in the loading. In the graph 
there is a typical yield zone ab. In reality, when the moment reaches the 
value VW M. the reinforcement starts to vield, but in the concrete a crack 
opens, progressively diminishing the height of the compression zone. The 
moment MM can be determined by a formula due to A. F. Loleit. The equality, 
M = M, is suggested as the condition of yield for the reinforced concrete beam 


in bending. 


” 


7 —— 


i 


“ 


In what follows it will be necessary to define what is meant by the state of 
collapse of the structure. If for known conditions the elements of a structure 
are able to yield, then the structure can be considered as disabled as soon as 
the displacements of the system can increase solely on account of the plastic 


deformation of its elements. This state will be referred to below as the state of 


collapse, and the corresponding intensity of the live loading as the collapse load. 


2. CHARACTERISTICS OF THE ELEMENTS 

The methods of calculation of the value of the collapse load must be 
adapted to a wide class of structural forms, so the relationships which are to 
be written for an element of a structure should be formulated in a sufficiently 
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general manner. On the other hand, idealization of the properties of the 
material is unavoidable in order that our calculations should not be excessively 
complex. This leads, for example, to ignoring strain hardening and also to 
eliminating entirely the factor of time from the calculations. 

For materials such as reinforced concrete, the relation between the deforma 
tions and the tractions up to the state of yield is exceedingly complex; 
therefore a new simplification is in order and for the plastic state we will 
introduce the most elementary relations in the spirit of Saint-Venant and 
von Mises. 

The following characteristics will be attributed to the elements of the 
structure 

1) For an element under the influence of constant forces, perceptible 
deformation is impossible except in the state of yield. In reality, reinforced 
concrete structures can deform continuously under the action of a constant 
load, due to the creep of the concrete ; however, the magnitude of such deforma 
tion is of quite another order from the magnitude of the deformation at 
collapse , as defined above 

b) In the state of yield, the generalized displacement (deformation) of an 
element can increase indefinitely for a constant value of the corresponding 
generalized force. 

c) For each possible mode of plastic deformation, the corresponding 
veneralized force has a specified constant value. The set of generalized forces 
corresponding to all possible modes of deformation determines the yield condi- 
tion, i.e. the relationship satisfied by the forces acting on the elements when 
in a state of vield. 

The characteristics (a) and (b) can be considered as defining an ideally 
p! istic body or element. 

In the ex vumple of the reinforced concrete beam bent in one plane, which 
has been considered above, the value of the moment producing plastic deforma 
tion was found to be M iM. where for definiteness we shall set M > 0. 

If the beam has double reinforcement, then for bending in the opposite 
sense the corresponding value of the moment producing yield is found to be 
V M where M <0. Consequently, possible values of the bending moment 
in the beam must satisfy the condition M< M: M. Such conditions, indi 
cating that by virtue of the plastic characteristics of an element the load acting 
can change only within set limits, will be referred to as limit conditions. 

If, as in the example considered, the stressed state of the element is deter 
mined by only one generalized force, the yield conditions (and hence the limit 
conditions) are particularly simple. Often, however, the stressed state of the 


element is characterized by values of several linearly unrelated generalized 


forces, for example, a longitudinal force V and bending moments M, and /, 


in a beam, or six stresses (¢,,,0,, 0, Ty: Tys: Tzr) ON the sides of an elementary 
cube with sides perpendicular to the co-ordinate axes x,y,z, or, on the other 
hand, three principal stresses (c,,0,,¢,) on the sides of a correspondingly 
orientated elementary cube. For such cases the yield condition must be 


studied in more detail. 
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The deformation of the element can be described with the aid of the 
generalized displacements corresponding to the generalized forces which have 
been selected. For the sake of convenience, we select as generalized forces 
values of identical dimension, for example in the case of a beam, the moments 
about three axes which do not intersect at a point but which lie in the plane 
of the section. For this the generalized displacements will have identical 
dimensions. 

We shall now obtain in a convenient fashion a geometrical interpretation 
which is often used for the study of strength theory. In a space of n dimen 
sions, where » is the number of generalized forces necessary to define the 
stressed state of the element, we set out along the axes of one set of co 
ordinates the values of the generalized forces 8,, 85, 8, s,, and along the 
axes of another, the values of the corresponding generalized displacements, 
€1, €a; €g, ---,@,- The corresponding forces and displacements are set out parallel 
and in one and the same direction (Fig. 2). 


Any stressed state of an element is then represented by the vector s with 


components s; (¢ = 1,2,...,), and the plastic deformation of the element by 


the vector e with the components e,; (¢ = 1,2,...,”). Since, however, the 


deformation for a plastic state can increase indefinitely, the length (magnitude) 


of the vector e is indeterminate. This vector determines only the direction in 
space, whereas the vector s determines a point. Therefore, in place of the 
vector e it is more convenient to obtain the corresponding unit vector e’, i.e. 
the vector the length (magnitude) of which equals unity. 

The property of the ideally plastic element given under (c) above can now 
be stated as: for each possible deformation, represented by the unit vector e’, 


where 


there corresponds an expenditure of work 
T=e’'s fie’). 
All the vectors s the ends of which lie on a linear (n — 1)-dimensional manifold 


(‘plane ’’) orthogonal to e’ and distant ig f(e’) from the origin of co-ordinates 


j 


satisfy this condition (Fig. 2). 
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The equation of this linear manifold has the analytic form* 
f. 


The set of such (vn — 1)-dimensional manifolds for all possible modes of deforma- 


“" 


tion (of vectors e’) produces a convex body in the n-dimensional space. The 
points of the surface (of the boundary) of this body satisfy the yield condition ; 
all points of the body satisfy the limit condition. 

If only discrete modes of deformation are possible,t the yield condition 
determines a polygon, the boundaries of which are orthogonal to the corre- 
sponding vectors e’. If the possible vectors e’ form an analytic manifold, then 
at the yield conditions they satisfy the points of an (n— 1)-dimensional mani- 
fold (of a ‘“‘surface’’) skirting a family of linear (nm — 1)-dimensional manifolds 


( planes ’’) corresponding to all possible vectors e’. Thus in this case the 


deformation corresponding to the stress state represented by any point A of 
the boundary of the convex body, i.e. the plastic deformation, is represented 
by the vector e’,, parallel to the normal to the surface of the body at the 


point A (Fig. 3). 


Fic 


The origin of co-ordinates (the unstressed state) always satisfies the yield 
condition. Since the work being expended in the plastic deformation is always 
positive, the vectol e, 1s directed along the outwards normal of the yield 
surface at the point A. Thus the following results are deduced from the 
definition of an ideally pl istic element given above: 

Result 1. In the space (s,,85,...,8,), the yield condition gives an (n—1)- 
dimensional manifold surface’’) which is a limiting convex body, referred 
to as body B. 

Result I1. For each stressed state represented by a point A lying on the 
boundary of the body B (i.e. a state of yield) there corresponds a deformation 
represented by a vector e’, directed along the outwards normal to the boundary 
of the body B at the point A. 


rranslator’s note original | e,8 f, which appears to be a misprint. 


rranslator’s note statement is unnecessarily restrictive. If any two modes of deforma- 


occur at the same stress state, a polygonal form will result; however, certain linear combina- 
of the modes are then also possible.! 
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If F = 0 represents the yield condition, then the second result is written 
in the analytical form 
( CoF/és, (t= 1,2,...,m), 


where C is a positive quantity depending on the co-ordinates and on time but 
independent of the indices 7. 

This shows that the function F represents the potential of the flow, as 
introduced in the theory of plasticity by von Mises in 1928. It is necessary, 
however, to remark that von Mises’s result possesses an entirely formal 
character. Von Mises wrote the function F as a quadratic which did not 
change with variations of the hydrostatic pressure and he sought to obtain 
an expression for the deformation in the form of linear functions of the stresses 
which again were to be independent of the hydrostatic pressure. Here, on the 
other hand, the role of the function F as a potential of the flow is derived 
directly from the definition of the ideally plastic material and is unrelated to 
the analytic expression for the condition of yielding and displacement. 

From the definition of the ideally plastic material at the yield condition, 
the points lie on a convex body; hence it is easy to deduce the following result. 

Result 11 (Fig. 3). The work 7 =e,s, being expended on the plastic 
deformation of an element is not less than the virtual work 7” = e,s, which 
would be performed for the same deformations by combinations of any load- 
ings (stresses) on the element which are permitted by the limit conditions. 

We shall now clarify by means of examples what we understand by possible 
modes of plastic deformation. Suppose that for an element of some isotropic 
material only plastic deformation representing slip is possible, i.e. pure shear 
in the direction of one of the three principal shearing directions. In all there 
will be six possible modes of deformation (counting the sign of the deforma- 


tion). All six of the possible vectors e lie in the plane e, +e,+¢, = 0. In view 


ra > 


of the similarity of the axes s,, s, and s,, the yield conditions define in this 


case a regular hexagonal prism (maximum shear stress hypothesis). 

If not only pure shearing but also all deformation which does not change 
the volume of the element is possible, and if the work 7' = e’s is constant, 
i.e. does not vary with the direction of e’, then the yield conditions define a 
cylinder (Hencky—von Mises theory). 

For concrete and rock, the condition of plasticity defines the boundary of 
a body which is broadening in the direction of increase in the hydrostatic 
pressure (Fig. 3). Evidently in this case the vector e is always projected in the 
positive direction of the axis* le; + le, + lej, i.e. the plastic deformation must 
be accompanied by an increase in the volume of the element. 

This theoretical prediction is confirmed by the results of tests. In the 
University of Illinois, Richart, Brandtzaeg and Brown? subjected concrete 
cylinders to longitudinal compression and simultaneous hydrostatic pressure 
on the lateral surfaces. At the start of the test, the volume of the concrete 


* Translator’s note—See Fig. 3. The octahedral axis is meant. 
+ Translator’s note—The author probably has in mind F. E. Richart, A. Brandtzaeg and 
R. L. Brown. A Study of the Failure of Concrete under Combined Compressive Stress, Bull. 185, 


University of Illinois Engineering Experimental Station (1928). 
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decreased owing to the smallness of Poisson’s ratio. With increasing load, the 
reduction in volume slowed down and when the concrete started to flow it 
increased in volume; however, in many samples the original size remained the 
largest even up to the conclusion of the test. 
Otten the expressions for the limit conditions prove to be rather compli 
ted. The following two examples show how they can be simplified for the 
yurpose of practical calculations. 
For an element of length of a metal I-beam subjected to the action of a 
longitudinal force and bending in the plane of the web, it is easy to construct 
the limit conditions for any position of the neutral axis, recalling that all that 


section lying on one side of this axis is stressed to the vield limit 


In compression and the remaining part of the section is stressed to the vield 


In extension Che lens shaped limit curve Fig. 4(a)| is constructed 


two parabolas having common tangents at the points C,, Cs, Cy and ( 


1 i° 


\s is evident from the graph in the figure, it can be approximated closely 
with the aid of a hexagon (or allowing rather large error, by means of a 
rhombus). This corresponds to the substitution of a fictitious effective cross 
section for which only discrete positions of the neutral axis are possible, as 
shown in Fig. 4(b) for t » of the hexagon and in Fig. 4(c) for the case of 
the rhombus 

For the reinforced concrete section with double reinforcement, as shown 
in Fig. 5, the limit moments for the upper and lower reinforcement are com 
puted in accordance with the draft of technical specifications and standards 
for reinforced concrete construction (1936). In the case of eccentric extension, 
of pure bending and of eccentric compression with large eccentricity, the yield 
curve is composed of two line segments.* Only in the range of small eccentrici 


i.e. at the approa h to brittle fracture, does the vield curve depart from 


ents associated with the axial forces 
energy dissipation is always given by 
about whichever bar is not extending: 
. if both bars extend, @ and @ are both 
joint first about one bar and then 


opposite In sense to the corresponding moments, 
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these lines. If we restrict ourselves to cases far from brittle fracture. the limit 


conditions can be given approximately in the form M’<M;M2>M. Two 
modes of plastic deformations correspond to this: (1) The lower reinforcement 


yields, the element opens and its parts rotate about an instantaneous centre 
lying at the level of the upper reinforcement. (2) The upper reinforcement 
yields, and opening of the element proceeds, by the turning of its parts about 


an instantaneous centre lying at the level of the lower reinforcement. 
Thus in these two examples it appears to be sufficient for practical purposes 
to consider only two or three modes of deformation instead of the infinite 


number of modes which actually exists. 


3. LIMITATIONS ON THE APPLICATION OF THE THEORY 

Before passing on to an explanation of the principles and methods of 
calculation, it is necessary to make several reservations. 

In all that follows, it is presupposed that, up to the instant of collapse, 
the deformations and the displacements remain sufficiently small so that one 
can ignore the change in the geometric quantities (angles, lever arms, spans, 
etc.) entering the equations of equilibrium of the elements and also the kine- 
matical constructions and calculations. Such a restriction is usually made in 
the calculation of elastic systems, but in our case it is evidently more trouble- 
some because the restriction is carried to very late stages of loading of the 
structure. None the less, for structures which are sufficiently rigid, as will 
usually be the case in construction, the restriction which has been referred to 
seems to be appropriate. 

A danger which appears to be a more serious limitation on the application 
of the theory is that the structure might lose stability in whole or in part 
before reaching what is being designated here as the collapse load. This 
limitation is important in the case of metal construction,* but it plays hardly 
any role for reinforced concrete. However, for the latter material it is necessary 
to consider the possibility of brittle fracture prior to collapse due to yielding. 


* Author’s note—The question of loss of stability has decisive significance for compressed 


beams in metal frameworks, even when their flexibility is not very large. The author has, inci- 


dentally, given a diagram for the approach to failure in such beams." 


99 
Le 
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The possibility of prior collapse by instability or by brittle fracture requires 
individual verification and, for design, a strengthening of the elements 
involved. 

In the following presentation of the theory, these questions are not touched 
upon; it will be assumed that the possibility of collapse by instability or by 
brittle fracture has been eliminated with the aid of appropriate constructional 


measures. 


THE PROBLEM OF THE DETERMINATION OF THE 
COLLAPSE LOAD LIMITING EQUILIBRIUM 

The state of collapse, as it has been defined above, is the state of limiting 
equilibrium of a system under the action of (1) a dead load of given intensity 
and (2) a live load of intensity P. 

Our problem becomes the determination of the value of the parameter P. 
For this purpose, it is assumed that the dead load is insufficient to cause 
the collapse ot the S\ stem. The directions of the forces comprising the live 
loading are given: therefore only positive values of the parameter P are 
ot interest. 

For the state of collapse, two gTOUps ot conditions must be fulfilled: 

Group I. The forces in all elements of the system must satisfy: (a) the 
conditions of equilibrium; (b) the limit conditions. 

Group Il. The configuration of the vield zones and the mode of possible 
detormations ol the elements belonging to these zones must allow displace 
ments of the points of the system. In this connection, the elements which are 
not in a state of yield are considered as not being deformed. 

Every state of the system which meets the conditions of Group I will be 
called state I and the corresponding intensity of the live loading will be 


denoted by P. A set of states I exists to which a set II, of the values P, corre 


sponds. For example, those states through which the system passes when 


loaded from P 0 up to coll: pse belong to this set Evidently the set Il, is 
bounded from above: we shall denote its upper limit by > 

Every state that meets the conditions of Group IIL will be called state LI. 
It is possible to construct (mentally at least) the set of states for which the 
conditions of Group II are satisfied. 

Each state II can 
of the live loading P,,, as determined in the following manner: we give the 


be brought into correspondence with some intensity 


system II an indefinitely small displacement which permits deformations of 
its plastic zones and we denote by 7}, ;,, the work being expended in the ele 
ments of the system for the deformation corresponding to this displacement. 
We will compute also the work 7, done by the dead loading and the work 7), 
done by a unit live loading on the same displacement. We determine the 
value PB, from the equality 

P Ti, 0 

U T 


which meets the condition 
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Evidently fulfilment of this condition is necessary for the equilibrium of a 
system in state II. Since we are interested in the states for which P,, > 0, then* 


7. + ©. 


p 
This follows from the assumption that the dead load is insufficient for collapse 
of the system and hence, 

Ty, 1 — T, > 0. 
This analysis will be needed below. 

We will consider the set I1,, of positive values P,. The lower bound of 
this set will be denoted by #,. Since in the state of collapse both condition | 
and condition II must be fulfilled, the intensity of the collapse load P lies 
simultaneously in both sets I], and II,, (their intersection). Hence 


Pr. >P>F.. 


We shall now show that P, is not larger than P,. Suppose that this is 


not so and P = & 
I =II> 


then it would be possible to take values P; and P}, such that 


Fr; 


, Pp’ 


Ii* 

The state I’ is a state of equilibrium, therefore the work done by the forces 
of this state on any possible displacements must be equal to zero.f From the 
possible displacements we select the displacements of the state II’, with the 
aid of which the load Pj, is determined. Denoting by 7, ;, the work done by 
the forces acting on the elements of the system in state I’ for the deformations 


of the elements in state II’, we write 


The condition determining Pa has the form 


PF. 4+, 
and SO 


In accordance with Result III deduced from the definition of an ideally plastic 


element, the numerator of the right-hand side is not less than zero; and since 


T,>0, then P1,>P*. 


p 
We have arrived at a contradiction. Hence it follows that P, is not larger than 
P and so the collapse load P is the largest of the loads for which the conditions 
of Group | can be satisfied: and at the same time is the smallest of the loads for 
which the conditions of Group IL are satisfied 


) > , 
Pin iX " I Pi, in* 
* Translator’s note—This is equivalent to restricting states II to displacements in which the 


live loading does positive work on the structure. 


+ Translator’s note—This is the principle of virtual work for rigid bodies. 
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Thus the establishment of the collapse load may be approached either by 


) 
IT min* 


a determination of P = P,,,,, or by a determination of P A combina- 
tion of these two methods is also possible. Now it is easy to show that factors 
producing internal stresses in the system (for example, removal of supports, 
residual deformations caused by previous cycles of loading, change of tempera- 
ture, etc.) do not influence the value of the collapse load, provided, however, 
that the corresponding displacements are small and that it is possible to ignore 
changes in the mechanical properties of the material brought about by these 
factors. Actually, neither the conditions of equilibrium nor the limit condi- 
tions change, unless the loads involve the induced internal stresses as factors. 

The fundamentals of the method of determining the collapse load will be 


illustrated briefly by two examples. 


DETERMINATION OF THE COLLAPSE LOAD P = Piya, FOR 
STATICALLY INDETERMINATE BEAM SYSTEMS WITH 
n UNKNOWNS 
Making use of the conditions of equilibrium, it is possible to represent any 
force s, in a statically indeterminate system as a linear function of the load P, 


nM 


and the statically indeterminate parameters X,, Xo, ...,X 


X;. (1) 

Here s,, is the force system in the primary structure due to the dead loading; 

s,, is the force system in the primary structure due to unit live loading, and 
. the force system in the primary structure due to the forces X; = 1. 

The forces in the statically indeterminate system must, moreover, satisfy 
the limit conditions. Therefore the conditions which the load intensity P, 
must satisfy can be obtained by substituting the expression (1) for the force 8, 
into the yield conditions. 

As was shown above, the limit conditions can be represented in the form 


of the union of expressions of the form 


where s, (j ®3 n) are the forces characterizing the stressed state of the 


element and m the number of these forces. 


After substitution of the expression for s; from (1), the condition (2) takes 


the form 


or, using the notation 
P38, +8, 14,6, < f. (3) 


The condition (3) has a simple mechanical meaning: it is easy to see that 
the coefficients 6, 5, and 6; represent displacements (generalized), which arise 
in the basic structure in the direction of the corresponding live loading, the 
dead loading and the unknowns X, when the element for which this condition 


arises undergoes unit deformation e’. 
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Thus the condition (3) shows that the work done by the external forces 
applied to the basic structure on the displacements corresponding to the 
deformations e’ of the element being considered does not exceed the work 


expended in the deformation e’ of the element. It is indeed possible to consider 


the coefficient 8 as an influence coefficient. 
Using this interpretation, the conditions (3) can be written immediately 
) 


without resource to equation (1) or condition (2). Each possible deformation 
of each of the elements of the system corresponds to a new form (3) and the 
problem can be solved by a consideration of the union of these conditions. 

The basic structure as a whole can now be considered as an element. To 
each of the possible deformations of the element there corresponds a condition 
of the form (3). The union of these conditions determines the relation between 
the forces P,, X,, Xo, ..., X,, acting on the basic structure. 


? 


In an (n—1)-dimensional space with co-ordinates X,, X,,...,X,,/, the 
union of conditions (3) determines a convex body B. To the internal points 
of the body correspond the states of the system for which the yield condition 
for the single element is not met. Each point A of the boundary of the convex 
body B lies on at least one of the n-dimensional manifolds determined by the 
condition (3). Therefore, for the state of the system represented by the point A 
of the boundary, there exists an element or elements the stressed state of which 
allows plastic deformation of the type defined. 
then deformations of the 


I max? 


If, however, point A corresponds to P, < P 
systems, as has been shown already, cannot result from the consideration of 
the individual plastic deformations. 

If for conciseness of language it is agreed that the positive direction of the 
axis P, is directed upwards, then the determination of the collapse load is 
reduced to finding the segment of the upper supporting plane of the convex 
body (3) which cuts the axis PF. 


6. DETERMINATION OF THE COLLAPSE LOAD Py pi 
FOR A REINFORCED CONCRETE PLATE 

We will consider as an example an annular reinforced concrete plate, 
supported along the inside and outside edges, with radially symmetric reinforce 
ment above and below and loaded with a radially symmetric vertical load 
(Fig. 6(a)]. 

It is easy to explain the manner of its collapse. For possible plastic 
deformations of the elements, as understood above, one can take opening of 
cracks above and below, accompanied by rotation of the parts of the elements 
with respect to the horizontal axes, at the level of the upper and lower rein- 
forcement. Owing to the axial symmetry of the plate and the loading, the 
cracks must be circumferential and radial. It is easy to convince oneself that 
collapse without circumferential cracks is impossible. However, a circumfer- 
ential crack must be accompanied by radial cracks extending from the 
circumferential crack to the external boundary of the plate. The cracks which 
have been enumerated are formed on one (the lower) side of the plate | Fig. 6(b)]. 
If there were no other cracks, then the plate would rise at the external edge 
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and that is clearly impossible. Therefore radial cracks also appear on the 
upper surface from the internal to the external edge of the plate [Fig. 6(c)]. 
Only the combination of these two deformations satisfies the conditions of the 
specification, and for this it is not difficult to arrange a relationship between 
these two modes of deformation |Fig. 6(d)|. The collapse scheme is settled 
with precision to within the parameter determining the position of the circum- 


ferential crack. After this it is easy to form the work equation 


P, T, + T, Ti, 0 


piitsiti te tH (¢ 


— ~ ‘ 
| \\=s 
—— 


From this equation the value of P, is determined as a function of the 


position of the circumferential crack. The usual minimum problem remains 


to be solved. 

\ circumstance meriting attention is that both the upper and lower circum- 
ferential reinforcement must yield from the circumferential crack to the 
external edge. Thus the outer part of the plate is subject to extension in the 
circumferential direction. Hence the internal part of an annular plate behaves 
like a clamped structure up to the moment of collapse. This result is perhaps 
somewhat unexpected and is, it seems to us, of considerable interest from the 


int of view of developing suitable designs for reinforcement. 
| | 
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THE COMPRESSION OF RIGID-PERFECTLY- 
PLASTIC MATERIAL BETWEEN ROUGH 
PARALLEL DIES OF UNEQUAL WIDTH 


W. Jonnson* and H. Kupot 
(Received 16 June 1959) 


Summary—The results are given of calculations of the pressure to compress plastically, 
leal material between perfectly rough parallel plates of variously unequal widths which 
do not overhang the material and in which the die width exceeds the material thickness. 
lhe rate of approach of the dies is also stated for certain die parameters. A particular 
solution is also given for the case when there is less than shearing friction between the 


material and the plates. 


| INTRODUCTION 

He major problem treated below is one which has attracted considerable 
attention in the form of the compression of material between perfectly rough 
dies of equal width. It has been discussed at length by Hill.! The first analysis 
of this problem was made by Prandtl? in which he proposed his well known 
cycloidal solution. Further analysis was contributed by Nadai® and a slip-line 
field solution was proposed by Hill e¢ a/.4 Interest in this problem appears to 
stem from its physical similarity to that of rolling, witness Alexander’s® 
vpproach in his treatment of the hot rolling process. Experimental confirma- 
tion of the analysis was offered by Nye® and more recently, van Rooyen 
ind Backofen’ have provided striking experimental evidence of the existence 
of a pressure plateau near the plate edges, as required by slip-line field theory, 
though not by the cycloidal solution. 

This short paper presents a solution of the slightly more general problem 
of compression when the plates are not of equal width. This problem appears 
to be not easily approached by the usual analytical means—NSiebel’s analysis 
as is the case when the plates are of equal width. The employment of a 
comparatively easy slip-line field solution in this instance demonstrates its 
superiority over a purely algebraic solution. In conclusion the particular case 
when the coefficient of friction between the platens and the material is 0-16 is 
discussed. Alexander® has produced particular solutions for cases such as this 


when the plates are of equal width. 


The solution used is a modification of that given by Hill et al.4 
(i) The starting slip lines for the plastic-rigid boundary between the 


deforming material and the overhanging material are assumed to be two 


of Manchester, Manchester, 13. 
Research Institute, Tokyo University. 
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straight lines of equal length, starting from the die edges and perpendicular 
to each other. This choice satisfies the stress equilibrium condition necessary 
for the overhanging material. 

(ii) The die edges O, and O, are assumed to be stress singularity points. 

Fig. 1 shows a particular slip-line solution drawn using a 15° equiangular 
net. Points A,, B,,C, are the equiangular points of intersection of the a- and 
B-lines at which they make an angle of 45° with vertical or horizontal lines. 
They can be chosen as the centre point of the compressed block, i.e. the point 
which lies on a vertical axis of symmetry. When one of them is chosen as the 
centre point, the region surrounded by the die faces and a-, B-lines which 
meet at this point can be considered as the rigid regions. This means that 
A,, By, ... are the possible common vertices of the upper and lower dead-metal 
zones which attach themselves to the top and bottom dies respectively. 


Slip-line field for compression between perfectly rough plate 


unequal width; ¢=30 


3. PRESSURE CALCULATIONS 
From equilibrium considerations, the hydrostatic component of pressure at 
A, (the intersection of the starting a- and f-lines) is k. Using Hencky’s equa 


tion, the pressure is determined along the surfaces of the top and bottom dies 


as well as along the surfaces of the two dead-metal regions. The total com- 
pressive force on the top and bottom dies are compared in several cases and 
they were found to differ by no more than 0-8 per cent. Mean top-die (i.e. the 
smaller one) pressures can thus be calculated and are graphed by full lines 
in Fig. 2 against B,/7', d being a parameter. 

The meaning of the various quantities will be obvious from Fig. 1. 


4. HODOGRAPHS 


J 


Fig. 3 illustrates a hodograph corresponding to the slip-line field of 
Fig. 1. The form of the hodograph is identical with a portion of a certain 
particular slip-line field for the compression of a material between two rough 
parallel plates of equal width. The speeds of the extruded overhanging rigid 


338 W. JOHNSON and H. Kupo 


material are indicated by the hollow circles (for instance, F% 


speed when F, in Fig. 1 is chosen as the centre point) from which the relative 


represents the 


speed of indentation },/V, of the bottom and top dies is obtained; this is shown 
in Fig. 4. When ¢ = 45°, the process is of course symmetric, i.e. compression 


between two equal dies takes place and V/V, = 1. On the other hand, when 


b= 0, \/K, = 0, i.e. when the bottom die extends outside the top die by an 


oO /r 
o 


B, is upper die width, and 7 material thickness. 


Fic. 3. Hodograph to Fig. 1. 


amount larger than the plate material thickness and no indentation by the 
bottom die has taken place. For ¢ = 15° and 30°, V/V, is between 0 and 1, 
and tends to a constant value for a given ¢ for large B,/7. As B,/T approaches 
tends to increase. 


close to unity, V/V, 


5 DISCUSSION 


Fig. 2 indicates the effect of the inequality of the top and bottom die 
widths. The mean compression pressure of the narrower die is affected by the 
width of the wider die. The wider the bottom die is the higher the top die 


mean pressure becomes. The results can well be approximated for B,/T larger 
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than 2 by adapting Hill’s' formula thus 
p/2k = (0-75 + 0-58A/T’) + 0-25(B,/T), 


where A stands for half the amount by which the bottom die overhangs the 
top die. This formula is plotted in Fig. 2 as the broken line. 

When A> 7’, two cases may be considered : 

(i) Material not welded to the bottom die. As no vertical pressure acts on the 
surface 0,0; of the bottom die [see Fig. 5(a)], it is probable that no shearing 
stress acts there either. In this case, p/2k for ¢ = 0° in Fig. 2 is applicable 


for all A>. 


Fic. 4. Variation of »/V, with B,/T; V,/V, denotes ratio of bottom to 
top die-speed indentation. 


(b) 


5. (a) Material not welded to bottom die. (b) Slip-line field for material 


welded to bottom die when A T > 2-57. 


(ii) Material we lded to the bottom die. If A is not very much larger than 7’, 
the material to the left of O, A, will move out as a rigid body, against the 
action of shearing stress k over the surface A,O,. A hydrostatic pressure 
increment of k(A/7’—1) is thus superimposed on the pressure distribution 
obtained for é = 0. 

For A/T larger than 2-57, a type of solution shown in Fig. 5(b) exists. 


This leads to a hydrostatic pressure increment of k7/2 on material within the 


plastic boundary. Accordingly, p/2k in this case is obtained by the addition 


of 7/4 to the result for d = 0° in Fig. 2. 
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6. COMPRESSION BETWEEN PARTLY ROUGH DIES 


The problem of compression between plates of unequal width when their 


roughness is not such that there is shearing between the metal and the plates 
s more difficult to analyse and a particular solution for only one simple case 
is presented. This solution is particular because, for a given coefficient of 
friction « between the material and the platens, it is only applicable for certain 


ranges of B/T7' or breadth to thickness ratio. 


tween partly rough plates; p 0-16; B,/T 
ng pressure distribution over both plates. 


\s in previous cases, the slip-line field is started by drawing a right-angled 
isosceles triangle O, A,O, on the line joining the singular points O, and Q,. 
The slip-line field is then extended from O, A, and O, A, in the usual way. 
rhe assumption that the starting slip lines are straight must, if p is given, be 
discarded for certain B/T ratios; the problem then becomes much more com 
plex, and whilst similar to Green’s® solution for compression between perfectly 
smooth plates for non-integral B/7' ratios, is yet more complicated owing to 
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both the inequality of the platen lengths and the fact that the slip lines meet 
both platens at non-constant angles. 

When vp is given, in the instance shown in Fig. 6 » = 0-16, angles ¢, and ¢, 
easily follow; a certain amount of guessing is essential to obtain reasonably 
accurate values of both ¢, and ¢,. The right-angle triangles, hinged on O, 
and O, respectively and adjoining the plates, are thus determined. The field is 
then extended in the usual manner, a trial and error method being necessary to 
decide the angles of intersection of the slip lines with the platens as the field 
progresses along them. The field shown in Fig. 6 is concluded at an appropriate 
point where the a- and §-slip lines intersect at 45° to the direction of the 
platens; this point is then, by symmetry, on the centre-line of the block. 


a ” IF OX 7 
“a in SO *~ a, 


all 7 


> 


Y 


Speed of top die 


\ 


se, © Ca a.* 


7. Hodograph to Fig. 6. 


The procedure for the subsequent analysis of the problem is adequately de- 
scribed in the paper by Alexander’ dealing with compression between two 
parallel, partly rough plates of equal size. The problem here discussed is 
simple once the starting slip lines are recognized, but the solution is more 
tedious to evaluate than Alexander’s because the angles of intersection of the 
slip lines on the top and bottom platens are not the same. 

Fig. 7 shows the hodograph to Fig. 6. The problem was solved without 
recourse to the use of Prager’s cycloid in the stress plane. Fig. 6 also displays 
several pressure plateaux, each extending over a different length of plate. As 
a check on the accuracy of the solution, a comparison of the force on the bottom 
and top plates, as determined by using the Hencky equations, was made and 


found to agree to within 1 per cent. 
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ON THE DYNAMICS OF HIGH-SPEED 
CAM PROFILES 
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Summary An exact ¢ xpress1ion for the maximum output acceleration of a two-mass- 


and-spring cam system is developed for zero damping and dwell—rise—dwell profiles. A 


lily of high-speed cam profiles having minimum components in the higher harmonics 


similar in shape to Neklutin’s ‘“‘modified trapezoids” is suggested. One simple 


ila applies to the whole profile. General considerations on optimization of cam 


minimum force on follower) and limitations on ultimate performance are 


lL INTRODUCTION 


[IN RECENT times an abundance of literature has appeared, ably presented and 
discussed by Rothbart,! on the design of cam profiles suitable for high speeds. 
Realizing the necessity of accommodating the masses, compliances and vibra 
tional characteristics of the follower system, designers have progressed from 
the constant-acceleration or “‘gravity”’ cam profile to those less severe in the 
rate of force application, such as the eycloidal, higher-degree polynomials (the 
polydynes) and many others, including combinations, such as the modified 
trapezoids.2»? These profiles have been rated by the computation of velocity, 
eceleration and shock factors, defined as maximum velocity, acceleration and 
shock, based on unit rise in unit time, as computed from the cam diagram, 
relating time (or cam rotation) to follower lift. Owing to the elasticity of the 
follower system, however, relative motion exists between the roller (say) 
contacting the cam profile and the output mass. The output mass, therefore, 
at the end of the follower system, has a different motion than that given by 
the cam diagram and can be considered as corresponding to the cam diagram 
multiplied by a dynamic amplification factor (C),), which includes the effects 
of elasticity. A true measure of cam performance, thus, is the actual maximum 
force on the follower, per unit output mass 7, per unit rise, per unit time. 
In symbols: F C, MC, L/T? where L is lift, 7 is total rise time, C, is an 
acceleration factor computed from the cam diagram, Cp is a dynamic amplifica 
tion factor—the ratio of maximum output mass acceleration to maximum 
follower acceleration—and F is the maximum force on the follower (see 
Figs. 1 and 2). 

It is desirable, therefore, to minimize the dynamic acceleration factor (UC, Cp) 
which is a true measure of the maximum force on the cam follower. Such 
considerations were employed in the cam analysis made by Hrones* on a 
differential analyzer machine; results were presented graphically and con- 
firmed experimentally by Mitchell’ in 1950. Disregarding damping, Hrones’s 
model consists of a mass-and-spring as in Fig. 1. By adding a mass at the 
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cam-follower contact, as in Fig. 2, higher penalties are given to shock loading 
and this is the model used in this paper. 
closer to reality than either Figs. 1 and 2 


valves—but Fig. 2 was chosen because, for more complicated models, the 


analysis becomes very much more cumbersome, although eventually it is 
realized that such models will and should be investigated. 


Dudley’s model® probably comes 
especially in the case of automotive 


Fic. 3 


Fic. 1. Single-mass-and-spring model of cam system. MW is output mass 


r is Output-mass motion, k& is a spring constant and 2, is follower 


displacement. 

Fic. 2. Two-mass-and-spring model of cam system. .W is output mass, 
v is output-mass displacement, k is a spring constant, m is the follower 
mass at the cam and 2, is its displacement. 


2. ASSUMPTIONS, METHODS, LIMITATIONS 
[t is assumed that the dynamic acceleration factor will be essentially 
minimized when the acceleration curve, derived from the cam diagram, is 
symmetrical about the mid-point (point 3, Fig. 3) and the quarter-point 
(point 2, Fig. 3). This assumption can be substantiated by symmetry argu- 
ments. 


i 
Fic. 3. Cam-follower acceleration diagram. The diagram is “symmetri- 
cal” about points 2 and 3 so that 


C.sinwhkt 


Thus the cam-acceleration diagram for the follower can be characterized 
| 
) 


y a Fourier sine series with only odd multiples of the fundamental frequency 
d* x, 


qa = % sin w,f+a,8iNn wi +a;sinw,;t-4 


b> a, Sin w,, t (1) 
Nodd 
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where w 27n/7T'; t is time, assumed proportional to cam rotation, 2, is the 
follower displacement, and a; are coefficients, or numbers, characterizing the 


shape of the cam profile. Note that a, 0 at points 1,3,5 (Fig. 3) for all 
values of the a,;'s; damping is neglected. This is reasonable for many mechanical 
systems and was pointed out in the course of the discussion on the paper by 
Hrones.*- The conclusions which follow are limited to D—-R—-D cams. It is 
realized that the behavior of the cam as a periodic motion, of 360° period, 
is the only correct one and that the behavior outside the rise portion is 
uffected by the rise, and vice versa. Owing to the uncertainty of damping, 
indexing and vibrations during dwell, as well as the mathematical difficulties 
involved, it was decided that a profile good in the rise region would probably 
be good in the dwell region also provided the acceleration was zero at the rise 
terminals and the shock finite. All the profiles considered satisfy this require- 
ment. For this reason the results of this investigation do not apply to rise 
return and other cams, where zero shock at the rise terminal may be required. 


It is believed, however, that the analysis could be extended to such cases. 


3. CALCULATION OF DYNAMIC ACCELERATION FACTOR, C 


In Fig. 2 x 
=e M + h(a 
dt? 


d2r 


where F* is force on cam-follower due to cam profile, F is F*/M, force on 


follower per unit output mass, zw is displacement of output mass, 2, is follower 
displacement, m is follower mass at cam, A = m/M, and kis the spring constant. 
Let Q? = k/M, w? = k/m and r be a resonant harmonic, such that r is assumed 


> 


odd and of form (4p+3) where p is an integer. Also, let w, = 27n/T' = no, 


(2 = rw, and F(0O) = x(0) = a2’(0) = x"(0) = 0, where a single prime is equivalent 


From equations (2) and (3), 
(4) 


Using the Laplace transform, and confining ourselves to the interval 0<f<T, 


we can solve for Ff, obtaining after a certain amount of algebra, 


9 


; ; % a,(n/r) 
-sinw, (—(sin Qt) & | ,) 
= l—n*/r* 


Sa,(sin w, t w,t COs w, ft). (5) 
The dy namic acceleration factor 
C Pinas : max (6) 
(L/T?)  (L/T?) 
The generality of the conclusions is not expected to be substantially affected 
if we assume that the resonant harmonic is odd, of form (4p+3), where p is 
an integer, and that the resonant harmonic r is absent from the cam contour 
i.e. that a, = 0—provided that the resonant frequency is considerably higher 
than the cam rotational frequency (revolutions per second); this will enable 
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us to derive an exact expression for the dynamic acceleration factor. When 
a, = 0 and r = 4p+3 (p a positive integer), it can be shown (Appendix I) that 
F becomes a maximum when w,t = 90°, for most ‘“‘reasonable”’ looking cam 
profiles. Rearrangement of F in equation (5) under these circumstances 


1 \| 
"l—an A} 


(a = +1, 0 = 1.5.0. 13....) 
(a = —1, n = 3,7,11,15,...) 


reduces to 


(7) 


This is a general expression for the dynamic acceleration factor which can be 
evaluated when the acceleration profile is known. 


4. DISCUSSION OF DYNAMIC ACCELERATION FACTOR, 
EQUATION (7) 
When m = 0 and x; = a,sinw,t, we obtain the well known cycloidal profile. 
For this profile, equation (7) yields C = 27r/(r—1). If the resonant frequency 
== 1-07, 


Y 


of the cam-follower system is 15 times the cam speed (rev/sec), ¢ 
which confirms one result of Hrones*. Furthermore, it is seen that the dynamic 
acceleration factor depends on the natural frequency of the cam-follower system 
and varies, therefore, (a) with the shape of the profile and the same follower 
system, and (b) with the same profile and different follower systems. This 
also complicates the question as to what might be an “‘optimum’”’ profile. Any 
cam-follower system tends to vibrate at its natural frequency, thereby super- 
imposing on the cam diagram a “wiggle” or oscillation. If then, we specify 
the output motion x to be smooth, without wiggles and with least maximum 
acceleration (or least squared integrated acceleration, etc.), we reintroduce this 
wiggle as a counter-wiggle in the cam-acceleration diagram, as is evident from 
the complementary function in equation (4). Such a profile would be clearly 
impractical, being much too sensitive and uncertain in its operation; for 
instance, in polydyne cam design it is neglected (or considered negligible). 
What, then, shall be a criterion for optimum performance, if the criterion 
of least acceleration, least squared integrated acceleration and similar criteria 
are impractical, because the strict execution of this requirement leads to the 
reintroduction of the wiggle in the cam-acceleration diagram? It is difficult, 
if not impossible, to improve on the comments of Routh in his treatise :* 


“A disturbing force can produce a large forced vibration in any coordinate 


only if there be in that coordinate a free vibration of nearly the same period 


and containing the same real exponential.’’ This can be seen when nzr, in 
equations (5) and (7). We may infer, qualitatively, then, that the chances 
of C being large are increased if there are sizeable higher harmonics in the 
neighborhood of a resonant frequency, the severity of the disturbance being 
a function of the amplitude a, of the resonant harmonic and its order number r. 
This is not to deny the validity of the polydyne principle or any other principle, 

*E. J. Routn, The Dynamics of a System of Rigid Bodies (6th Ed.), pp. 244-248, discussion 


on how a disturbing force is magnified (1905). 
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based on the sound idea of adding the flexibility displacements to the output 
displacements to deduce the cam profile. It would be reasonable then to 
consider for the output cam profile a class of profiles having minimum higher 
harmonics, or minimum “‘overtones”, to borrow a phrase from acoustics. 


Clearly the cycloidal is the optimum in that direction having but a fundamental 


in the acceleration. The degree of reduction of overtones depends on the value 
of ‘‘r’’, the resonant frequency ratio. Two limiting conditions are apparent: 
(a) When roo (i.e. the spring is infinitely stiff or rigid), there is no relative 
motion between follower and output mass and the gravity profile is optimum. 
(b) When r—1 (the spring is very flexible), resonance between cam and 
follower system is of very low frequency and it is essential to have minimum 
overtones, and the cycloidal suggests itself. 

Any real cam, being generally between these two extreme conditions, 
could be optimized with a profile curve, intermediate between the cycloidal and 
the gravity—but with minimum overtones. Curves which have been suggested, 
and somewhat similar to these, are the modified trapezoids of Neklutin?-* and 
it is thus seen that these curves have a sound theoretical basis, as is well 
known. The profiles suggested herein differ from the modified trapezoids in 
that they have minimum overtones, which also permits these curves to be 


represented by one continuous function. 


» CAM PROFILES HAVING MINIMUM HIGHER HARMONICS 
Consider the cam-acceleration diagram (Fig. 3), 
> > a,.sin kw, t, 
k=1 
where a. is the last term of a finite Fourier series. For n l. we obtain 
L ; T . 2nt 
— Sil — 
1 2a i] 
the well known cycloidal contour. For n>1, we can progressively flatten out 
the sine wave of the cycloidal acceleration curve, until in the limit, with 
n—>oo, it approaches the square wave corresponding to the gravity cam. 
After considerable investigation, it was found that the most convenient way 
to accomplish this is to require the tangent at the point 2 in Fig. 3 to be hori- 
zontal to the nth order in the acceleration diagram. This condition leads to a 
system of simultaneous equations in the a;’s and the following result: 
Theorem. For a cam-acceleration diagram given by equation (1), with the 
highest harmonic the nth harmonic, and with a, = 1, the terms a, are given by 


- m+k* and n> 
3,5,7| Mer 


C can now be computed from equation (7). 
* This leads to the theorem that if k& is any odd integer (not necessarily > 5) then 


k | | (m? l ) (m? — k?) 
m=3, 5,7 


m k 
as has been proved by Professor A. E. Livingstone, University of Washington, Seattle, Wash- 


ington, and shown to the author in a private communication. 
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Thus, for 


1/9 and 


5386 ( + 3-5 ‘) 


Appendix II shows the various curves up to n=9, their displacements, 
velocities, accelerations, shocks and the various corresponding factors. Note 
the presence of the dynamic amplification factor, Cp, a function of the resonant 
harmonic 7. The velocity factor, for a static rate of force application, is the 
same for all profiles and is equal to 2-0. In any given application it would 
probably be wise to select a cam profile whose highest harmonic is not greater 
than 10 per cent of r and whether or not it pays to refine the cycloidal profiles, 
by considering the higher harmonics which reduce the maximum (static) 
acceleration, depends upon the individual application. To some extent the 
law of diminishing returns operates here. The limit approached by C (ro) 
is 4 (gravity) and a,—1/k. The reduction in C between | and 3 terms is 
about 14 per cent, whereas between 3 and 5 terms it is only an additional 
21 per cent. Here, as in all phases of design, the judgement of the designer is 
the determining factor. 

The curves are easily differentiated and integrated and are believed to be 
useful high-speed profiles; they are not supposed to be the only ones possible, 
rather they are offered as an additional type of family to be used, as a possible 
alternative to the polynomials, or when the circumstances demand minimiza- 


tion of the higher harmonics. 


6. CONCLUSION 
By means of various assumptions and idealizations, the dynamic accelera- 
tion factor has been derived and analyzed for a simple model and on the basis 
of the results, a series of “‘harmonic”’ profiles, with minimum overtones, has 
been suggested. 
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APPENDIX I 
Proof that F reaches maximum at 2nt/T = 7 
We shall prove the assertion for m = 0; for m finite the only change is the added 
term Aa, sin w,t which clearly possesses the required maximum. When m = 0, 
2rt 


T 


> C,. sin kwt — C, sin rwt 
k 
= 4p+3, p a positive integer 


(e + £). 
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0; hence an extreme value of some type exists for F. 


(nee) »>0 at & = 1, 5, 9, ... 

—~\r—ak " a<Oatk 
Since all a,>0, d?F/dt? is negative whenever k<r. 

F reaches a@ maximum at wf r/2. 


Hence for profiles in which n<?r, 


If the curve is a reasonable one we may infer that 


this is an absolute rather than a local maximum. 


APPENDIX II 
Properties of Family of Cam Profiles minimizing the Higher Harmonics 
2rrkt T = rise time 
llower acceleration > a,sin — ‘ 
1 L = total lift 
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n = highest harmonic (<7r) 
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THE EFFECT OF SMALL CHANGES IN MASS AND 
STIFFNESS ON THE NATURAL FREQUENCIES 
AND MODES OF VIBRATING SYSTEMS 


P. N. JONES 
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(Received 7 Auqust 1959) 


Summary—Exact equations are obtained for the changes in the natural frequencies 
and modes of an n-degree-of-freedom system, as a result of changes in the masses and 
elastic constants. These equations are in a form suitable for solution by successive 
approximation when the changes in the modes are small. A numerical example on a 


5-mass flexural system is given 


l. INTRODUCTION 


Ir 1s usually found necessary to introduce small modifications during the 


design and development of a structure or mechanism. In many cases, the 


design calculations will include a determination of the natural frequencies 
and modes of vibration of the system, and considerable labour can be saved 
if the effect of small changes can be determined directly, so that the frequencies 
and modes need not be calculated afresh when the design is modified. 

\n approximate solution of this problem has been given by Rayleigh,! 
who considers the effect of small changes in the coefficients of the kinetic 
and strain energy functions, when expressed in terms of normal co-ordinates. 
Particular problems have also been considered by Tuplin,? Head*® and 
Mahalingam®* °, 

In the present paper the effect of changes in mass and stiffness of an 
n-degree-of-freedom system is considered, and exact equations are obtained 
for the corresponding changes in the natural frequencies and modes. These 
equations can be solved conveniently by successive approximation when the 
modifications do not result in a large change in the normal modes of the 
system. 

We consider first the “‘original’’ system, whose natural frequencies and 
modes of vibration are (it is assumed) completely known. The deflection co- 
ordinates of the system will be denoted by y; (i = 1,2,3,...,), and, for 
simplicity, it will be assumed that these co-ordinates are suitably chosen to 
avoid dynamic coupling, and that such coupling is not introduced in subse- 
quent modifications to the system.* 

Let the deflections y,,, specify the rth normal mode of vibration, whose 
associated natural circular frequency is w,. For free vibrations in this mode 
we may write 

; Y; = Yup) SiN w, t (1) 


* When these assumptions are not satisfied it is necessary to use a more general quadratic 
ssion for 7' in place of equation (2) 
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where ¢ denotes time. The maximum kinetic energy of this vibration is given 
by the expression 

i Vir) 
where the quantities m; are the effective masses. The maximum strain energy 
). may be expressed as a quadratic function of the deflections, i.e. 


») 


vt vt 
bs D hig Yuen Yue (3) 
fun jun} 


where the quantities k,; are elastic constants of the system. The energies 7, 


and V, are of course equal. 

[It is well known that any arbitrary deflection of a system may be expressed 
in terms of the normal modes, i.e. 

Yi = UL bsYus) (4) 
s=1 

where the quantities ¢, are normal co-ordinates. It is also known that the 
total kinetic and strain energies of the system may be expressed as the sums 
of squares of dd,/dt or ¢,, and it may be shown that 


MASS AND STIFFNESS 
Suppose that the masses and elastic constants are changed by given 
amounts Am;,Ak;;, and it is required to determine the resulting changes in 
the natural frequencies and modes. Using the same deflection co-ordinates y;, 


let 7;,,, and @, denote the rth mode and frequency of the modified system. 


We write . 
Y; . Vir) T AY (p)> 
24 A(w?). 


The new mode may be expressed in terms of the normal modes of the original 
system, i.e. 


Yiir) DY Pair) Yits) (4) 


where the quantities ¢,,,, are to be determined. Since the absolute values of 


the modal deflections may be chosen arbitrarily, we may take ¢,,,) = 1. 


Therefore AY sir) = Dd Petr) Yeus) (8) 


_ 
s-++r 


where the summation extends to all values of s except s =r. For free vibra- 
tions in the rth mode, we may write 

Y; = J, Sin a, t, 
and from equations (7) and (4) 


b, = dq 7) SiN @, t. 
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The kinetic energy of the modified system is 
dy; 
dt 


and, by using (5), (9) and (10), it may be shown that the maximum kinetic 


(11) 


9 


l 
¥ (m,; + Am,;) | 


energy of the free vibration is 
(12) 
Similarly, the maximum strain energy i 


ST. d? 


str) 


Equating 7 and V', we have 


( 2 ae ‘ 4,2 
w* v= 78) py (@e 
r 


r) ») 


- —) 
ao > Am, y Fe 
i 


& Y AK Gite Fir = UF (14) 


Equation (14) gives the natural frequency #, of the modified system, 
provided the corresponding mode of vibration 9,,,, is known. To determine 
9i,) we may apply Rayleigh’s Principle, which states that the value of @, is 
stationary for small variations of 7;,,, from the true normal mode. In choosing 
j;;,, we have at our disposal the quantities ¢,,,) (s +7), and Rayleigh’s Principle 
therefore gives (n— 1) equations of the form 

CW, 


(15) 


f 
CD >) 


CY jr) 


c be, ) 


Now, from equation (7), Yi (16) 


Also, since the elastic constants obey the reciprocal property 
Ak,; = Ak;, 
it may be shown that 


YY AE; Yiisy Jj >» 1 AR Ys) Fitrr- (17) 
u 


s 
/ 
If we differentiate equation (14) with respect to ¢,,,), and make use of (15 


(16) and (17). we obtain. for s+r. 
iYitr) Yils LVL VAL Fin Yjis) = VU. (18) 
1 ) 


Equation (14), together with the (m — 1) equations (18), provides n simultaneous 
equations for determining the n quantities @,, ¢,,,) (¢ +7). 


Equation (14) may be put in a simpler form, as follows. If we multiply 
(18) by 4¢4,,,,, and add together the equations so obtained for all values of 


r)> 


s+r, we obtain the further equation 


l 
YE YAK; Fi) AYj) = 0 (19) 


w' 42 ty “Sy, 1-2 r 
24 Psir) (My sya + dF Y AM; Fir) AY) eed j(r) 
? ; i -£ 3 
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and subtracting (19) from (14), this gives 


(w? — w?) “+ he 


‘ I ° 
VAM; Fir Yio — pe AKA Gite Yin) = V. (20) 
U U 


a a 
= Jd 
Equations (18) and (20) now provide the required solution. It should be noted 
satisfies (8). The absolute magni- 
The latter 


that these equations are valid only if Ay;,,,) 


tudes of 7;,,, are fixed in relation to those of the original mode y 


i(r)- 


may, of course, be chosen arbitrarily. 


3. APPROXIMATE SOLUTION 

Equations (18) and (20) are exact, irrespective of the magnitude of the 
changes Am,, Ak,;;. A simple approximate solution of these equations may be 
obtained if the change in the mode of vibration is small. This will usually be 
true when the modifications do not result in a large change of distribution of 
mass or stiffness, unless the system has two or more frequencies which are 
nearly equal. 

Putting 9;,,)~ Y;,,-) in (20), we have 


-3 2 , 2 , , ,. hy 9 
(@? — w?) S (m; + Am,) 3) = EE AR; Yer) Yjer) — @? DAM, YF 


u(r) _—__— u(r)? 
» 2 


(21) 


F 


and similarly from (18), 


See 
é j i 


=2  w2)¥ 2 ~S SAL 25 25 
Pep) (@? — w?) Lm; Y3,,) Y ARE; Vite Yjis) — OF DAM; Yin) Yrs: (22) 
Equation (21) gives a first approximation to #,, whilst (22) gives the approxi- 


mate values of ¢,,,), from which the new mode #;,,, may be calculated by 
substitution in (7). 

A more accurate solution may be obtained by successive approximation, 
the first approximations to &, and g;,,, being substituted in (20) and (18) to 


obtain the second approximations, and so on. 


4. NUMERICAL EXAMPLE 
As an illustrative example, a flexural system having five degrees of freedom 
has been chosen. The system consists of five equal masses (m), equally spaced 
at distances / on a light uniform beam, simply supported at each end. The 
total length of the beam is 6/, and its flexural rigidity is HJ. Because of its 
simplicity the natural frequencies and modes of this system are easily deter- 
mined, and the results are given in Table 


TABLE 


Mode No. a Your | Yau, | Yai . w? mi3/EI 


(7) 


0-075153 


36-848 
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The foregoing theory will now be used to determine the change in the 
fundamental mode and frequency as a result of a 20 per cent increase in 
mass (1), the beam stiffness and other masses remaining unchanged. We have, 
therefore 

{O-2 


Am; 


iO 
Ak, 0. 
The first approximations given by (21) and (22) are 
we 0-001232E1/mi3, 
0-07392E1 /mb, 
1-641 
$-157 > 


By substitution in (7) we ol 
00-5022 (00-5024), 
0-S675 (0-8679), 
0-9996 (1-0000), 
0-S645 (0-S648), 
501) 0-4987 (00-4989). 
The bracketed figures are obtained by scaling up the values of 9,,,) to give 
unit deflection of the central mass. 

By comparison with a more exact solution it may be shown that the 
solution given above is correct to four significant figures. By substituting the 
values of 7 (not the bracketed figures) in equations (20) and (18), a second 
approximation correct to six significant figures may be obtained. 

In the case of the fundamental mode the convergence of the successive 
approximation is rapid, and an accurate solution is easily obtained. In the 
case of the higher modes there are greater changes, and the convergence of the 
process is slower. Thus, for the fifth mode, a fourth approximation must be 


calculated to obtain the mode correct to four significant figures. 


5. DISCUSSION 


To obtain an accurate solution by successive approximation it is desirable 
that the changes in the normal modes should be small. Clearly, these changes 
will depend on the distribution of the mass and stiffness changes as well as 
on their magnitudes. The change in any mode will also depend on the value 
of its frequency in relation to those of the other modes of the system. If, for 
simplicity, we consider a system in which there are small changes in the 
masses only, then equation (22) shows that ¢,,,) depends partly on the factor 
@;/(@?—w?). This factor is small if w,>,, approximately unity if @,>w,, 


and large if @,~w,. Thus, in a system having widely spaced natural fre- 


quencies (such as a flexural system), any change in mass distribution should 
have little effect on the fundamental mode, since the quantities ¢,.,) are 
small. This will not be true, however, for the higher modes. On the other 
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hand, in a system such as an equi-frequency flexible suspension, having two 
or more natural frequencies approximately equal, a small change in mass 
distribution is likely to produce large changes in the corresponding modes. 

A practical disadvantage of the theory given in this paper is that it requires 
a knowledge of all the natural frequencies and modes of the original system. 
From (21) we can calculate a first approximation to @, merely from a know- 
ledge of the corresponding mode y;;,,.. However, to determine ¢,,,) it is necessary 
to know both y;,.) and y;,,)._ If all the modes of the original system are not 
known, we can obtain only approximate values for the changes in the 
known modes. 

The numerical example given above indicates a useful application of the 
theory, that is, to determine the frequencies and modes of a system which 
departs but slightly from a simple, regular form whose frequencies and modes 
are easily calculated. 

The theory may easily be extended to continuous systems by the use of 


appropriate integral expressions for kinetic and strain energy in place of 


equations (2) and (3). 
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TORSION OF COMPOUND BARS—A RELAXATION 
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Summary—This paper deals with a finite-difference solution of the torsion problem of 
nonhomogeneous and compound prismatic bars. General, governing equations for both 
problems are developed and the boundary conditions for an interface between parts 
composed of homogeneous but different materials are stated. The case of multiply 
connected regions is discussed and integral conditions, analogous to the conditions in 
multiply connected homogeneous bars, are developed. 

Examples illustrating various types of problems are worked out and the accuracy of 


the method demonstrated by comparison with some known solutions. 


NOTATION 
co-ordinates 
displacement components in xyz direction 
shear stresses 
twist per unit length 
modulus of rigidity 
Prandtl’s stress function 
torque 
tangent and normal directions to curve 
ratio of Gy to G 


l. INTRODUCTION 
THE increasing use of geometrically complicated composite sections in practice 
has prompted this investigation of the torsion of composite bars. Composite 
sections are used in reinforced concrete and aircraft, as well as other more 
specialized applications, and the methods presented here should prove useful 
in solving the torsion problem in these fields. 

Several problems on the torsion of compound prismatic bars have been solved 
analytically by Muskhelishvilli,! Gorgidze,? Mitra,? Takeyama,* Suhareviki,* 
Sherman,® Cowan,’ Craven’ and others. The problems solved generally dealt 
with cross-sectional shapes that could be mapped conformally, with rela- 
tive ease. 

While these analytical solutions of the torsion problem for both homo- 
geneous as well as composite bars are exceedingly important, it is necessary 
to use relaxation methods to solve the problem of even a homogeneous bar 


when the geometry of the cross-section becomes complicated as instanced by 


9 


numerous publications by Southwell,’ Shaw,!® Allen,!! Dobie!” and others!*—!6, 
Since the homogeneous bar can be easily treated by relaxation methods, it 
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seemed logical to attempt to extend these methods to cover the case of simply 
and multiply connected composite bars when the geometry of the cross- 
section is complicated. Indeed, the treatment of this more general case also 
turns out to be simple. 

It should be pointed out that the purpose of the examples which were 
chosen for this paper is to illustrate how the method can be applied to the 
various general classes of problems, and not to illustrate the handling of 
especially complicated boundaries. More complex boundary shapes can be 
dealt with as usual by using a finer mesh size which will require more time 
to obtain the required solutions. It is anticipated that any digital computer 
programmes available for solution of the Poisson equation could be easily 
adapted to the type of problems discussed. 

Equations will be developed for simply connected cross-sections, where 
the material has a continuously varying G, and then for those that are com- 
posed of two distinct materials joined together, without slipping, at an inter- 
face. The additional conditions required in the case of a multiply connected 
cross-section will also be derived, and examples will be shown for each class 


of problem. Finally, the membrane analogy will be discussed in detail and 


other analogies pointed out. 
2, GOVERNING EQUATIONS FOR CONTINUOUSLY VARYING G 
Consider Fig. | and a material which has a continuously varying @ in 
cross-section, but whose @ is independent of z, i.e. 


G = G(x, y). (1) 


Fic. 1. Torsion of a bar. Co-ordinates used. 


Following the notation used by Timoshenko and Goodier,'’ and using 


Prandtl’s stress function ¢, which defines the two stress components by 
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and, with the other stresses equal to zero, we find that the equilibrium equa- 
tions are automatically satisfied. If, in addition, we take the displacement 


components given by Q 4 
' u yz, Vv Lz, 


l ed Cw l cd 

: + Ay, - — Ox, (3) 
cy cy G cx 

all the relations between stresses and strains are determined correctly. To 

ensure continuity of the axial displacement w, we have, by differentiating the 


final two expressions of (3), that 


| (od 0G b oG\ Pyar 
i 206. 


G \éx éx Cy cy} 


20. 


0/1 ) C l 
laa by \@ by 


#) 


In the case of constant G this reduces to the familiar Poisson equation 


: 7d ob ’ 
V2d cof . 246. (4a) 
cr cy” 

\s the shear stress normal to the external boundary must be zero, it 
follows from the definition (2) that the stress function on this boundary must 
have a constant value. This constant can be arbitrarily fixed as zero. The 
boundary condition on the external boundary C 


(5) 


sufficient and necessary 
becomes 
0. 
To determine the torque 7' acting on the section, we integrate 
(XT ye YT vo} dx dy, 
JJR 


which, by substitution of (2) and (5), yields 
2 dbdx dy. (6) 


J/Rh 


For purposes of computation it is convenient to rewrite the above relation- 


ships in a non-dimensional form. Substituting 


r x’. y G GG, d= b'(G, OL), 


in which ZL represents some typical dimension of the section, and G, some 


typical value of G, we have, in place of (4) and (5), 


The stresses and the torque are given by 
| : 


0d’ 


on 


—(@, OL) 


T = 2G, 0L4| ' dx’ dy’. 


J/JR 
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3. GOVERNING EQUATIONS FOR A DISCONTINUOUS G 


We shall now consider the section shown in Fig. 2, where a discontinuity 
occurs in the variation of G at the interface C,, which separates regions R, 
and R,. Clearly, if G, and G, refer to the values of G in the respective regions, 
two functions, ¢, and ¢,, satisfying equation (4) in their domains, are required. 


Fic. 2. Torsion of a composite bar. 


On the external boundary, whether C, cuts it or not, the boundary condition (5) 
still has to be imposed. However, to specify the problem completely, additional 
requirements have to be imposed on the interface. These conditions must 
ensure that: (a) the shear stresses normal to the interface are the same in 
each region; and (b) the axial displacements are compatible on the interface. 
The first of these can be expressed as 


d 
=e (11) 


which can be satisfied by making 


dy = dbo on tA 


as the addition of arbitrary constants does not affect the results. 


The second condition is satisfied if 
on 


which by the use of (3) can be shown to be equivalent to 


l Op, | l Odo 


; = - on (CG, (12a) 
G, en Gg On 3 

n being the direction of the normal to C,,. 
It can be seen that the stress function will be continuous across the inter- 
face, but its derivatives will in general be discontinuous there. The problem 
thus becomes very similar to those encountered in porous media flow, or in 
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the determination of magnetic fields, when the permeabilities differ abruptly. 
It is well known that phenomena of refraction of the flow lines occur in 
such instances. 

Considering the case of a bar made of two materials, each having constant 
elastic properties, and using the non-dimensional notation of the previous 
section, we have ; 

(13) 
(14) 


with 4’ = 0 on external boundary and 


(15) 


on interface, in which arbitrarily 


and 


These relations will be used in the illustrative examples shown later. 

It should be noted that the methods of the previous section, using a 
continuously varying G, could be used to solve this problem of a discontinuous G 
it an interface, by approximating to the discontinuity in G by a continuous 
but steep, variation. This is particularly easy to do in finite-difference treat- 
ment, and will be illustrated later. The results obtained by using this pro- 
cedure, however, are not as accurate (for a given mesh size) as those obtained 
by assuming the G@ discontinuous, as does the method of this section. 


$4, MULTIPLY CONNECTED CROSS-SECTIONS 


In the problems examined so far the condition of single-valued displace- 
ments is automatically satisfied, as could be shown by integration of the 


expressions (3). If, however, referring to Fig. 2, the region enclosed by C, 


were empty, an additional condition would be required. Such a condition, 
usually expressed in a form of a line integral, is well known for the problem 
of torsion of multiply connected, homogeneous sections (see Timoshenko and 
(ioodier!’). For the problem on hand, where G, may be variable, an equivalent 
condition has to be established. We shall derive this by taking the case of a 
hole as a limiting case of the problem discussed in the previous section. Now 
we shall take G, as being equal to a constant k in R,, and let this constant 
tend to zero. 

Clearly, one of the conditions on the “‘interface’’ now is that ¢, is equal 
to a constant. Condition (12a) becomes insufficient in the limit, merely giving 
éd,/en = 0, which is already implicit, no condition being imposed on ¢¢,/én. 


However, integrating (12a) around the interface C,, we have 


| Cho 
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where G, is a constant, while G, is a function of x and y. Applying Green’s 
Theorem in two dimensions to the right-hand side, we obtain 


1 Op, _ al) [e" oa , & bal dx dy, 


én G,J, de, | cx? Gy? J 


where A,, is the area inside the curve C,. Since G, is constant, equation (4a) 
applies inside and on C,. Therefore we obtain after substitution 


- 1 rere 
p — ——> = — | (— 2G, 6) dxdy 
. o.%% on Gs JJ 4, " : 


i 
> oF, _ _ 994. (16) 
c, 6 P 


ry on 


. 


It can be seen that this equation reduces to the familiar form when G, is 


$ ob; _ _ 9G0A,. 
( 2 


on 


a constant; namely, 


« 2 


A sufficient number of boundary conditions is now available for a unique 
solution of multiply connected sections. 

It can be observed that as G, tends to zero, ¢, must become constant in 
region R, to satisfy the governing equation (4), and the analogy of the “floating 
disc”’ is again applicable, as it is in the case of homogeneous sections. 


5. MEMBRANE AND OTHER ANALOGIES 


It has been pointed out that the torsion problem of a homogeneous bar is 
analogous, mathematically, with several other physical problems. These 
include the membrane under constant pressure, the problem of viscous flow 
of fluid in a tube, flow of a current in a conductor of variable thickness, and in 
general any of the physical problems which satisfy Poisson’s or Laplace’s 
equation. These analogies can be extended to the case of a composite bar in 
torsion with rewarding results. We shall discuss only one of these, namely, 
the membrane analogy. It is well known that the deflections of a membrane 
subjected to a constant pressure and tension satisfy the equation 


(in which q is a pressure, 7' the membrane tension and Z the deflection). It can 
easily be shown that in the case of a membrane with variable tension the 


equivalent expression is 


wa \T as) tite ited 


The analogy with equation (4) is now obvious if 
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Discontinuous variation of G can be interpreted as a discontinuous variation 
of the membrane tension and because 


= 
b fl - Aq 
5; On 
by statics, all the other relationships for interface conditions, as well as for 
multiply connected regions, can be deduced. It should be observed that the 
variation of 7' implies existence of distributed forces parallel to the xy planes 

which in the case of an interface becomes a line force. As a possible experi 


mental solution the membrane analogy does not appear practicable. 


6. EXAMPLES 
The governing equations and their respective boundary conditions can be 
easily transformed into suitable finite-difference relationships and a solution 
can then be obtained by application of relaxation methods. As the techniques 
of both are well known and described in many texts (e.g. Allen") it is not 


| 


Example A. Torsion of a square composite bar; « 


| 


values of 6’ x 104. 


proposed to elaborate on these matters here. The general treatment of 
Poisson’s equation is now virtually standard for the usual Neumann and 
Dirichlet boundary conditions and the main problems encountered here are 
those pertaining to the interface between the two materials. Again, as the 
conditions at the interface are essentially similar to those encountered in the 
treatment of seepage or magnetic field problems in media of different perme 
abilities, techniques or relaxation treatment are well known. These, used for 
the first time by Christopherson,!® are excellently described in Allen’s text, 
and no special difficulty was encountered in their application in the examples 
solved 

Examples A and B (Figs. 3(a—c) and 4) show problems in which straight 
and curved interfaces between two materials occur respectively. The accuracy 
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of the relaxation solution can be seen from the table below, in which the 
stiffness of the bars of example A obtained from a relatively coarse mesh 


solution are compared with values computed by a series solution developed 


by Muskhelishvilli’. 


Example A. Torsion of a square composite bar; 


‘i 0-1941 (G@L4): values of d’ x 104. 


Example A. Torsion of a square composite bar; 
T 0-2358 (G,0L4); values of ’ x 104. 


T = D(G, @6L*) 
Torsional rigidity, D 


Value s of 
By relaxation Timoshenko | Muskhelishvilli* %, discrepancy) 


0-1388 0-1406 0-1407 
0-1941 0-1972 
0-2358 0-2399 


* Only two terms of the series solution were used, and these values are always greater than the 


true value. The error increases with increasing «a. 
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To test the alternative method of satisfying the interface conditions, in 
one of the examples [see Fig. 3(c)], G@ was assumed to vary in a continuous 
way from G, to G, within a distance of one mesh length. The finite difference 
expression of equation (4) can now be used directly at all mesh points. Values 
in parentheses, | Fig. 3(c) |, refer to an assumed continuous variation of G, while 
the others are for a discontinuous variation of G. 


> 


Example B. Torsion of a square bar with a circular insert; 
x = 10; values of d’ x 104. 


The coarseness of the mesh resulted in an error of about 6 per cent in the 


final stiffness as compared with the exact solution, i.e. it proved to be less 


accurate than the method employing the correct interface conditions. The 


procedure may, however, be advantageous when numerous curved inter- 
faces occur. 

In example C (Fig. 5) the case of a multiply connected region is considered 
in which the interface between two materials cuts the hole boundary. The 
procedure followed here was essentially the same as described by Shaw’? for 
the treatment of multiply connected, homogeneous shafts. Solutions with a 
constant and arbitrary value of the stress function on the hole boundary are 
first obtained using the governing equation (4) and excluding the non- 
homogeneous term. Then a solution of the full equation with a zero value of 
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the stress function of the hole boundary is computed, and the final solution 


obtained by a linear combination of these. This combined solution satisfies 
the integral condition (16). Again no special difficulties were encountered. 


G2 
~<a = 3 
G 


x 4 
T= 02138 (G9L*) 


Example C. Torsion of a composite bar with a circular hole. 


REFERENCES 
N. I. MUSKHELISHVILLI, Some Basic Problems of the Mathematical Theory of Elasticity 
p. 561. Noordhoff, Groningen (1953). 
\. Ya. GorGipze, Trudy Thiliss Math. Inst. Razmadze 17, 95 (1949). 
D. N. Mirra, Bull. Calcutta Math. Soc. 47, 191 (1955). 
Hisao TAKEYAMA, J. Soc. Appl. Mech., Japan 2, 88 (1949). 
I. V. SUHAREVIKI, Jnzh. sborn. Akad. Nauk SSSR 19, 107 (1954). 
D. I. SHERMAN and M. Z. Naropetskul, Inzh. sborn. Akad. Nauk SSSR 6, 17 (1950). 
H. J. Cowan, Appl. Sci. Res., Hague (A) 3, 344 (1952). 
A. H. Craven, Mathematika 1, 96 (1954). 
R. V. SouTHWELL, Relaxation Methods in Theoretical Physics p. 85. Clarendon Press, 
Oxford (1946). 
F.S. SHaw, The Torsion of Solid and Hollow Prisms in the Elastic and Plastic Range 
by Relaxation Methods. Austral. Counce. Aeronaut. Rep. ACA-11,38 (1944). 
D. N. DE G. ALLEN, Relaxation Methods p. 198. McGraw-Hill, London (1955). 
W. B. Dost and A. R. Gent, Struct. Engr. 30, 203 (1952). 
H. J. Cowan, Civ. Engng. Lond. 48, 567, 827, 950 (1953). 
W. B. Dost, Struct. Engr. 30, 34 (1942). 
T. J. Hieerns, J. Appl. Phys. 14, 469 (1943). 
L. E. Payne, Jowa St. Coll. J. Sci. 23, 381 (1949). 
S. TIMOSHENKO and J. N. Gooprer, Theory of Elasticity. McGraw-Hill, New York 
(1951). 
18. D. G. CHRISTOPHERSON and R. V. SouTHWELL, Proc. Roy. Soc. A 168, 317 (1936). 


1960. Vol. 1, pp. 366-368. Printed in Great Britain 


AN UPPER-BOUND APPROACH TO PLANE-STRAIN 
FORGING AND EXTRUSION—III 


H1ipEAKI Kubo 


Aeronautical Research Institute, Tokyo University 
(Received 12 January 1959) 


Summary—F low patterns on sections of lead billets during various plane-strain forging and 

xtrusion operations are photographed and presented. These are compared with predicted 

st suitable velocity fields obtained by the method described in Parts I and II of this 

of papers. The agreement is satisfactory and the proposed upper-bound-approach 
method is thus found to be simple and reliable for practical purposes. 


l. INTRODUCTION 

[He purpose of this part of the investigation is to examine whether or not the 
upper-bound solutions derived in Parts I' and II? of this work do in fact give 
good approximations to the actual behaviour of material. Flow patterns of 
pure lead work-pieces in the plane of flow are taken and compared with the 
most suitable rigid-triangle velocity fields which yield the minimum upper 
bounds for working pressure. 

The distortion of square grids which follows from a rigid-triangle velocity 
field is calculable following Hodge*®. Here. however. this calculation is not 
carried out and only qualitative comparisons are made. 


2, EXPERIMENTAL APPARATUS AND PROCEDURE 

The flow patterns, as revealed by the distortion of grid-lines scratched on 
the blackened section-surface of lead billets, were photographed in a special 
apparatus developed by the author,‘ Fig. 1, through a thick glass plate directly 
ind continuously during a working process carried out at a speed of 0-01 mm/sec. 

In this apparatus, however, the working pressure could not be measured 
with satisfactory accuracy because of the high frictional resistance on the sliding 
die; it was necessary to press the sliding die strongly against the glass plate to 
prevent flash development between it and the tool. In addition, the thickness of 
the billet perpendicular to the plane of flow (10 mm) was not large enough as 
compared with the width of billet (20 mm). In the present work, therefore, the 
working pressures were measured as a reference only. 

The test billets were either lubricated with lanoline or degreased with benzine 
and trichlorethylene according to whether the condition required was “‘smooth” 


or “rough”. These boundary-surface conditions, however, were not perfectly 


realized. Even with the best lubricating technique some friction is inevitably 
present and, on the other hand, even a trace of grease functions as lubricant. 

The mean uniaxial yield stress of the lead at a low strain-rate was 1-94 kg/mm? 
as determined by a compression test; its compressive yield stress, 2k, in plane 
strain with a Mises yield criterion is then 2-24 kg/mm?. 
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Fig. 2 shows the flow pattern during the compression of a rectangular 
work-piece between two parallel rough dies. The condition ‘“‘rough’’, however, 
seems to be almost realized in compression with degreased dies, and shows good 
agreement with the calculated velocity field. But the fact that the flow pattern 
in this figure is unsymmetrical also indicates imperfection in trying to attain 
the condition ‘‘rough’’. It is to be noted that the discrepancy between the 
experimental and predicted results also proceeds from work-hardening and the 
viscosity of the actual metal. 

Figs. 3-5 show open-die extrusion-forging. Satisfactory agreement between 
the photographed and the predicted velocity fields will be seen from the figures. 
Among them, it is clear that the region underlying the die opening did not 
deform during working when the tools were lubricated—as was expected from 
the analysis. 

The results and comparisons for the heading process are illustrated in 
Figs. 6-9. In this case, again, the general agreement is good. The discrepancies 
between the experimental and predicted results are attributable mainly to the 
facts that (i) the experiments were carried out by regarding the axis of symmetry 
as a container and (ii) that there was a relatively wide clearance between the 
bottom die and container, see Fig. 6(b). The discrepancy which is seen in Fig. 8 
seems to be caused also by the use of an improper assumption in obtaining the 
most suitable velocity field, namely that the boundary plane 456 in Fig. 18(b), 
Part I, moves uniformly leftward. It seems from the experimental results that 
the velocity field in which the plane 45 moves faster than the plane 56 gives a 
better result, Fig. 8(b). 

Figs. 10-12 refer to the indentation of a rectangular block of finite dimen- 
sions. 

The common extrusion and extrusion-forging processes with the reduction 
R = 0-25, 0-50 and 0-75 are shown in Figs. 13-17. Here the agreement between 
the analysis and experiment can be regarded as satisfactory if some allowance 
is made for the effects of friction and work-hardening. Comparison of Figs. 13 
and 14 clearly indicates the effect of friction on the lubricated surface of the con- 
tainer. That is, a marked dead metal is seen in the forward extrusion, Fig. 14, 
as is expected from analysis, while it is not the case in the backward extrusion, 
Fig. 13, under otherwise identical conditions. 

Figs. 18-22 show the flow patterns and predicted velocity fields for some 
piercing and piercing-forging configurations. The transition points from steady 
to non-steady stages as determined from photographs of the flow pattern taken 
continuously throughout the extrusion and piercing experiments, and from the 
calculations, also agree well. 

Results concerning unsymmetrical piercing and piercing-forging are illus- 
trated in Figs. 23-25. This process can be regarded also as a three-orifice 
extrusion, Fig. 6, Part II, if the container surface is perfectly smooth. The agree- 
ment between the experimental and the predicted results will again be seen to 
be satisfactory. It is interesting to note that the relation between the extruded 


lengths from the left- and right-hand orifices differs according to the condition 


of friction on the die surfaces, Figs. 24 and 25. 
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Figs. 26-28 refer to experiments concerning opposed extrusion-piercing- 
forging. The working pressures and the lengths of the extruded parts as deter- 
mined from experiment and analysis are given in Fig. 29. The experimental 
values of pressure are considerably higher than those predicted broken lines for 
the reason stated in the preceding section. However, the points of transition from 
deformation-mode (a) to (b), Fig. 23, Part I1, as represented by the hollow circle 
(experiment) and cross (theory), as well as the extruded lengths, agree well. 

An example of unsymmetrically opposed extrusion-forging is given in Fig. 30 
though the velocity field was not calculated for this case. However, the rigid- 
triangle field, such as is given on the right-hand sides of Fig. 30(a) and (c) are 


seen to be good approximations to the experimental results. The velocity field 


of type (a) agrees with that proposed by Johnson®. In this experiment, the ratio 


of the speed of the material flowing from the narrower orifice to that from the 
wider orifice, decreased as the process advanced until it became zero, Fig. 31. 

A number of examples of flow patterns in the edging process are shown in 
Figs. 32-34, the bevelled specimens being compressed between parallel dies. 
These patterns show no clear plastic rigid boundaries because of the small 
strains involved, but they are likely to have resulted from the predicted velocity 
fields shown on the right-hand side of the figures. 

Fig. 35 indicates the mean edging-pressure as determined by experiment 
and that determined by an upper-bound calculation. In this case, it is to be noted 
that the calculated value was always higher than the experimental value, 
contrary to other experimental results. The reason for this is likely to arise 
from the low yield-stress of the lead since the strain and strain-rate in the 
material during such edging processes are small. The ratios between horizontal 
and vertical non-contiguous lengths C, C,. Fig. 27, Part Il, which were obtained 
from the experiment are plotted in Fig. 35 and are seen to have remained almost 
constant throughout the deformation—as was expected from the most suitable 
velocity tield 

Fig. 36 illustrates a coining or forging-edging process. It is seen that in its 
final stage, the edging process is taking place near the top surface of the die 


cavity. 
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ind tools for direct and continuous observation of 


Fic. 1. Apparatus « 


internal metal flow: 1—lead billet ; 2—top die or punch; 3—bottom die; 


4—container; 5—housing; 6—fastening bolt for thick glass plate. 


Fic. 3. Open-die extrusion-forging with lubricated dies, W/B, 
T',|By = 0-625. 
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Open-die extrusion-forging with lubricated dies, W/B, 


Ty B, = 0:62. 


Fic. 5. Open-die extrusion-forging, W/B, = 0-28, 7T,/B, = 0-28. (a) Both 


dies lubricated. (b) Top die degreased, bottom die lubricated. 
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Heading with lubricated tools, 7')/B 1-99, H,/B 1-00. 
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1:50, H,/B = 0-50. 


_&. Heading with lubricated tools, T)/B = 0-30, Hy B = 0-15. 


Heading with degreased tools, 7 


+. 10. Flat indentation with lubricated tools, 7',/W 1-00, 


: ll. Flat indentation with lubricated tools, 7',/W = 2-00. 


. 12. Flat indentation with lubricated tools, 7 


Backward extrusion with lubricated tools, R O25, 


T, |W, -= 1-43. 
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Forward extrusion with lubricated tools. 


R 0-25, T,/W, 1-45, 


Plate U1 


Fackward extrusion with lubricated tools, 


R = 0-50, T,/W, 1-47. 


Forward extrusion with degreased tools, 


R = 0-50, T,/W, = 1°49. 


Backward extrusion with lubricated tools, 


R = 0-75, T,,/W. 1-46. 


Backward piercing with lubricated too 


R = 0-25, T,/W 1-45, 
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(b) 


Backward piercing with lubricate: 


R = 0-50, T,/W, 1-47. 
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. 20. Backward piercing with lubric: 
R = 0-75, Ts W, = S64. 


. 21. Backward piercing with lubricated tools, > 
R = 0:75, T,/W, = 0°49. Plate \ 


jackward piercing with degreased punch, bottom die and 


d container, 75, 7, /W 1-30. 


netrical backward piercing with lubricated tools, 
0-83. R, 0-92, 7/0 0-68, 


mmetrical backward piercing with lubricated tools, 
0-75, R, = 0-83, R, = 0-92, T,/V 0-49, 
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mmetrical backward piercing with degreased punch, 
lubricated container, &, ‘75, R, 0-83, R, 0-92, 
U-49, 


Opposed extrusion-piercing with lubricated 


R, = R, = 0-75, T,/W, = 1-47. 
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experimental result. 


. observed and calculated beginning 


deformation, 


(b) 


Unsymmetrically opposed extrusion with lubricated tools, 


R, = 0-50, R, = 0-25, T,/W. = 1-45. 


Fic. 31. Autographic diagram for pressure and extruded length in 


unsymmetrically opposed extrusion with lubricated tools. 
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Edging with lubricate: 


with lubricated tools, 


op and bottom dies and lubricated 
TAL 0-75. 


3°35, T 


C’, during edging, as observed experi- 


and calculated analytically. 
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Closed-die coining with lubricated tools, 


W,/W, = 0-5, Ty/W, = 0-50. 
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SUBJECTED TO THERMAL STRESS—I\ 
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Summary—A theoretical investigation has been made of the design of multilayer cylindri- 
cal pressure vessels subjected to combined pressure and steady-state thermal stresses. 
The criterion used to pick the best design is that the maximum working stresses in the 
component cylinders are equal; this necessitates that all the cylinders have the same 
diameter ratio. The number and size of the components required for any given pressure 
and temperature difference may be determined with the aid of formulae and graphs 
presented 
l. INTRODUCTION 

IT HAS in recent years become increasingly desirable to design pressure vessels 
capable of withstanding both pressure and thermal stresses. The general 
theory for monoblock vessels is contained in Part I’ of this series, in Part II? 
the theory is applied to the steady-state temperature distribution, and in 
Part III it is applied to transient thermal stresses. The present paper describes 
the design of multilayer cylindrical pressure vessels to withstand a given 
pressure and a given steady-state temperature difference across the walls. 

The design of multilayer pressure vessels that are at uniform temperature 
has been discussed by Manning*® who used the criterion that the maximum 
value under load of the maximum shear stress within each layer is the same 
for all layers. He showed that the diameter ratio should be the same for each 
component cylinder, and that the required interference per unit radius is 
constant for a given vessel. Manning’s theory is extended in this paper to 
include thermal as well as pressure stresses. Because thermal and pressure 
stresses may add or subtract at any point within the vessel the theory is 
somewhat more complex than if only pressure stresses are present. The more 
important combinations of pressure and thermal stress are considered in detail. 


In a multilayer vessel residual stresses are intentionally formed, usually by 


shrinkage, in order to increase the elastic range of the vessel under the required 
load. Consequently, plastic flow does not usually occur, and we will be con- 
cerned with only elastic deformations. 
2. THEORY 

(i) The diameter ratios 

We consider a multilayer cylinder made of m component cylinders of 
identical material and numbered 1, 2,...,m. The properties of any cylinder n 
are denoted by the subscript n, the subscript is omitted from symbols for 


. N.R.C. No. 5587. 
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properties of the complete vessel, a and 6 are the inner and outer radii, A = b/a 


is the radius ratio of the complete vessel, f,, " is that of component 
cylinder n, 7 is the temperature at radius r, subscripts ¢ and o denote the 
inner and outer faces of the vessel, and subscripts in and on denote the inner 
and outer faces of component Mt. 


The steady-state temperature distribution is (equation II, 3.4)* 
T = T,—AT I\n(r/a)/Ink, 
where 7’ is the temperature at radius r, 

AT 4 »» 
and 7’; and 7. are the temperatures at the inner and outer surfaces of the 
complete vessel. The temperature 7’ at radius r within the nth component is 
related to the temperature at the inside 7,,, and outside 7), of that component, 


in on 


thus 


T = T, TT. —T.,,) In(r/a,)/Ink,. (2.3) 
We also have T T.,_»—(T;,-,—T,,,) nk,_,/In k,,. (2.4) 


In order to calculate the maximum shear stress 7, at radius r within the nth 


component we insert the values of the tangential and radial principal stresses, 
o, and o, respectively obtained from equations (II, 3.6)* and (II, 3.7), into the 
equation for the maximum shear stress 7, 


1 


O; O 


Eh (T.. TT) ( b i l | 
(2-1 2Ink,| 


ind obtain 


where p;, and p,, are the contact pressures at the inner and outer 
faces respectively of the nth cylinder, a is the thermal expansion 
coetticient, EH is Young’s modulus and v is Poisson’s ratio. The maximum 
shear stress may be a maximum within component » at either the inner wall 
or the outer wall: it cannot be a maximum between the walls because, from 
equation (2.6), @7,/cer cannot be zero since it varies as 7~*. We consider the 
maximum stress at each wall in turn, taking first the condition that the 


maximum stress is at the inner wall, and we assume that if this is so for one 


3.4) of Part II 


equatior , 3.3) should read 
2nr7AAT /In k; 
equation : ) should reac 


l l l 


i 0 


and a negative sign should precede the term that includes 8 in equations (II, 2.9) and (II, 2.10). 
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component then it will be so for all components. The maximum shear stress 


at the inner surface of the nth cylinder is obtained by substituting r 
equation (2.6). We find 
Eh (T: 


th 


lon) { ® 1 jf 
-v) \k2-1 2Ink,}}’ 
The criterion we now introduce’ is that the value of 7,, is the same in 
each layer. The condition 7,,_, = 7;, gives for p;,, using equations (2.7) and 

the corresponding equation for the (n—1)th layer and writing 

X, 
(2X? — kn _y— Kn) Pin = Pina(Bn — 1) hp_a + Pon(Kn—a — 1) Bp 
F(T. _ . A 
en—} on" {k2 (k2_, — 1) Ink, — k2_,(k2 —1)Ink 
2(1 v) In X 


On eliminating p,;, between equations (2.7) and (2.9), we obtain 


(2.10) 


, l v tin X 


We seek the value of a, that will minimize 7,;,. This is obtained by putting 
ér,;,/ea, = 0 while holding constant the pressures, temperatures and radii of 


7 


all interfaces other than that at r=a,. We have, therefore. 


This occurs when (2X?—k?_,—2) is a maximum, i.e. when 

a i= (F.49) 
This result holds for all n, so, for the minimum value of the maximum shear 
stress under load, all component cylinders have the same radius ratio, and 


we may write 
k 


for all components. By inserting this condition into equation (2.9) we find 
Pin = ¥(Pin-1 + Pon) (2.13) 
and by inserting it into equation (2.4), we find 
A 4(T;,-1+ Ton): (2.14) 
That is, both the temperatures and the contact pressures of the interfaces 


under full load are in arithmetic progression. Therefore, 


,—L, AT /m, (2.15) 


where 


Also, 
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These conditions, except for (2.15), are those obtained by Manning for an 
isothermal vessel, and it is pleasing to find that the presence of steady-state 
thermal stresses does not alter the simple requirement of geometrical similarity 
of the components. 
Inserting equations (2.15) and (2.16) into (2.6), we obtain 
L | | 
2m In kf |’ 
where 
The maximum value of 7,, is obtained by putting r = a,, and we find 
k? 7 lL) 
max T | Ap - —1f " _ . (2.20) 
ne  m(k2— 1) 21) 2mInk} | 
It was pointed out above that the maximum value of the maximum shear 
stress within a cylinder may occur at the outer surface of the cylinder. From 
equation (2.19) we find that 7, is a maximum at the inner surface except 


when Ap and £ have the same sign and 


a1} 9 < 
) > f . ie ] 
A} , (k2+1)Inkf 


in which case 7, is a maximum at the outer surface. When this occurs, by 
following a similar procedure to that for 7, a maximum at the inner surface, 
i.e. by equating the values 7, at the outer surfaces of each component and 
minimizing as we did above, we find conditions identical to those above, 
equations (2.13-19). The maximum value of 7, is obtained by putting r = 6,, 
in equation (2.19) We find 

l val l l | 


Ap - 7°) ; 9 
f m(k?-—1) “|lm(k?—1) 2mInk] 


(ii) The inte rjerence 

The radial displacement wu, under load at any radius ry within the nth 
cylinder is obtained by substituting the appropriate boundary conditions into 
the derivation of u.6 For a steady-state temperature distribution the expression 


for u.. becomes 


+v) 6? on (L—v) k? + (14+) 62/?? 
; k?—] 


+ (1-4 v)Inb, r 
Ink 


Tr, (Pp) 
where o,,(p) is the longitudinal stress in the nth layer caused by the pressure. 
The interference 4,,,,,, between the nth and (n+ 1)th cylinders is given by 


u (2.24) 


5 
Onn+1 in+1 on* 


In order to determine 6 the value of o,(p) must be specified. If the end 


nn+l1 


load is taken external to the vessel, then 


o(p)=0 
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for all layers, and when equation (2.23) is substituted into (2.24), then o,(p) 
cancels. It should be noted that implicit in equation (2.23) is the assumption 
that there is no friction between layers; if there is friction, then a longitudinal 
stress must be applied to each layer, a different stress for each layer, to satisfy 
the condition that the longitudinal strain is the same for each layer. It does 
not seem worthwhile to discuss this condition. 

By putting equation (2.23) into (2.24) and using (2.25), we find 


Snn+y = 2(Ap—4B)/mE. 


mn 


When 8 is put equal to zero the same equation as found by Manning* is 
obtained. It should be noted from equation (2.26) that an interference is 
required between the components only if Ap>4S. Otherwise, a clearance 
must be left between the cylinders. As Manning points out, the interference 
between consecutive components is based on their dimensions before, and not 
during, the assembly. Southwell’ discusses the problem of calculating the 
interference required for assembly after the cylinder has been partly assembled. 


(iii) The residual stresses 

In the preceding sections we have shown that the radius ratio of all com- 
ponents should be the same, in order to ensure that the maximum working 
shear stresses in each layer are as small as possible; we have calculated these 
stresses, and we have calculated the interference required between each layer 
in order to realize these stresses. It is important that the residual stresses 
left when the pressure and the temperature gradient are removed, and the 
stresses when either pressure or temperature stresses are applied alone, are 
not higher than the maximum allowable stress. The problem of calculating 
these stresses is considered in this section. 

The residual contact pressure p/,, at radius 6, is obtained from the relation 


, 


Pon Pon T Oron> 


where o,,,, is the radial stress at radius 6, in a monoblock vessel of the same 
size as the compound cylinder and under the same conditions of temperature 
and pressure. It is calculated from equation (II, 3.6). Since the contact 
pressures under full load are in an arithmetic progression, then 


Pon DP; nAp m. 2 28) 


Substituting o,,,, and equation (2.28) into (2.27), we find 


Pon = (Ap—}F 7 ; (2.29) 


Ml 


In order to obtain the residual maximum shear stress tp, within the nth 
cylinder the residual contact pressures from equation (2.29) are substituted 
into equation (2.6) and 7, is put equal to 7). There results 


] 
(2.30) 


Ls 
Tr | Ap—18 — 
Rn | r? (Ap — 3P) \an(k? 1) 
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It may happen that the stress produced when temperature or pressure 
icts alone is greater than the stress when both are present; consequently, we 
calculate these stresses. The shear stresses that act within the nth cylinder 
when temperature or pressure alone is applied are denoted by 7,,, and 7,,,, 
respectively. They are obtained by superposing upon the residual stress the 
stress that would result within the entire vessel if it were a monoblock cylinder 


and if only the temperature or pressure difference were acting upon it. 


We find 
| 
- ; 
. \on( ke 


tal . L || 
mk? 4 “an 2 2In KI}? 


lon(k? 1) 


3. DESIGN OF 
There are two main points upon which the design of a vessel is based. 
Che first is that the maximum shear stress must always be less than the yield 


stress. The second is that, in order to obtain the most efficient use of material, 


the maximum tensile and compressive stresses that are obtained during the 


normal use of the vessel should be equal or nearly equal. The maximum 


stress is said to be a tensile stress when o,>0o,, and a compressive stress 
The stresses considered are those under full load, under pressure 


They are given by 


shear 
when 
under thermal gradients alone and under no load. 

».19), (2.32), (2.31) and (2.30) respectively. Since the relative 


equations ZAd), (2.02 aioe 


values of the stresses depend greatly upon the values of Ap and 8, this section 


a&lone 


is subdivided as follows 
(i) Interference is required between the component cylinders; i.e. from 


equation (2.26) 


Che following subdivisions are considered separately, 


0) \p 


(ii) Clearance is required between the component cylinders; i.e. from 


equation (2.26), . 
) Ap: LB. 


(1) \p >— 


[Interference is required between the components. Under this condition, 
| | 


equation (2.30) shows that the residual maximum shear stress has its maximum 


it the inner surface of the inner cylinder, where it is compressive. 


value 


Its value, Tp ~ 18 rs > 
Ril i? 


~ 3.2) 
m(k? 1) ( 
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(a) B<0<Ap. For this condition it is seen from equation (2.19) that the 
maximum working maximum shear stress is at the inner surface of each 


evlinder and is 
L | (3.2) 
1) 2mink] ae 
This is a tensile stress and it is the maximum tensile stress that the cylinder 
experiences. The maximum compressive stress that is obtained is at the inner 
surface of the inner component under no load. It is given in equation (3.1). 


- 


FIG 


The condition :t. | (3.3) 


where 7, is the yield stress in shear and o, is the yield stress in tension, gives 


ey. & >, eh. eae (3.4) 
mo, hk mo, | 2/2 In k} 


where Ap, and 8, are values of Ap and § that together just cause yielding. 
Equation (3.4) is plotted against / in Fig. 4 of Part I] if the ordinate is replaced 
by 2Ap,/mo, and the curve parameter by 8/mo,. The relation 7;, = Tp gives 


/ 
the equation 
B as 2k?/m(k? — 1) — K?/(K?2—- 1) | 
Ap ~|K2/(K2— 1)— 2k? /m(k?—1)41/2In K]° 


This is plotted in Fig. 1. 

When designing a vessel for given conditions of temperature and pressure 
the first step will usually be to decide the radius ratio of the complete vessel 
because, to a first approximation, the ultimate pressure of a multilayer vessel 
does not depend upon the number of layers, but only on the radius ratio K.* 
The value of A can be chosen by any of a number of empirical, semi-empirical 


or theoretical, methods, so that the vessel will operate at a given fraction of 
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its calculated ultimate pressure. Having chosen K, it is necessary to choose 
the number of lavers. The minimum value of m that will ensure that the 


residual stress is equal to or less than the working stress is obtained from 
Fig. 1. For example, if —8/Ap is 2 and K is 3, then the minimum value of m 


is 3, i.e. that corresponding to the neighbouring curve with higher m. Having 
chosen m, it is then necessary to determine whether the working stresses are 
greater than the yield stresses. This is most easily done by using equation (3.4) 
in graphical form, using Fig. 4 of Part II with the ordinate and the curve 


parameter changed as described above. 


K 


Fie. 2 3/Ap vs. k for various values of m according to equation (3.6). 


(b) 0- 5B < Ap. From equations (2.31), (2.32), (3.1) and (3.2) it is readily 
shown that the maximum tensile stress is that at the inner face of the inner 
component when pressure alone is acting, and the maximum compressive 
stress is that at the inner face of the inner component when temperature alone 


is acting. Equating these stresses, we obtain 


B 2k?/m(k? — 1) — K?/(K?—1) 


» 


awe - = 5). (3.6) 
Ap |K2/(K? 1) — 2k?/m(k? 1l)+1/2InK} 


This is plotted in Fig. 2. Equation (3.6) is identical with (3.5); it is used in 


2 18 


different ranges for the different conditions. A having been chosen, Fig. 
used in a similar manner to Fig. 1 to choose the value of m that will make the 
stresses with pressure alone and with temperature alone most nearly equal. 
Instead of choosing the value of m to be that appropriate to the higher 
neighbouring curve, it will frequently be best to choose that appropriate to 
the nearest curve because then the maximum stresses are most nearly equal. 
It is then necessary to ensure that the yield stress is not exceeded when 
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pressure alone and temperature alone is applied. The maximum stresses are 
calculated from equations (2.31) and (2.32) by putting n lr=a. 

(c) $8<Ap<0. For these conditions the maximum shear stress in tension 
is easily shown to be that at the inner face of the inner component under 
temperature alone, and the maximum shear stress in compression is that at 


the inner face of the inner component under pressure alone. By equating 


these stresses we obtain again equation (3.6). Fig. 2 can be used as in 
sub-section (b) to choose the best value of m. Again it is necessary to ensure 
that the yield stresses are not exceeded, and equations (2.31) and (2.32) can 
be used for this as in sub-section (b) above by putting » = 1, r =a. 


(ii) Ap—3B <0 

Clearance is required between the cylinders. There are no residual stresses 
because the component cylinders are not in contact. Consequently, only the 
working stresses need be considered. It is interesting to note that since there 
are no residual stresses they set no limit to the pressure that can be withstood. 
Consequently, a vessel can be designed to withstand any desired, frequently 
applied, external pressure without limit by making a multilayer vessel of an 
appropriate value of K and number of layers. This is in marked contrast to 
internal-pressure vessels for which, because there are necessary residual 
stresses, there is a definite limit to the pressure that can be applied frequently, 
and this is set by the yield strength of the material.° 

It was shown in Section 2 that if 8 and Ap have the same sign and if 


1) B\|>|Ap|>4|B\{1—(k?-1)/(k?+ 1) In F}, (3.7) 


then the maximum working stress occurs at the outer surface of each com- 
ponent. By setting this stress equal to the yield stress, we obtain for the 
conditions under which yielding just occurs, 

Ap, ' (ke? I 


| 9 « 
| k?—1). (3.8) 
o, '20,\2Ink J” 


YU 


If equation (3.7) does not hold, then the maximum stress is at the inner 


surface and is tensile. By putting it equal to the yield stress, we find 


Apy , B, | k2 l 


>) »)].2 . 
o, 20, \2k?Ink 


(3.9) 


It is, of course, necessary that the vessel withstand both temperature gradients 
alone and pressure difference alone. For pressure alone the appropriate equa- 
tions are obtained from equations (3.8) or (3.9) by putting 6 = 0, and for 
temperature alone, if the component cylinders are brought into contact, by 
putting Ap = 0. If the component cylinders are not brought into contact by 
temperature gradients alone, then the major temperature differences in the 
absence of pressure will usually occur in the gaps between the cylinders if the 
cylinders remain concentric, and so the thermal stresses in the material will 
be low. If the cylinders are not concentric and touch one another, then the 


thermal stresses formed are not readily calculated. 
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The methods of design considered above have been concerned only with 
minimizing the maximum stresses experienced by the vessel; in practice, 
other criteria will also be considered when designing a vessel. The cost of 
making the vessel will be important, and, because the cost will usually increase 
as the number of layers is increased, it will frequently be better to use a less 
efficient design, i.e. fewer layers, and perhaps a greater total thickness to save 
the cost of manufacture. The effect of inaccuracies in machining* must also 
be borne in mind. A vessel can be designed for optimum strength only for 
given pressure and temperature. If a vessel is to be used over a range of 
pressures and temperatures, then a design must be chosen that will be a 
suitable compromise 
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lL. INTRODUCTION 

THE design of high-pressure vessels is usually based on either the yield pressure, 
i.e. the smallest pressure required to cause elastic failure, the ultimate pressure, 
i.e. the pressure at which the wall becomes unstable and expands without limit 
until it ruptures, or the shakedown pressure, i.e. the pressure that will just not 
cause cyclic plastic flow when it is applied and removed. It has been known for 
many years that the presence of thermal gradients causes thermal stresses, and 
that these may reach very high values, which may easily exceed the pressure 
stresses. Both the ASME Boiler and Unfired Pressure Vessel Code 1952 and 
the British Standard Code 1500 : 1949 for Fusion-Welded Pressure Vessels 
acknowledge that thermal stresses should be taken account of, but neither 
discusses how to do this. 

The amount of work, both industrial and laboratory, that makes use of high 
pressures is rapidly increasing, and frequently both high pressures and high 
thermal gradients are used simultaneously. It is becoming increasingly 
desirable, therefore, to apply rational design to vessels for these conditions. 
The purpose of this paper is to review present knowledge of this field. 

Much work has been done on thermal stresses in elastic solids, and in recent 
years a few authors have discussed the thermal stresses in elastic—plastic solids. 


We are concerned in this review with combined pressure and thermal stresses in 


either wholly elastic or elastic—plastic vessels; work that is not directly relevant 


to the design of pressure vessels is excluded from the survey. There is, 
unfortunately, no experimental work in this subject, and so we must rely 
entirely on theory for guidance. Theory deals with highly idealized solids, to 
which real solids may or may not approximate accurately. This must be 
remembered when a pressure vessel is being designed, and allowances made for 
the approximate theory. 


2. GENERAL THEORY 
2.1. Properties of material 
The following assumptions are usually made. 
(i) All materials are homogeneous and isotropic. 
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(ii) A brittle material is perfectly elastic up to the ultimate strength. It 
then fractures, without appreciable yielding, when the maximum principal 
stress equals the ultimate tensile strength. 

This appears to be a fairly good approximation to the behaviour of a brittle 
material’ and agrees quite well with the measurements of Cook and Robertson? 
and Popplewell® on cast-iron cylinders subjected to internal pressure. 

(iii) A ductile material is perfectly elastic up to the yield point, and is then 
ductile above it. Plastic flow occurs when the maximum shear stress reaches a 
particular value, i.e. according to Tresca’s criterion. Strain-hardening may or 
may not occur. 

No real material is perfectly elastic up to its yield point, but most metals 
are nearly elastic. The von Mises yield criterion is more often used than the 
Tresca criterion. For the von Mises and Tresea theories, the maximum differ- 
ence between the predicted yield stresses under multiaxial stress relative to 
that under simple tensile stress is about 15 per cent, and is for the relation 
between the shear and tensile yield stresses. It is not surprising, therefore, that 
a clear-cut distinction between them is difficult to obtain. Cook‘ and Steele and 
Young® found the Tresca theory adequate for cylindrical mild-steel vessels sub- 
jected to internal pressure, though Morrison® favoured the von Mises theory for 
low-alloy steels; however, none of the measurements distinguishes compellingly 
between the two theories. For a cylindrical vessel subjected to internal or ex- 
ternal pressure, the stress system is easily shown to be a superposed hydrostatic 
pressure and simple torsion, and for this system the von Mises theory reduces to 
a particularly simple form. The stress system is more complicated when thermal 
stresses are present ; the longitudinal stress is no longer the mean of the radial and 
tangential stresses and it must be calculated if von Mises’s theory is to be used. 
This presents problems in the theory of plastic—elastic vessels that are not easily 
solved accurately; they are avoided if Tresca’s theory is used because so long 
as the longitudinal stress is the intermediate principal stress (as it always is if 
only pressure stresses are present) it need not be known. For these reasons most 
of the theory so far developed has used Tresea’s theory. 

(iv) The temperature is everywhere low enough that creep is inappreciable. 

(v) The effect of temperature and stress on the elastic moduli, the yield 
point, and the coefficient of thermal expansion is inappreciable. 

(vi) Thermal and pressure stresses are applied slowly enough that stress 
waves are unimportant. 

(vii) The displacements are everywhere small compared with the dimensions 
of the vessel. 

This will be true in vessels with a radius ratio of less than about six in which 
the plastic deformation is contained, i.e. which is still partly plastic. 

(viii) The Bauschinger effect (reduction of yield point due to previous 


plastic flow in the reverse direction) does not occur in a pressure vessel. 


There is some experimental evidence’ § that the Bauschinger effect is not as 
important in pressure vessels as in tensile bars. 

(ix) There are no important stress-raisers present. 

(x) Fatigue due to stressing below the elastic limit is unimportant. 
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[t is unlikely that a vessel subjected to static pressure and thermal stresses 
will fail by this kind of fatigue but it may be important in, for example, pumps, 
in which the temperature of the fluid may change according to approximately 
adiabatic laws during the pumping. 


In addition to the foregoing assumptions, other assumptions are required 
in order to discuss a vessel made of a strain-hardening material. The only work 
so far reported that is relevant to our subject is that of Bland®; the assumptions 
used are given in Sections 4.1 (iv) and 4.1 (v). 


2.2 Criteria of failure of vessel 

As well as having a theory of the material, it is necessary to have a criterion 
of failure of the vessel. Conditions that are judged to cause failure of a vessel 
will depend upon the material of the vessel, upon what it is to be used for, and 
to some extent upon the judgement of the designer. The three most important 
criteria that have been used for the design of pressure vessels are the following, 
together with appropriate safety factors: 

(i) initial yield ; 

(ii) shakedown, i.e. the condition such that if the load is cycled in a prescribed 
manner it just does not cause repeated plastic deformation ; 

(iii) bursting. 

For brittle materials criterion (i) using the maximum-principal-stress theory 
is probably the most useful because when elastic failure occurs the material 
cracks. For brittle materials, therefore, criteria (i) and (iii) are identical. The 
safety factor should usually be rather high and as high as 5 or 6 if possible. Care 
must be taken with glass vessels, which are probably best designed by this 
criterion: glass is rather treacherous, and the failure pressure depends greatly 
on the length of time the load is applied for, the pressure-transmitting fluid 
and many other factors. A glass vessel may fail at a pressure much lower than 
it has previously withstood. 

The criterion to be used for ductile materials depends partly upon how the 
vessel is to be used. A small amount of plastic flow when pressure is first applied 
will be intolerable only when the original dimensions of the vessel must be 
maintained ; then criterion (i) using either the Tresca or the von Mises theory 
should be used with an appropriate safety factor. At the same time the working 
pressure must be less than the ultimate pressure by the appropriate safety 
factor. If the vessel is to be used only a very few times there is no need to take 
account of the fatigue caused by successive plastic deformations on loading and 
unloading, so only the ultimate pressure need be considered; we shall see that 
in this case thermal stresses will have no effect on design. It should, however, 
be remembered that no material is perfectly ductile; plastic flow requires time 
to occur, and if a load is suddenly applied, as when a vessel is plunged into a hot 
or cold bath, the stresses may rise high enough to cause brittle fracture before 


they are readjusted by plastic flow. If the vessel is to be loaded many times, 


the maximum allowable load should be based on the required factor of safety 
for either bursting or shakedown, whichever gives the smaller load. A vessel 
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loaded thermally and with internal and external pressure will usually be 


required to withstand any two of these acting together, or any one of them 


alone. The strengthening effect obtained when the thermal and pressure 
stresses tend to cancel one another at the point of maximum stress should 
taken into account. When pressure and thermal 


therefore not usually be 
applied simultaneously, for example in guns, the 


stresses are necessarily 


strengthening effect may be useful. 


2.3 General equations 

There are several equations that must be obeyed by the vessel in any state 
of stress; we consider these now. We consider a symmetrical spherical or 
cylindrical hollow vessel with inside radius a and outside radius b. The pressures 
p, and p, act uniformly on the inside and outside surfaces respectively. The 
temperature of the walls is spherically or cylindrically symmetrical, and at any 


radius r within the wall it is 7’. The temperature of the inside surface is 7', and 


ot the outside surface i Also 
Ap p Pos AT T,-—T, (2.1) 
The principal stresses are a radial stress o,, a tangential stress o, and, in a 
spherical vessel, a second equal tangential stress o, or, in a cylindrical vessel, a 
longitudinal stress o,. Corresponding to each principal stress is a principal strain 
e,,€, and e. The equation of equilibrium of the stress must always hold; by 
symmetry l0 for a spherical vessel 
2.2) 


und for a cylindrical vesse 
(2.3) 
For small strains the strains and ¢, are everywhere related to the radial 
displacement u as follows 

€ du dr. €; Abs (2.4) 
for both spherical and cylindrical vessels. Since the total external axial force 


on a cylindrical vessel is usually zero the condition 


force exerted by the pressure on the ends 


must usually be obeyed. 
In the elastic parts of a vessel Hooke’s law is obeyed, i.e. for a cylindrical 


vessel an . ’ 
ny | ; , t | / Ht (2.6) 

T (c.+0,)/E (2.7) 

€ v1" lo, —v(o,-4 a;) | EB (2.8) 

where « is the coefficient of thermal expansion, v is Poisson’s ratio, and £ is 


For a spherical vessel, equations (2.6)—(2.8) hold if a, is 


replaced by o,, when of course (2.7) and (2.8) become identical. These equations 


together with the general equations of the last paragraph and the boundary 


Young’s modulus. 


conditions that are described below are enough to define the stresses and strains 


in elastic regions of a vessel, 
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The onset of plasticity when the material is ductile is determined by the 


Tresea equation 
1 03;—0,=0, (2.9) 


where o, and o, are the greatest and least principal stresses respectively and 
o, is the yield stress in tension. If we assume that the longitudinal stress in a 


cylindrical vessel is always the intermediate stress then for both spherical and 


cylindrical vessels, yielding just begins when 
(2.10) 


For a non-strain-hardening material o,, is independent of the strain ; for a strain- 
hardening material it depends upon the plastic strain. 

A brittle material fractures when the maximum principal stress reaches a 
limiting value o,,. 

The various boundary conditions that must be applied to the foregoing 


equations are as follows: 
(1) 
(11) 


(iii) at an elastic—plastic boundary equation (2.10) holds, 


(iv) the radial stress and radial displacement are continuous across 


an elastic-plastic boundary. (2.14) 


We have now assembled the tools for calculating the stresses. It is necessary 
only to choose the appropriate equations and boundary conditions for any given 
system and to solve them. It should be noted that all the foregoing equations 
are exact within the limits of the assumptions described in Section 2 above if 
the dimensions a, 6 and 7, are those of the strained vessel. If the strains are 
small, little error is introduced by using the original values of a, b and r; other 


wise, the strains in the plastic region must be calculated. 


3. SPHERICAL VESSELS 
3.1 General te mperature distribution 
(i) Completely elastic vessels. In a spherical vessel that is completely elastic 
it follows from equations (2.2) to (2.7) and boundary conditions (2.11) and 


(2.12) that! 4 
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where k(= b/a) is the radius ratio. The stress system is of the form (o,, 0%, O%) 5 
consequently, it is equivalent to a hydrostatic stress (o,) with a superposed 
uniaxial stress (o,—o,,0,0). The uniaxial stress is, from equations (3.1) and 

Sak ae p3 


| 1—v\8—a® 4 Tr? dr — 4" (3.3) 


r 


- 
T'r? dr 4 
a 


(ii) Failure of brittle vessels. The maximum principal stress is usually the 
tangential stress, and failure occurs when this first reaches the fracture stress 
c,. By putting the right-hand side of equation (3.2) equal to a,,, it is seen that 
both the pressure required for fracture to occur and the position of fracture are 
dependent on the thermal stresses. The thermal stresses may be such as to 
oppose the pressure stresses and to increase the fracture pressure, or they may 
reinforce the pressure stresses and so decrease the fracture pressure. There are 
of course two values of o,, one positive and describing failure in tension, and 
one negative and describing failure in compression ; the two values may be very 
different. More detailed discussion of an arbitrary temperature distribution is 
not very profitable. 

(iii) Failure of ductile vessels. We have seen that the stress system in an 
elastic vessel is equivalent to superposed hydrostatic and uniaxial stresses. 
Consequently, all theories of yielding that predict no dependence of the yield 
stress on the hydrostatic pressure predict the same relation between the yield 
load and the yield stress in tension. Hence, both Tresca’s and von Mises’s 
theories predict that yielding occurs when the modulus of the right-hand side 
of equation (3.3) equals the yield stress c,. In the absence of a temperature 
gradient the maximum tensile stress o,— 0, is always at the inside surface and 
t he \ ield pressure is o1iven by 

_Ap, j3 


oO $k3 


/ 


(3.4) 


The solution with the positive sign corresponds to p;>p,, and that with the 
negative sign to p;<p,. In the presence of temperature gradients, yielding can 
occur at any position within the walls, depending upon the values of the thermal 
and pressure stresses. A detailed discussion is given by Whalley". 

(iv) Partly plastic non-strain-hardening vessels. If the stresses in a vessel 
made of a ductile material are increased beyond the yield point, plastic flow 
will occur and the stresses will be readjusted. The size of the plastic region will 
increase as the stresses are increased, and eventually the vessel will burst. There 
may be one or more plastic regions: for further details see Whalley". However, 
it is possible to obtain a good deal of information without detailed analysis. 

The maximum pressure that the vessel can withstand can be obtained from 
the following considerations. If the vessel is completely plastic, equations (2.2 
and (2.10) hold throughout the vessel wall. When equation (2.2), with (2.10) 
substituted into it, is integrated with the boundary conditions (2.11) and (2.12), 
one obtains easily Ae = 4 2¢, Ink (3.5) 
The pressure Ap,, required to cause the whole wall just to become plastic is thus 
independent of the presence of any thermal stress. If Ap, is positive it is the 
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maximum pressure the vessel will withstand, since subsequent expansion will 
cause k to decrease and hence Ap,, will decrease. It is, then, the ultimate, but 
not necessarily the bursting, pressure. If Ap, is negative the wall will flow 
inwards and thicken until & is high enough to hold the applied pressure. 

The shakedown load will be calculated assuming that the load cycle is from 
maximum load to zero. After at most a few applications of the loading cycle, no 
more plastic flow occurs, and the loading and unloading is completely elastic. 


The stress in the region in which plastic flow has occurred is 


If the unloading is completely elastic the residual stress (o,—¢,),,. is given by 
(a; a - (oO; Oye} 


where (o,—<,),, is the stress caused by the load, calculated assuming the vessel 
to be elastic. Under shakedown conditions the maximum residual stress is the 


vield stress so that 
max (o;—<G,). d (3.6) 


If the position at which the maximum occurs is the same as that at which 
vielding began on loading, then the shakedown load is twice the load for initial 
vield. 

If the position at which | (o,—<¢,),,; is maximum is not that at which yielding 


began, a more detailed analysis is required; this is given by Whalley". 


3.2 Steady-state temperature distribution 


With the temperature distribution in the steady state, when the inside wall 


is maintained at temperature 7'; and the outside wall at temperature 7’,, it is 


easily shown (see Whalley!? and many other sources) that at any radius r the 


temperature 7’ is 
air) 


(3.7) 


The thermal variable of primary interest may be either the temperature 
difference between the outside and inside walls, or the rate of heat transfer 


hetween the walls. It is convenient to define the variables 
rEAT'/(1 —v) (3.8) 
rEQ/[27A(1 —v)] (3.9) 


which are useful when discussing both spherical and cylindrical vessels. Q is 
the amount of heat conducted through the wall of the vessel divided by the 
outer radius of the vessel if it is spherical, or by its length if it is cylindrical, 
and A is the thermal conductivity. It can be shown!” that for spherical vessels 


B = y(k—-1) (3.10) 
and for cylindrical vessels B=ylnk 


9 
26 
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Equations will usually be written in terms of 8; they are easily transformed 
into terms in the heat-transfer variable y by using equation (3.10). By inserting 


» 
3) 


) into equations (3.1)—(3.3) we find 
| 


(k4 1) (1 °) : 


) [3 
i. ] | 


} 


, (a4 1)(1 


{ b 


(k+1)4 
1 127 


Kven if we restrict ourselves to the steady-state temperature distribution 
ind only internal pressure, a full discussion is complicated (see Derrington and 
Johnson!*), However. for most design purposes the following discussion will 
sufhce. 


> 


(i) Failure of brittle vessels. From equations (3.11) and (3.12) the maximum 
principal pressure stress is always the bore tangential stress, and the maximum 
principal thermal stress is also the bore tangential stress. If fracture first occurs 
at the inside surface it will do so at the internal pressure p,, such that the 
tangential stress at a (equation 3.12) is equal to the fracture stress a,, i.e. 


whe a 


3.14) 


Qn rearrangement this gives 
3.15) 


The first term on the right-hand side of (3.15) gives the ultimate pressure in 
the absence of a temperature gradient. If 8 is positive the ultimate pressure is 
increased by the temperature gradient. It will, however, usually be unwise to 
use this strengthening in design, and when it occurs the maximum pressure of 
» vessel should usually be a chosen fraction of the ultimate pressure in the 
absence of temperature gradients, i.e. of 


Pin 


Co 


(3.16) 
If the thermal stresses weaken the vessel, i.e. if 8 is negative, the maximum 
allowable pressure should be based on equation (3.15). The maximum possible 


value of § is that which will just cause fracture in the absence of internal 
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pressure. This is obtained by putting p;,, = 0 in equation (3.15) to give 


max B a ) (3.17) 
It can easily be shown that if the maximum pressure is given by equation (3.16) 
and the maximum temperature difference by equation (3.17) the stress at the 
outside surface can never rise to the ultimate stress, so verifying the assumption 
that fracture occurs at the bore. 

Kern! has suggested that high-pressure (100 atm) quartz lamps, in which 
heat is transferred to the outside, be designed so that the maximum shear stress 
at the inside wall is zero; this is possible because the stresses oppose one another 
at this place. Two criticisms can be levelled at this suggestion: (a) quartz is 
brittle and so the maximum principal stress seems more appropriate, and (b) 
it is more important to consider the maximum stress than the stress at a 


pre-chosen place. 


(ii) Failure of ductile vessels. In the absence of thermal stresses the yield 
pressure is given by equation (3.4). In the absence of pressure stresses the 


value of 8 that causes first yielding is found from equation (3.13) to be 


k3 — ] 
k(k? — 3k 


(3.18) 


If a vessel must not yield under the influence of either thermal or pressure 
stresses alone, then it can be shown! that yielding under the combined action 
of pressure and thermal stresses always occurs at the inside wall at a pressure 


given by 


Ap 


oO 
J 


/ aad ; 2 1 
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If pressure and thermal stresses are necessarily applied together it may not be 
necessary to specify that the vessel withstand the stresses separately. Then, 
if the stresses are in the opposite senses, as they are if Ap and A7’ have the 
same sign, it may be possible for the vessel to withstand higher pressures with 
the temperature gradient than it would without. There is thus a possibility of 
“stress-saving’’, and this has been discussed in some detail by Derrington and 
Johnson!*. As was shown in Section 3.1 (iv), the shakedown load for a load 
cycle from full load to zero load is twice the yield load; we find from equation 
(3.13) that if shakedown occurs at the inner surface, as it must if Ap is less than 
2Ap,, given by equation (3.4) and f is less than 28, given by equation (3.18) then 

the shakedown pressure Ap, is 
Ap, i3 © 0 
t : (3.20) 

Uy 
No calculations of the displacements in the plastic region under the combined 
action of thermal and pressure stresses appear to have been published. 


EK. WHALLEY 
4. CYLINDRICAL VESSELS 
1.1 General temperature distribution 
(1) Completely elastic vessels. In a cylindrical vessel that is completely elastic 
it follows from equations (2.3) to (2.8) and boundary conditions (2.11) and 
(2.12) that 


1 fr, 
,| Trav, 
"Tae 
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r| 


» a) 
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For the pressure stresses alone 
0; ho, + G;) 


and so the stress system is equivalent to a superposed hydrostatic stress 
\(o,+o,) and a pure shear stress [4(o,—o,), —4(o,—¢,),0]. This simple stress 


system no longer holds when thermal and pressure stresses are superposed. 


(ii) Failure of brittle vessels. It is possible, at least in principle, for either the 
radial, tangential or longitudinal stress to be the maximum principal stress, so 
a rigorous investigation of fracture for the general temperature distribution 
would involve much algebra. Specific temperature distributions are considered 


late 


(iii) Failure of ductile vessels. When no thermal stresses are present the 
longitudinal stress is always the intermediate stress; this is not necessarily 
true when thermal stresses are added. However, in order to simplify discussion, 
it has been assumed*-'! that the longitudinal stress is still the intermediate 
stress. It is likely that under most conditions of practical interest this will be 
true. Whether it is or not is easily investigated using equations (4.1) to (4.3). 

According to the maximum-shear-stress theory, elastic failure will occur 
when o,—o +o,, 1.e. substituting o, and o, from equations (4.1) and (4.2), 
when 


2Ap f,2 » Dy a2 y2 *h | 4 
h r 4 : | Trdr+ 4} Trdr—3T 3 (4.4) 
i r@ ; ° 


If only pressure stresses are present the maximum stress difference (o,—<¢,) is 
at the inside wall, and yielding will begin there at the pressure 


Ap, 


oO 
7] 


If both pressure and thermal stresses are present yielding can begin anywhere 


in the walls. A detailed discussion is given by Whalley". 
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(iv) Partly plastic non-strain-hardening vessels. As with the spherical vessel, 
it is possible to obtain a good deal of information without analysing the various 
modes of yielding in detail. When the vessel is completely plastic, equations 
(2.3) and (2.10) hold, and when the combined equations are integrated with 


boundary conditions (2.11) and (2.12) we obtain 
Ap, = +o,Ink (4.5) 
The 


pressure is thus independent of the thermal gradients. The shakedown load is, 


where Ap, has the same significance as in Section 3.1 (iv). ultimate 
as with a spherical vessel, twice the yield load. 

The radial and tangential stresses are easily obtained. The general equations 
for the stresses in the elastic region of the tube are, from Hooke’s Law and the 


equation of equilibrium!® ‘. 4%), 


rE] je 
: T'r dr 
rr Je 


=e [" | (4.7) 


Tr dr—T 


v wT, 


where C, and C, are constants. 


In the plastic region of the tube equations (2.3) and (2.10) hold; when they 


are combined and the resulting equation integrated we obtain 


+o, Inr+C, (4.8) 


where C, is a constant of integration. o, is determined from equations (4.8) and 


(2.10). The boundary conditions that determine C,,C, and C,, are equations 
(2.11)-(2.14). 
For most purposes of design for a non-strain-hardening material it is not 


necessary to know o,. This is the main advantage of Tresca’s criterion over 


von Mises’s: however, if one wishes to calculate displacements then it must be 


) 


known. In order to calculate o, we need the flow rule for the plastic region.‘ 


Subject to a, 


] 


s being the intermediate stress we have, if plastic flow occurs 


without change of volume, dep = 0 (4.9) 


de? +def = 0 (4.10) 


where de, etc., are the increments of plastic strain. Then, if de, and def are the 


increments of total and elastic strain respectively, 


de, des 4 def’, ete, (4.1 1) 


From equations (4.9) and (4.11) 


de, des (4.12) 


and therefore €§ (4.13) 


both the elastic and plastic regions, and e¢, is 


In order to calculate ¢, and co, we note that the total axial 


Thus equation (2.8) holds in 


independent of +. 


force P on any section is 
P S..., 


*b 
ro, di 


(4.14) 


a 
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By eliminating o, between equations (2.3) and (2.8) we find 


0; Ke, + vd(r? o,.) rdr ae (4.15) 


By substituting this value of o, into equation (4.14) and integrating we find 


*b 
P = rKe(b? —a*) + 22v(b? p, —a* p;) — 270k | Trdr (4.16) 


Ja 


If the axial force is known, then ¢, is easily calculated. The most useful three 
cases are plane strain, «= 0; open-end tube, P = 0; and closed-end tube, 
P = 7r(a* p,;—b? p,). Thus, knowing e, from equation (4.16) and the axial force, 
and o, and do,/dr from equations (4.6), (4.8) and the appropriate boundary 
conditions, o, can be calculated using (4.15). 

v) Partly plastic strain-hardening vessels. In order to investigate a strain- 
hardening vessel it is necessary to calculate the plastic strain. This has been 
done by Bland®. It was assumed that the strain-hardening is a function of the 
equivalent plastic strain €? defined by the equation 

P 


- | {(dep)? + (de? )?\4 
NV 3 


sine by equation (4. } de’, equation (4.17) becomes 


» e 


|| de 


v2. 


has the same sign throughout the deformation, then 
(4.19) 


value of ef can be obtained as follows. Since the dilation is purely 
then 
(4.20) 


On integration uw is obtained, and from the relation ¢«, = u/r we find ¢. The 
plastic strain component ¢«/ is obtained by subtracting the elastic component 
and introducing the condition that in the plastic region rdo,/dr = o,, where 0, 
may be a function of « We find 


J 


(4.21) 


where C is a constant to be determined by the condition that the plastic strains 
are zero at the elastic-plastic boundary. From equation (4.17) €? is 2/3 times 
equation (4.21). Since oc, is a known function of €” then equation (4.21) allows 


co, and €” to be completely determined. 
2 Steady stale temperature distribution 
The steady-state temperature distribution is 


__ ins a 


a4 Ink 
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By inserting this into equations (4.1)—(4.3) we find that the stresses in a 


wholly elastic vessel are 


In r/a) 


Ink |’ 


Inr/a . 


‘ (4.24 
Ink Ink{ 


Inr/a 1 | 


(4.25 
Ink 2inkI ) 


(i) Failure of brittle vessels. For simplicity we consider a vessel with internal 
pressure only. It is readily seen from equations (4.23)—(4.25) that the maximum 


principal pressure stress is always the bore tangential stress, and the maximum 


principal thermal stress is also the bore tangential stress. If the stress first 


reaches the fracture stress at the bore, fracture will occur at the pressure p,,, 


given by 
? | 


(4.26) 
2 Ink} 


° (4.27) 
1 22(k?+1)Ink 


If the pressure and thermal stresses at the bore act in opposite directions the 
vessel may withstand a greater pressure if thermal stresses are present than if 
they are absent. However, it will usually be unwise to make use of this in 
design, because the vessel may have to withstand both pressure and tempera 

ture stresses separately as well as together. In the absence of thermal stresses 
the bursting pressure is 


(4.28) 


The maximum values of 8 and y are those that will cause fracture. These are 
obtained by putting p,;, = 0 in equation (4.27) to give 
; 


oe? (4.29) 
~- LA 


If the stresses are of opposite sign at the inside surface they will have the same 
sign at the outside surface, and so fracture may occur there. However, it can 
be shown that if the pressure and temperature differences are less than those 
given by equations (4.28) and (4.29) then fracture will never occur at the outer 
surface. Design curves based on equation (4.27) and the corresponding equations 
involving y instead of f are given by Whalley!. 

Luster!’ has shown that for a given internal pressure and steady-state heat 
transfer there is a value of k that gives a minimum value of the maximum 
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principal stress at the bore, and suggested that this be used for design. It is 
probably better to ensure that the stresses are everywhere below a given value. 
(ii) Failure of ductile vessels. As with spherical vessels,!* the position of 
maximum stress can be anywhere in the wall, and a detailed discussion would 
follow similar lines to Derrington and Johnson’s. If the vessel must be able to 
withstand both thermal and pressure stresses alone, then the results are fairly 
simple. The pressure difference must be less than the yield pressure Ap, in the 

ubsence of thermal stress Ap, k ; 
t (4.50) 


oO 


/ 
und the maximum temperature difference must be less than the yield tempera- 


ture difference . : : 


| 
2 Ink} 
Under these conditions, yielding always occurs first at the inside surface at a 


pressure difference given by 


th? In ke] 


rhe yield pressure according to equation (4.32) can be obtained from the shake 


down pressure plotted in Figs. 4-6 of Ref. 12 by means of the relation 


\p, Ap, 


Oo y 
/ 


where Ap® is the shakedown pressure in the absence of thermal stresses.* 

iil) Partly plastic non-strain-hardening vessels. The radial and tangential 
stresses in both the elastic and plastic regions are easily obtained from the 
equations and boundary conditions in subsections (4.1) (i) and (iv) and the 
temperature distribution, equation (4.22). (See Whalley’? and Bland®.) It is 
found that, in the elastic region when the elastic—plastic boundary is at radius p 


b? 


3 {| )* 
dink 2 Br \) a" 


b) 
Po 
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where p b, and, in the plastic region, 


(4.37) 


where a<r<p. By equating at r = p the values of o, from equations (4.34) and 
(4.35), the pressure required to extend the plastic—elastic radius to p is shown 
to be o1lven by 


38) 
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This is easily arranged for ease of computation to 


(4.39) 
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A graph of the right-hand side of equation (4.39) against p/b readily enables the 
left-hand side to be obtained for any value of p/b, or p/b to be obtained for any 
value of the thermal and pressure stresses. Such a graph is given by Prager and 
Hodge!®, 

The shakedown pressures are readily calculated.!? If the vessel must be 
able to withstand thermal and pressure stresses separately, then the maximum 
pressure is related to the shakedown pressure in the absence of thermal stresses 


Ap, x k? —] 
0, os i: 


J 


(4.40) 


and the maximum temperature difference (or heat-transfer rate) to the value 
of 8 for shakedown £,, in the absence of pressure stresses, 
wy Be -* 1.41) 
: (+. 
2 In k} 
It can be shown that if the pressure and temperature differences are less than 
given by equations (4.40) and (4.41) then shakedown will occur at the bore under 


the load he. | l 2-1) 


Co, . 2k? Ink] 


(4.42) 


Charts of equation (4.42) are given by Whalley”. 

(iv) Partly plastic strain-hardening vessels. Bland® has discussed the theory 
of a strain-hardening vessel in which the material hardens according to the 
linear law , 

iol + 7€?) (4.43) 
Bland shows that the pressure difference required to cause the plastic—elastic 
boundary to progress from radius a to radius p is 
7 (=?) o> (2, 1] In Pl (4.44) 
Suyo 0, /»=0 {2 \a* a} 
where (Ap a is given by equation (4.38), and 


(1+ 8/o,,Ink){1+,(3) £/2n¢,, (1—v?)} (4.45) 


( 


The stresses remaining when the load is removed, both with and without further 
plastic flow, were investigated numerically for a few special cases. Shakedown 
was not investigated. This would be quite complex in the general case because, 
if each cycle of plastic flow increases the hardness, then many cycles will have 
to be followed in order to obtain a general answer. The theory is restricted to 
small strains and is not suitable for investigating accurately the ultimate 
pressure of a strain-hardening vessel. 

[t can be said then that, though the non-strain-hardening vessel is reasonably 
well understood, and any condition not so far discussed explicitly can probably 
be discussed, at the cost of some algebra, in sufficient detail to facilitate the 
design of a vessel, the theory of the strain-hardening vessel requires a great 
deal more work before the effect of the strain-hardening on the performance 
can be calculated with reasonable completeness. 
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The rmal shock 

Whalley and Mackinnon" have investigated pressure vessels subjected to 
thermal shock at either the inside or the outside surfaces. The principles are 
similar to those described above, and for details the original paper should be 


consulted. 


+. 4 Multilaye vessels 
The design of multilayer pressure vessels that are at uniform temperature has 
been discussed by Manning,'*!® who used the criterion that the maximum 
value under load of the maximum shear stress within each layer is the same for 
ill layers. He showed that the diameter ratio should be the same for each 
component cylinder, and that the required interference per unit radius is 
constant for a given vessel. Manning’s theory has been extended” to include 
thermal as well as pressure stresses. In a multilayer vessel residual stresses are 
intentionally formed, usually by shrinkage, in order to increase the elastic range 
of the vessel under the required load. Consequently, plastic flow does not 
usually occur and only elastic deformations need be considered. 
It was shown that for a vessel with layers made of similar material subjected 
to pressure and to steady-state thermal gradients: 
i) all components have the same radius ratio; 
ii) the interference, 5, between each component calculated from the 


dimensions before assembly, is 
5 2(Ap 5B) mE (4.46) 


iii) the maximum shear stress 7,,,. within each component is at the inner 
surface and is 
\) = 1) ' | || (4.47) 
EE m(k2’™— 1) lm k2'™— 1) 2In kf i 


j 


where & is the radius ratio of the whole vessel: 

iv) the maximum residual, maximum shear stress obtained when no 
pressure or thermal stresses are present is at the inner wall of the inner 
component and is 


hi i m 


- : (4.48) 
k2 l m(k2/™ 1) 


if Ap>3 lhe stresses given by equations (4.47) and (4.48) must, of course, be 
less than the shear \ ield stress of the material. If Ap 18 there are no residual 


stresses because the components are not in contact. This is easily seen from 


equation (4.46) because under such conditions the interference is negative, i.e. 
is a clearance. There are some complications; it may be that the stresses are a 
maximum when pressure alone is applied or when the thermal gradient alone 
is applied. For further details see the original paper. 


5. SOME PROBLEMS THAT REMAIN 


\ start on the problems of elastic—partly-plastic vessels has been made, 
though there is still much to be done that may be of interest to the designer. In 
particular, little has been done explicitly to calculate the displacements in the 
plastic region; and other temperature distributions may be important. It 
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seems unlikely that the theory of a solid that yields ideally according to 
von Mises’s theory will be of enough interest to the designer to compensate for 
the complexity, though it may be interesting for other reasons. Some of the 
assumptions made in Section 2.1 are not always reasonably valid, and if large 
temperature differences are encountered then the variation of the physical 
properties of the material with temperature may be important. It is not 
unlikely that vessels will be operated such that the hotter parts are in the creep 
region and the cooler parts in the elastic—plastic region, and the theories of the 
behaviour of these vessels would be interesting. The effect of stress-raisers 
such as side openings may frequently be important. 

Probably the most important theoretical problems at the present time concern 
work-hardening vessels. The ground-work of a fairly simple treatment has been 
laid, but the difficulties of following this through several cycles of the load until 
evcling causes no further work-hardening are formidable. Numerical work on 
any scale will probably rely upon electronic computers. 

The effect of thermal stresses on the ultimate pressure of a work-hardening 
vessel is not known, neither has it been calculated for a non-work-hardening 
vessel in which the strains are not small compared with the dimensions of the 


vessel. Little work has been reported on the failure of pressure vessels by 


fatigue due to elastic stresses, and the effect of thermal stresses has not been 
taken into account at all. 

Finally, in all this field there is no experimental work; this is badly needed 
to confirm or disprove the theoretical formulas. 
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LETTERS TO THE EDITOR 
On the response of the singly free linear oscillator 
Received 18 October 1959) 


oscillator of Fig. 1 excited into harmonic motion by the 
displacement of the anchored end A of its spring mount 


C‘ONSIDER the lineat 
sinusoidally varying 


m# + k(x y) 0| 

(1) 

y Yo COS wy, fF. 

Let this system be in motion at some frequency higher than resonant: 
then the response x will be antiphase to the movement y of the foundation. 
Since both ends of the spring are therefore in motion, there must exist a node 
somewhere within the spring [Fig. 2(a)]. Without change in the result, the 
spring may then hypothetically be thought to be separated at the node, and 


mounted there rigidly Fig. 2(b) 


“0 0:0 


b 


Can we still say the mass m is oscillating on a spring of stiffness k? The 
effectively shorter spring has a greater stiffness. The natural frequency may 
be regarded as a variable dependent on the node location. 
mass and support move in phase together, but with 
locate the node here [Fig. 2(c)], an imaginary 


Below resonance 
different amplitudes. To 
extension of the spring must be envisaged. To figure the spring stiffness in 
this case, the location of the node is reckoned from the proportion of the 
implitudes of the motions 2 and y. Thus from the triangle [Fig. 2(d)], where 


/ is the static length of the spring, and L the distance to the node 


(in which w? = k/m) 
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The frequency of the mass m upon the effective spring of length L and 


k,\3 l k\t 
() L = | 


Thus the position of the node continually shifts with changing excitation 


stiffness k, is 


frequency in such a way that the natural frequency w of the spring-mass 


system (measured from the node) agrees with its stimulating frequency. 


As the frequency increases from nothing to resonant, the node, starting 
from a point infinitely far above, moves downward until it reaches point A. 
With further increase, it continues to move down, tending to reach the mass 
itself as the palpitation becomes exceedingly quick. 

In every actual system the spring itself has mass, and the system discussed 
above is oversimplified. If a consideration of the spring’s distributed mass is 
included, however. the conclusions above need be only slightly modified. At 
low speeds below the first resonant frequency, the node as before travels down- 
ward from the sky to the level A, as the stimulating frequency increases. Then, 
as the pulse quickens, the node continues to fall until, at the tempo defined as 
the second natural frequency, it reaches a point which may be calculated as the 
node location for this node by use of the partial differential equation. There- 
after this node continues downward as in the simplified theory. But a second 
node is to be observed, which first appears at the top and then, with the increasing 
beat of the stimulus, follows the first node downward. In succession then, more 
nodes arrive as eigenvalues are exceeded; but always the natural frequencies 
of both the segments of spring between its nodes and its end with the terminal 


mass are in agreement with each other and with the excitation. 


F. R. E. CROSSLEY 
Yale University U. GERMEN 
Ne Ww Have 1] 


Connecticut 


Comment on “Small vibrations of thin incomplete circular rings” 
Rece ved 29 March 1960) 


THE paper by R. R. ArcHER (Small vibrations of thin incomplete circular 
rings, Vol. 1, p. 45) is an excellent example of the use of the separation-of- 
variables technique for solving a linear differential equation. However, | 
would like to point out that this technique can only be applied to the above 
problem when the damping coefficients for transverse and longitudinal motion 
of the ring element are equal. While it is mathematically legitimate to assume 
their equality in order to obtain a simple solution, this assumption can hardly 
correspond to reality. 
R. 1. TANNER 
Mechanical Engineering Department 
University of Manchester 
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BOOK REVIEWS 


CHARLES DONALD Swirt: Steam Power Plants. McGraw-Hill, New York, 1959. 100 pp., 89s. 


is is a book which will appeal primarily to those who are concerned with the planning 


dl ope ration ol powe r stations 
It is comprehensive in scope, almost too comprehensive to enable any single aspect of 


power station working or plant construction to be treated fully, covering as it does nearly 


turbine drivers to the 


traits which are desirable in 
It would have added 


character 


very subject, from the 
n partly erected wooden cooling towers. 


nethods of preventing fires 1 
o the value of the book if a bibliography could have been included so that some of the 
sues treated could be explored at greater length in the appropriate specialized papers. 

lhe emphasis is severely practical, and in the reviewer’s estimate the book would be 
| by the inclusion of a little more theory. Here and there one may find a rather 
| to fundamentals. Thus in the paragraph on steam turbines a Mollier 


ed appeal 
n and its use is quite correctly described, but no state-point loci are shown 


The reasons given for the use of condensers could 


It would also be of value to illustrate the 


; show 

f illustration 

lustrated by its use 

am consumption and efficiency It should be possible, without lengthening 
it the beginning on simple background theory. 

statements of the obvious, e.g. *‘ Water is a very 


t should hardly be necessary to 


to provide a chaptet 
he reader is annoyed by 

the production of steam and 1 

int operator, that he must be able to control his actions 
il condition and can come on shift at the proper time 
the 


SIC; 

Statements like the following should be erased at 
ve to make their own steam, so they get some sort of 
water is turned into steam” 


it until the 
The author 


: book is by no means without merit 
seful experience and a great deal of valuable practical 


ation of a type which space limitations tend to preclude 


As such it vill be a 


and provi 


useful reference book for anyone con 


background reading for students and 


banalities and attention to suggestions such as those given above 


in so far that it fills a gap in the existing 


imination of 


luable book, 


Thermal Insulation. McGraw York, 1959. 
by an engineer with much experience in 
ind this has resulted in an excellent guide to the 


given of applications as 


Industrial 
many 


ulation. ¢ 
Detailed descriptions are 
inderground pipelines, high-pressure steam 


tions 
aried as cold roon food storage, 
In most cases simple but typical examples of the type 


ind boilers, turbine } 

considered are examined theoretically and the results presented in a 
used without further calculations being required. This marriage of the 
theoretical so many different types of insulation should make the 
e to both the designer and user, particularly to the latter. 


theoretical aspects of heat 


h it is of use to the designer, it is felt that the 


ransmission are dealt with in such a generalized and possibly over-simplified manner that 


the solving of a novel type of insulation problem may need a much more fundamental 
h than is described in the chapter labelled ‘Principles of Heat Insulation”. For 


approac: 
the book’s frontispiece states that a brief introduction is given to the insulation 
‘brief’? introduction consists 


instance, 
ut this is quite misleading as the 


However, thermal problems of missiles are of such a specialized 


of rockets and missiles, | 


only of one paragraph 
that a book of this size and nature could not pretend to describe or to discuss such 
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problems. For the everyday, down-to-earth insulation problems the theoretical treatment 
is adequate, and the economic considerations of lagging are presented clearly and simply. 
For the practical engineer (as distinct from the scientist), the author considers a discourse 
on Reynolds or Nusselt numbers unwarranted, and these vital factors are never mentioned 
again. For a practical guide book of this kind the author’s approach is probably the best 
one—after all there are many, many books on the “‘scientific’’ aspects of heat transmission 
already available. 

One chapter which could be of great help to the design engineer is that giving typical 
specifications of twenty-six different applications of insulation. These are quite detailed 
and could be copied direct on to a firm’s order form. 

To the reviewer the book represents the condensation into one volume of the information 
at present contained in the scattered catalogues of several different commercial firms, plus 
several text-books, plus recommendations from the commercial and financial experts, and 
it can be recommended as a useful addition to any engineer’s library. 

A. WILLIAMS 
T. M. CHARLTON: Energy Principles in Applied Statics. Blackie, Glasgow, 1959. 112 pp., 25s. 
TuIs is a book intended for engineers and, from its form, more particularly for students of 
structural engineering. 

There are almost as many methods of structural analysis as there are structural 


engineers, and most practising engineers recognize several, while exhibiting a facility in 


one particular method (with personal short cuts) which enables them to convince them- 


selves that the method is ‘“‘best’’. Building codes too have been formulated in such a way 


that safe designs should arise from standard methods and economies have arisen mainly 
from standardization of fabrication. The underlying assumptions of such analyses have, 
for a long time, been forgotten, except in the aircraft industry where non-uniform shapes 
and unit design have shown the need for a more exact approach and where stress-office 
mechanization has opened the way for methods using purely automatic computation. In 
the last few vears, programmes” for digital computers have been prepared which permit 
the exact analysis of building structural frameworks, frequently including automatic 
stability checks and allowance for variation of stiffness with load. On the other hand, this 
has lately been matched by work in the universities to tabulate the main branches of 
structural analysis in a sort of family tree. The coincidence of these facts has led to 
considerable emphasis being laid recently on the basic ideas of energy, strain, comple- 
mentary, potential and total. 

Where before the primary need was for rapid methods based on approximation to 
conditions and a developed structural sense, it is obvious that nowadays it is essential to 
examine the structural assumptions much more carefully, since the computations are most 
likely to be carried out automatically, and structures are designed which appear to fall 
outside the scope of normal building codes. 

This book covers in detail the derivation of ideas of energy in static systems and how 
various elementary concepts may be applied to the analysis of structures. In choosing for 
analysis a number of problems which are solved by strain and potential energy, by virtual 
work and by complementary energy, the differences, the advantages and the basic assump- 
tions of each method are most clearly defined. Generally speaking, non linear systems are 
not analysed, though characteristics which lead to non-linearity are clearly underlined so 
that the student is fully aware of the implications of non-linearity. 

The last chapter of the book shows the development of flexibility coefficients and of 
stiffness coefficients and wherein the advantages of each lie. Unfortunately, the solution 
of the subsequent equations by matrices, the basis of computer work, is omitted, though, 
with the equations established, this may not have been thought necessary. 

These energy principles are available in standard works, more briefly explained and 
often in a generalized form suitable for elasticians interested in non-linearity. But students 
of structural engineering will find a much fuller explanation in this book, suitably graded 
for study. They are also unlikely to encounter problems of a type whose solution is not 
contained here. 


M. G. DERRINGTON 
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S. PARADISE and G. A. CuurcH: Problems in Strength of Materials. Blackie, Glasgow, 


1959. 278 pp., 25s 
PI 


Tue authors claim to have covered in this book the syllabus for an engineering degree and 
for the examination of the Institution of Mechanical Engineers. They have taken sixteen 
chapter headings under which to provide 368 questions with 108 worked answers, the rest 
»f the answers being given in the back of the book. 

The examples are worked in considerable detail, but the usefulness of the book to 
students would have been increased by one or two pages in each chapter summarizing the 
acts and formulae required. Most of the questions are of a practical rather than a 


f 


ndamental nature, seeming of more interest to technical college than university teachers. 


It is difficult to judge the full scope of this type of book, but most universities require a 


greater knowledge of such topics as membrane action, temperature stresses, torsion of 


various sections and some others than there is room for in this compact volume. 


M. G. DERRINGTON 


J). CLENDINNING: Principles and Use of Surveying Instruments (2nd Ed.). Blackie, Glasgow, 


1959 POS pp., 25S 


[HERE has been something of a decline in the regard for surveying as a discipline in our 
schools of engineering during the past twenty years or so. At the same time, none of the 
recent innovations in surveying-instrument design is British in origin. It is perhaps going 
ggest that there is any strong relationship here, but the former state of affairs 
v have some influence on the latter 
Many of the recent developments on the instrument side have been almost exclusively 
the work of the physicist or the optical scientist, while research into aerial surveying 
echniques is costly. Surveying as a whole does not appear to be such a fruitful field for 
ur civil engineering research workers as it was at the turn of the century, and one result 
been a tendency to curtail the time given in the curricula to surveying. There 
a growing need for lucidly written texts designed to amplify for the student those 
ore practical aspects of the subject which must necessarily receive cursory treatment in 
stricted lecture programmes 
Mr. Clendinning has written such a book on surveying instruments and the relatively 
hort time in which this primer has run to a second edition indicates its success. An extra 
chapter has been added describing some of the innovations of the past decade, viz. self- 
rs, split-image tacheometers and electronic methods of 
rence is made to the swinging-prism compensators for vertical- 
rtain theodolites, but this omission may be due to the 
small amount of space available to the author. This may also account for the shortness 
of the extra chapter, which is a pity, since few people are more fitted to write on modern 
developments in surveying than the Editor of the Empire Survey Review. The new instru- 
ments are simply and clearly explained, however, and the additions will increase still 
further the merit of t econd edition 


S. RAYMOND 


